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1 April 22, 2025
Proposition 1.1. Suppose

1. M and N are inner models of ZFC,

2. M∥(κ+ 1) = N∥(κ+ 1),

3. E is an M -extender and N -extender, with critical point κ.

Then iME ↾(M∥(κ+ 1)) = iNE ↾(N∥(κ+ 1)) and

Ult(M,E)∥(iME (κ) + 1) = Ult(N,E)∥(iNE (κ) + 1).

Notation 1.2. Let E be an extender. Then E is nice iff λE is inaccessible and
Ult(V,E)∥λE = V ∥λE .

Notation 1.3. Let M be a transitive model of ZFC and let T be an iteration
tree on M . Then T is nice iff for all α such that α+ 1 < len(T ),

a. ET
α is nice in MT

α ,

b. for all ξ < α, λEξ
< λEα ,

c. predT (α + 1) is the least ξ ≤ α such that P(κEα
) ∩ MT

ξ = P(κEα
) ∩

MT
α .

Proposition 1.4. Suppose M is a transitive model of ZFC and T is a nice
iteration tree on M . Then for all α < β < len(T ),

a. MT
α ∥λ(ET

α ) = MT
β ∥λ(ET

α ),

b. MT
α ∥(λ(ET

α ) + 1) ̸= MT
β ∥(λ(ET

α ) + 1),

c. predT (α+ 1) is the least ξ ≤ α such that κ(ET
α ) < λ(ET

ξ ).
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Notation 1.5. Suppose M is a transitive model of ZFC and T is a nice iteration
tree on M . Then

a. δ(T ) is defined to be supα<len(T ) λ(E
T
α ),

b. M(T ) is defined to be
⋃

α<len(T ) MT
α ∥λ(ET

α ).

Proposition 1.6. Let δ be a limit ordinal. The following are equivalent.

a. δ is Woodin.

b. For all A ⊆ δ, there is κ < δ such that for all ξ ∈ (κ, δ), there is an
elementary embedding j : V −→ M such that

i. crit(j) = κ,
ii. Vξ ⊆ M ,
iii. j(A ∩ κ) ∩ ξ = A ∩ ξ.

Theorem 1.7. Suppose

1. T is a nice tree on V of limit length,

2. b and c are two distinct cofinal branches through T ,

3. L(M(T )) |= ZFC.

Then δ(T ) is a Woodin cardinal in L(M(T )).

Proof.

1◦ Let α := sup(b ∩ c). Note that α ∈ b ∩ c.

2◦ Let γ−1 := α and for n < ω, let

a. βn := min(b− [0, γn−1 + 1])− 1,
b. γn := min(c− [0, βn + 1]).

3◦ Observe that for all n < ω,

βn + 1 ≤ predT (βn+1) < γn + 1 ≤ pred(γn+1) < βn+1 + 1

and that ⋃
n<ω

(βn + 1) =
⋃
n<ω

γn+1 = len(T ).

4◦ Claim. For all n < ω, κ(ET
γn
) < λ(ET

βn
) ≤ κ(ET

βn+1
) < λ(ET

γn
) ≤

κ(ET
γn+1

) < λ(ET
βn+1

).

5◦ Let A ⊆ δ(T ) be such that A ∈ MT
b ∩ MT

c . We want to find κ < δ(T )
such that for all ξ ∈ (κ, δ(T )), there there is an elementary embedding

j : L(M(T )) −→ N

satisfying that
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a. j is a definable class over L(M(T )),
b. crit(j) = κ,
c. M(T )∥ξ ⊆ N ,
d. j(A ∩ κ) ∩ ξ = A ∩ ξ.

6◦ There are m < ω, B ∈ MT
βm

, and C ∈ MT
γm

such that

iTβm,b(B) = iTγm,c(C) = A.

We will show that we can take κ := κ(ET
βm

).

7◦ For n < ω, let

Fn := ET
βn
↾(κ(ET

γn
) + ω) and Gn := ET

γn
↾(κ(ET

βn+1
) + ω).

Note that for all n < ω, Fn, Gn ∈ M(T ).

8◦ Let Pm−1 := L(M(T )) and for n ∈ [m,ω), let

a. Nn := Ult(Pn−1, Fn),
b. Pn := Ult(Nn, Gn).

9◦ Claim. For all n ∈ [m,ω),

a. Nn∥(κ(ET
γn
) + ω) = MT

βn+1∥(κ(ET
γn
) + ω),

b. Pn∥(κ(ET
βn+1

) + ω) = MT
γn+1∥(κ(ET

βn+1
) + ω).

Proof. This follows from Proposition 1.1.

10◦ Let ξ ∈ (κ, δ(T )) be arbitrary.

11◦ Let n ≥ m be such that λ(ET
βn
) > ξ and let

j := iNn

Gn
· · · ◦ iNm

Gm
◦ iPm−1

Fm
: L(M(T )) −→ Pn.

Note that j satisfies the following:

a. j is a definable class over L(M(T ));1

b. crit(j) = crit(Fm) = κm = κ,
c. M(T )∥ξ ⊆ M(T )∥λ(ET

βn
) = MT

γn+1∥(κ(ET
βn+1

) + ω) ⊆ Pn.2

12◦ Claim. j(A ∩ κ) ∩ ξ = A ∩ ξ.

Proof. This follows from Proposition 1.1.

13◦ Claim 12◦ shows that j is as required.

1It is defined from extenders Fm, Gm, . . . , Fn, Gn.
2by Claim 9◦
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2 April 23 & 24, 2025
Proposition 2.1. Suppose

1. N0 and N1 are transitive models of ZFC,

2. M0 and M1 are countable transitive sets,

3. j0 : M0 −→ N0 and j1 : M1 −→ N1 are elementary,

4. E is a nice extender in M1, with critical point κ,

5. j0 ↾ (M0∥(κ+ 2)) = j1 ↾ (M1∥(κ+ 2)),

6. Ult(N0, j1(E)) well-founded.

Then Ult(M0, E) is well-founded and there is a unique elementary embedding k
such that the following diagram

N0 Ult(N0, F ) N1

M0 Ult(M0, E) M1

j0

iM0

E

iN0

j1(E)

k j1

commutes and k ↾ (Ult(M,E)∥λE) = j1 ↾ (M1∥λE).

Proof. One can show that the only possible solution for k is given by

k([a, f ]M0

E ) := [j1(a), j0(f)]
N0

j1(E),

for a ∈ [λE ]
<ω and f : [κ]|a| −→ M0, with f ∈ M0. One can then show that

k has the desired properties. The well-foundedness of Ult(M0, E) follows from
the existence of k.

Proposition 2.2. Suppose

1. M and N are transitive models of ZFC, where M is countable,

2. j : M −→ N is elementary,

3. T is a nice tree on M .

Then there are unique U and (jα : α < len(T )) such that

a. U is a nice tree on N ,

b. the tree order underlying U is the same as that underlying T ,

c. j0 = j,

4



d. for all α < len(T ), jα : MT
α −→ MU

α is elementary,

e. for all α T β, jβ ◦ iTα,β = iUα,β ◦ jα,

f. for all α ≤ β < len(T ), jβ↾(MT
β ∥λT

α ) = jα↾(MT
α ∥λT

α ).

Proof. This follows from Proposition 2.1 by induction on len(T ).

Definition 2.3. In the context of the previous proposition, U is called the copy
of T by j and (jα : α < len(T )) are called the copy embeddings.

Definition 2.4. Let T be a nice iteration tree on V of length ω. Then T is
said to be continuously ill-founded iff there is a sequence of ordinals (αn)n<ω

such that for all m,n < ω satisfying mT n, iTm,n(αm) > αn.

Proposition 2.5. There does not exist a continuously ill-founded tree on V .

Proof.

1◦ Let us assume otherwise and let U∗ be a nice iteration on V of length
ω and let (β∗

n : n < ω) be a sequence of ordinals satisfying that for all
m,n < ω with mU∗n, iU

∗

m,n(β
∗
m) > β∗

n.

2◦ Let η be large enough with U∗, (β∗
n)n ∈ Vη.

3◦ Let θ > η be large enough and let U be the iteration on Vθ obtained
with the same extender as U∗. Note that for all m,n < ω with mUn,
iUm,n(β

∗
m) > β∗

n.

4◦ For n < ω, let βn be the (β∗
n)

th regular cardinal above η in MU
n . We have

that for all m,n < ω with mUn, iUm,n(βm) > βn.

5◦ λn < η < βn for every n < ω.

6◦ Let
k : (M,∈, T , δ, αn : n < ω) −→ (Vθ,∈,U , η, βn : n < ω)

be elementary, where M is countable and transitive.

7◦ The sequence (Pn, ln : n < ω) is constructed by recursion so that for all
n < ω,

a. Pn is a transitive model,

b. ln : Mn∥αn −→ Pn is elementary,

c. ln ∈ Pn and |ln|Pn = ω,

d. for all m < n, ln ↾ (Mn∥λm) = lm ↾ (Mm∥λm)

e. if n > 0, then Pn ∈ Pn−1.

Once the construction is completed, we will have reached contradiction,
as expressed by the last property.
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8◦ For n = 0, let P0 := Vβ0 and l0 := k ↾ (M∥α0).

9◦ Assume (Pi, li : i ≤ n) has been defined. We want to define Pn+1 and
ln+1.

10◦ Let m be the T -predecessor of n + 1. By Proposition 2.1, there is an
elementary embedding l∗ such that the diagram

Pm Ult(Pm, ln(En)) Pn

Mm∥αm Ult(Mm∥αm, En) Mn∥αn

lm l∗ ln

commutes and l∗ ↾ λn = ln ↾ λn, where the unnamed embeddings are
canonical.

11◦ Since Mn+1∥λn = Mn∥λn and λn is inaccessible in Mn, we have that

l∗ ↾ (Mn+1∥λn) = ln ↾ (Mn∥λn).

12◦ Let γ := iTm,n+1(αm), F := ln(En) ∈ Pn, and P ∗ := Ult(Pm, F ). We have
that

Ult(Mm∥αm, En) = Ult(Mm, En)∥γ = Mn+1∥γ

and the diagram

Pm P ∗

Mm∥αm Mn+1∥γ

iPm
F

lm

iTm,n+1

l∗

commutes

13◦ Let α∗ := l∗(αn+1). Since αn+1 < jm,n+1(αm), we have that α∗ < l∗(γ) =
o(P ∗).

14◦ The following holds:

a. P ∗∥α∗ is a transitive model;

b. l∗ ↾ (M∥αn+1) : M∥αn+1 −→ P ∗∥α∗;

d. for all p < n+ 1, l∗ ↾ (Mn+1∥λp) = lp ↾ (Mp∥λp)).

15◦ Claim. There is l∗∗ such that:

b. l∗∗ : M∥αn+1 −→ P ∗∥α∗ is elementary;

c. l∗∗ ∈ P ∗ and |l∗∗|P∗
= ω;

d. for all p < n+ 1, l∗∗ ↾ (Mn+1∥λp) = lp ↾ (Mp∥λp)).
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Proof.

1′ Let t := l∗ ↾ (Mn∥λn). We will ensure d. by ensuring l∗∗ ↾ (Mn∥λn) =
t.

2′ Note that t ∈ Pn and |t|Pn = ω. The agreement between Pn and P ∗

ensures that t ∈ P ∗ and |t|P∗
= ω.

3′ Let T be the set of all partial elementary embeddings

r : {ei : i < i0} ⊆ Mn+1∥αn+1 −→ P ∗∥α∗,

where i0 < ω, such that for all i < i0 for which ei ∈ dom(t), t(ei) =
r(ei). The order on T is the reverse inclusion. Observe that T is a
tree.

4′ Since α∗, t ∈ P ∗, we have that T ∈ P ∗

5′ The embedding l∗ witness that T is ill-founded. Hence, it is ill-
founded in P ∗.

6′ Let (rn)n<ω ∈ P ∗ be a branch through T and let l∗∗ :=
⋃

n<ω rn. It
is now easily seen that l∗∗ is as required.

16◦ Claim. There are Pn+1 and ln+1 such that:

a. Pn+1 is a transitive model;

b. ln+1 : Mn+1∥αn+1 −→ Pn+1 is elementary;

c. ln+1 ∈ Pn+1 and |ln+1|Pn+1 = ω;

d. for all p < n+ 1, ln+1 ↾ (Mn+1∥λp) = lp ↾ (Mp∥λp));

e. Pn+1 ∈ Pn.

Proof.

1′ Let t := l∗ ↾ (Mn∥λn). We will ensure d. by ensuring ln+1 ↾
(Mn∥λn) = t.

2′ Let ϕ := ln(λn). It is inaccessible both in Pn and P ∗ and P ∗∥(ϕ+1) =
Pn∥(ϕ+ 1).

3′ In P ∗, there is H ≺ P ∗∥α∗ such that P ∗∥ϕ∪{l∗∗} ⊆ H and |H| = ϕ.

4′ Let π : H → Pn+1 be the transitive collapse and let

h : Pn+1 −→ P ∗ ↾ α∗

be the anti-collapse.

5′ Let ln+1 := π(l∗∗). We have that

• ln+1 : Mn+1 ↾ αn+1 −→ Pn+1 is elementary,
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• ln+1 ∈ Pn+1,
• |ln+1|Pn+1 = ω,
• ln+1 ⊇ t.3

6′ Since Pn+1 is coded by a subset of ϕ in P ∗, it follows that Pn+1 ∈ Pn.
Hence, Pn+1 and ln+1 are as required.

17◦ Claim 16◦ concludes the proof.

3Since t ∈ P ∗∥ϕ, we have that h(ln+1) = l∗∗ ⊇ t = h(t), which gives the conclusion.
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3 April 25, 2025
Lemma 3.1. Suppose

1. M and N are inner models of ZFC,

2. F is a nice extender in N , with critical point κ,

3. M∥(κ+ 1) = N∥(κ+ 1),

4. Ult(M,F ) is well-founded,

5. η ≤ κ is an infinite cardinal,

6. both M and N are closed for η-sequences.

Then Ult(M,F ) is closed for η-sequences.

Proof. Let ([aξ, fξ]
M
F : ξ < α) be a sequence of elements of Ult(M,F ). Note

that
(aξ : ξ < α) ∈ N ∩ VλF

= Ult(N,F ) ∩ VλR
= Ult(M,F ) ∩ Vλ.

On the other hand, we have that

(iMF (fξ) : ξ < η) = iMF ((fξ : ξ < η)) ↾ η ∈ Ult(M,F ).

These two together yield

([aξ, fξ]
M
F : ξ < η) = (iMF (fξ)(aξ) : ξ < η) ∈ Ult(M,F ).

Proposition 3.2. Let T be a nice tree on V of length ω. Then for all n < ω,
(MT

n )
c ⊆ MT

n .

Proof. This is immediate from Lemma 3.1, by induction.

Lemma 3.3. Let T be a nice tree on V of length ω and let b be a cofinal branch
through T such that MT

b is ill-founded. Then there are ordinals (αn : n ∈ b)
such that iTm,n(αm) > αn for every m T n ∈ b.

Proof. We consider the increasing enumeration b = {bn : n < ω}. Let

(ibn′
i
,b(β

′
i) : i < ω)

be a decreasing sequence of ordinals in Mb. Let n0 := 0 and choose β0 such that
j0,bn′

0
(β0) > β′

0; define recursively ni+1 := ni+n′
i+1 and βi+1 := jbn′

i
,bni+1

(β′
i).

In this way, we obtain an increasing sequence of naturals (ni : i < ω), starting
from 0, and a sequence of ordinals (βi : i < ω) satisfying jbni

,bnk
(βi) > βk

for all i < k. Now, given an arbitrary n < ω, there is a unique i such that
ni⊴n◁ni+1; we define αbn := ωjni,n(βi)+ni+1−n. The sequence (αm : m ∈ b)
is as required.

9



Theorem 3.4 (Martin, Steel). Every nice tree on V of length ω has a well-
founed cofinal branch. In other words, V is (ω + 1)-iterable.

Proof. Assume otherwise. Let T be a nice tree on V of length ω without a well-
founded cofinal branch. For n < ω, let n̂ denote the set of all cofinal branches
through T that contain n; the set 0̂ is exactly the set of all the cofinal branches
through T . (Some of these sets might be empty.) Notice that m ◁ n implies
that n̂ ⊆ m̂. Given a branch b ∈ 0̂, the fact that MT

b is ill-founded implies, by
Lemma 3.3, the existence of a sequence (αb

n : n ∈ b) satisfying iTm,n(α
b
m) > αb

n,
for all m T n ∈ b.

Let R be the class of all pairs (m, f), where m < ω and f : m̂ → Ord, and
let <R be a binary relation on it defined by

(m, f) <R (n, g) : ⇐⇒ n T m and (∀b ∈ m̂)(f(b) < g(b)).

It is obvious that <R is a partial order on R; let us verify that it is well-
founded. Otherwise, there would be a sequence (ni, fi) (i < ω) witnessing its
ill-foundedness, so we would have a branch

b :=
⋃
i<ω

[0, ni]T ∈
⋂
i<ω

n̂i

and consequently a sequence f0(b) > f1(b) > f2(b) > · · · , which is a contradic-
tion. Since (R,<R) is well-founed, it has a ranking funcion, say ρ.

By Proposition 3.2, n̂MT
k = n̂ and (n̂ −→ Ord)M

T
k = n̂ −→ Ord, for all

n, k < ω. In particular, iT0,n(R,<R) = (R,<R) and iT0,n(ρ) = ρ. Let ϕn : n̂ →
Ord be defined by ϕn(b) := αb

n. We have (n, ϕn) ∈ R and we can correctly
define βn := ρ((n, ϕn)) (n < ω). For m T n, we want to check that iTm,n(βm) >

βn. In order to do so, it suffices to establish iTm,n((m,ϕm)) >R (n, ϕn). Since
iTm,n((m,ϕm)) = (m, iTm,n(ϕm)) = (m, iTm,n ◦ ϕm) and we already know that
m T n, it remains to verify that (iTm,n ◦ ϕm)(b) > ϕn(b) for all b ∈ n̂, which is
just another way of saying iTm,n(α

b
m) > αb

n. Thus, the tree T is continuously
ill-founded, which contradicts Proposition 2.5.
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