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Abstract

We present a proof that, under large cardinal assumptions, a form of
Bounded Martin’s Maximum, UB — BMM™ ", a form of the axiom (*),

(*)us, and a form of generic Hf(w)-maximadi‘cy7 (f)us, are all equivalent.
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1 Introduction

We wish to present a proof of equivalence of the following three principles (in
the context of large cardinals).

Definition 1.1. The sentence UB — BMM ™ asserts that for every universally
Baire set A, every ¥ formula ¢(v,) in the language { RZ, R,{,Swl , R} and every
a € H,,, it

3P ssp, V= ((H(ws2), €,NSu,, 45) = ¢la]) ,
then (H(wz),€,NS,,,, A) E élal. O

Definition 1.2. The sentence (x)yg asserts that for every universally Baire

dense subset D of Py, and for every a C w; satisfying that wlL[a] = wy, there
exist p € D and a generic iteration Z of p such that iZ(a?) = a and i (I?) =
NS, NPL. O

Definition 1.3. The sentence ()yg asserts that for every universally Baire set
A and every Il sentence ¢ in the language {RZ, R,l\lsw1 R, if

H]Pa “_P ((H(wQ)a €, NSwUAQ) ': (b) 3
then (H(w2),€,NS,,, A) = ¢. O

We will assume that there is a proper class of Woodin cardinals. That UB —
BMM™* implies (x)yg was established in | ]. The converse follows by the
proof of | , Theorem 10.127]. We learned a proof that (x)yg implies (1)us
from | |, while the converse, in the presence of a supercompact cardinal,
was observed in | ]

Theorem 1.4. Suppose there exists a proper class of Woodin cardinals. Then
the following holds.

a. UB —BMM™™ and (x)yp are equivalent.
b. (x)us implies (T)us-

c. If (f)us holds and if there is a supercompact cardinal, then (x)yg holds.

Proof. That UB—BMM™™ implies (*)yp follows from | , Lemma 2.14]. The
converse is proved in Theorem 6.5. We prove in Corollary 5.3 that (x)yg implies
(t)us. Finally, c is verified in | , Proposition 6.2.11]. O



2 Some Lemmas

Lemma 2.1. Suppose § is a Woodin cardinal. Then there exists a semi-proper
poset that forces that NS, is saturated.

Proof. See | , Proposition [3.3.6]|. O

Lemma 2.2. Let A be the smallest beth-fized point. Then there exists a c.c.c.
poset of size in Vy that forces MA,,, .

Proof. This follows from the proof of | , Theorem 6.3]. To ensure that
there exists a regular k > wy satisfying 2<% = &, force first with Col(wq, 2%). O

Lemma 2.3. Suppose

1. P is a c.c.c. poset,

2. g is V-generic for P,

3. Cis a club subset of wy in V]g].
Then there exists C € V which is a subset of C' and which is a club in w;.
Proof. See | , Part III, Theorem 1.5]. O
Lemma 2.4. Suppose

1. I is a normal precipitous ideal on wy,

2. P is a c.c.c. poset.
Then it holds in V' that the ideal on wy generated by I is precipitous.
Proof. See | , Theorem 1]. O
Lemma 2.5. Suppose

1. NS, is precipitous,

2. P is a c.c.c. poset.
Then NS,,, is precipitous in V.

Proof. By Lemma 2.4, the ideal generated by NSL/1 is precipitous in VF. By
Lemma 2.3, this ideal is exactly the non-stationary ideal of the extension. [

Lemma 2.6. Suppose
1. § is a beth-fixed point,
2. A is a <d-universally Baire set of reals,
3. 0 > ¢ is inaccessible,

4. M 1is transitive,



5. m:(M,€,,A) — (Hy, €,6,A) is elementary,
6. g is <0-generic over M.

Then Ay = AN Mlg).

Proof.

1° Let (T,5) € ran(m) be a pair of <d-absolutely complementing trees satis-
fying that p[T] = A and let

(T,8) = n~((T, 5)).

Note that p[T] C p[T] and p[S] C p[S].
2° Since p[T|Ml9l = RMl9l — p[S]MId] it follows that

p[T1M1) = p[T] N M[g] and p[S]M19) = p[s].

3° Thus, 4, = p[T)Mldl = p[T) N M[g] = An M[g].

Lemma 2.7. Suppose
1. 6 is a limit of Woodin cardinals,
2. A is a <§-universally Baire set of reals,
3. ¢(x) is a formula in the language {RZ, RY},
4. B:={beR:(H,,€<,A) = ¢}
Then the set B universally Baire and for every poset P € Vg,
VP By = {beR: (Hay, €, Ag) = o1}
Proof. See | , Theorem 1.4-XT]. O

Proposition 2.8. Suppose there is a proper class of Woodin cardinals. Then
for every universally Baire set A,

P(R) N L(R, A) C UB.



3 Pre-conditions

Lemma 3.1. Suppose I is a normal precipitous ideal on wy. Then (V,I) is
generically Ord-iterable in every generic extension.

Proof. See | , Proposition 2-III]. O
Corollary 3.2. Suppose

a. M is a transitive model of ZFC,

b. I is a normal precipitous ideal on wy in M.

Then (M, I) is generically o(M)-iterable. O
Corollary 3.3. Suppose

a. M and M are transitive models of ZFC,

b. I is a normal precipitous ideal on wy in M,

c. v is an inaccessible cardinal in M,

d. m: M — M is elementary embedding with critical point at least ~.
Then (M, I) is generically o(M)-iterable. O
Lemma 3.4. Suppose

1. K is measurable,

2. 0 > Kk is inaccessible,

3. M < (Hy, €,k) is of cardinality <k,

4. a < K.

Then there exists N < Hy such that

a. |N| <k,

b. M C N,

c. kN M is an initial segment of kN N,

d. otp(k N N) > a.

Proof.
1° It suffices to show that there exists N < Hy such that

a. |N| <k,
b. M C N,

c. KN M is an initial segment of Kk NN,



d. otp(k N N) > otp(k N M).

2° Let p € M be a normal measure on &, let v := min()(x N M), and let

N := Hull(M, {~}). We will be done if we show that x N M is an initial
segment of k N N.

3° Let £ € kNN and nn € kN M be such that £ < n. We want to show that

geM.

4° There exists f : Kk — Hp such that f € M and f(y) = &.

5° We may assume without loss of generality that f: x — 7.

6° Since 1 < K, there exists a unique &y < 7 such that

{{<k:f(Q) =&} €p.

7° Note that & € M, so

{C<r:f(Q) =&} epnnM.

8° This means that

7€{<<ﬁ:f(C):£O}7
so & = f(v) =& € M, as required.

Proposition 3.5. Suppose

1
2
3
4
5
6

The

. K 18 measurable,

. 0 > K is inaccessible,

. M is a transitive set of cardinality <k,

. (M,e,kR) — (Hy, €, k) is elementary,

. g 1s a <k-generic over M,

. I is a normal precipitous ideal on wy in M|g].

n (Mlg], I) is generically iterable.

Proof.

1° By Lemma 3.4, there exists X < Hp such that

a. | X| <k,

b. ran(m) C X,

c. £Nran(m) is an initial segment of x N X,
d. otp(k N X) > wy.



2° Let N be the transitive collapse of X and let m : M — N be the ele-
mentary embedding induced by the inclusion ran(M) < X. Note that &
is inaccessible in M and crit(7) > &.

3° Let 7[g] : M[g] — NJg] be the elementary embedding induced by 7.
Corollary 3.3 now implies that (M]g], I) is generically o(N|[g])-iterable. In
particular, it is generically wi-iterable, as required.

O
Definition 3.6. A pair (M, I) is a pre-condition iff
a. M is a countable transitive model of ZFC,
b. I is a normal precipitous ideal on w; in M,
c. (M,I) is generically iterable. O

Lemma 3.7. Suppose
1. ZFC holds,
2. J is a normal ideal on wq,
3. (M,I) is a pre-condition.

Then there exists a generic iteration i : (M,I) — (M*,I*) of length wy such
that I* = J N M*.

Proof. See | , Proposition 2-X]. O
Definition 3.8. Suppose

1. Ais a set of reals,

2. (M,I) is a pre-condition.
Then (M, I) is A-iterable iff

a. ANM e M,

b. for every generic iteration i : (M,I) — (N,J), i{(ANM)=ANN. O
Lemma 3.9. Suppose

1. 0 is a limit of Woodin cardinals,

2. v < 4 is inaccessible,

3. T,S € Vs are vy -homogeneous trees,

4. p[T] =R —p[S],

5. 0 > 6 is inaccessible,



6.

M < (Hy, €,7,6,T,S) is of cardinality at most .

Then there exists X < Hy such that

a.
b.
c.

d.

| X| < 2¢¥[M],
MCX,
XnV,=MnV,,

letting (1) : X U{X} — X U{X} be the transitive collapse,

p[T] = p[T] and p[S] = p[S].

Proof.
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It suffices to show that for a given x € R, there exists X < Hy such that
a. |X| = |M],
b. M C X,
XNV, =MnV,,
d. if z € p[T], then = € p[T],

e. if x € p[S], then z € p[S].

o

Let 4, v € M be vT-homogeneity systems for T', S, respectively. Let & and
U be defined as follows:

o if x € p[T], then & := (uyn : n <w) and U :=T;
o if x € p[S], then £ := (Vyp :n <w) and U := S.

For n < w, let 4, := (&, N M) € &,. Since x € p[U], there exists an
w-sequence z such that for all n < w, z[n € A,.

Let X := Hull(M,ran(z)) < Hy. It is clear that | X| = |M| and M < X.
Claim. XNV, =MnYV,

Proof.

1" Let w € X NV, and let us show that w € M.

2" Let Z be such that for all n < w, &, C #(Z"). Note that Z € M.
3’ There exist n < w and f : Z™ — Hy such that w = f(z[n).

4" We may assume without loss of generality that f : Z" — V.

5" Since &, is yt-complete, there exists a unique w’ € V,, such that

{ueZ™: f(u) =w'} €&,.



6’ Note that w’ € M and consequently,
{ueZ": f(u)=w'} €& N M.

7" Thus,
zine{ue Z": f(u) =w'},

sow = f(zIn) =w' € M, as required.

O

6° Finally, the fact that ran(z) C X immediately yields that (z, (Z,)n<w) €
U, which means that

o if z € p[T), then x € p[T],
e if z € p[9], then z € p[9].

This concludes the proof.

Proposition 3.10. Suppose
1. 9 is a limit of Woodins,
A is <§-universally Baire,
0 > 0 is inaccessible,
M is transitive and countable,
m:(M,€,6,A) — (Hg, €,6,A) is elementary,

g is <6-generic over M,

NS v e b

I is a precipitous ideal on wy in M|g].
Then (M|g],I) is an A-iterable pre-condition.
Proof.

1° Proposition 3.5 implies that (M|g],I) is a pre-condition. It remains to
show that it is A-iterable.

2° Let y < & be an inaccessible cardinal in M such that g is <¥-generic over
M and let M := M [5. It suffices to show that (M][g],I) is A-iterable.

3° Lemma 2.6 implies that AN M[g] = A, € M|g].

4° Leti: (M[g],I) — (N,J) be a generic iteration of countable length. We
will be done if we show that i(AN M[g]) = ANN.
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10°

Let T, S € ran(w) be yT-homogeneous trees satisfying that p[T] = A and
plS] =R - A.

By Lemma 3.9, there exists X < Hy such that, letting
(M, e T,8) — (X,€,T,S)

be the anti-collapse,

a. |[M'| <2¢,

b. ran(7) C X,

c. XNV, =ran(m)NV,,

d. p[T] = A and p[S] =R — A.
Note that 7 is inaccessible in M’ and M’y = M.

By Proposition 3.5, there exists a generic iteration

i (M'[g], 1) — (N, J)

such that the generics used in it are the same as those used in 7.

Observe that N|i'(3) = N and i[M[g] = i. This means that we will be
done if we show that i/(AN M'[g]) = AN N.

Since p[T] € p[i(T)] and p[S]  p[i'(S)] and

p[T] =R —p[S],

we conclude that p[T] = p[i' (T)].
Thus,

— ’

(AN M'[g)) = i (p[T]™') = pli! ()Y = p[T] N = AN N,

as required.

Lemma 3.11. Suppose

1.
2.
3.
4.

0 s a limit of Woodins,
A is <§-universally Baire,
0 > 0 is inaccessible,

M is transitive and countable,

In other words, when using these generics on M’[g], we keep producing well-founded
models.

10



5. m:(M,€,,A) — (Hy, €,6,A) is elementary,
6. N is a forcing extension of M by a poset in M|0.
Then (HY ,€,ANN) < (H,,, €, A).

Proof.

1° We apply the Tarski-Vaught test. Let ¢(v,,vy) be a formula in the lan-
guage {RZ, R4} and let a € Hﬁ Suppose that

(Hoys €5, A) = (Fub, 9)[al.
We want to find b € HY such that
(Hy,, €, A) E ¢la,b].
2° We may assume without loss of generality that ¢ € R and
(Hw,, €,4) E (uy € R, ¢)]al.

3° Let C :={(z,y) e RxR: (H,,, €, A) = ¢x,y]}. We will be done if we
show that for some b € RN N, (a,b) € CNN.

4° Let E:={zx € R: (H,,, €, A) E (3vp, ¢)[z]. Observe that a € F and

(Hy,,€,A,C,E) = Vr € Ry, 3y, (,y) € RE.

5° Since C, E € M, there are C, E such that 7 : C, E + C, E.
6° By Lemma 2.7, the sets C, E are <{§-universally Baire.

7° By elementarity, C, E are <§-universally Baire in M and
M

(Hy,,

M e, A,C,E) EVz € R, 3y, (z,y) € RE.
8° Let g be a <d-generic over M such that N = M[g]. By Lemma 2.7,
(H.,

wi?

6721976’9,579) EVx e R};ﬂy, (z,y) € Ré.

9° By Lemma 2.6, C;, = C N N and E, = EN N, which means that

Veze ENN,Jy € N, (z,y) € CNN.

10° Since a € E N N, we conclude that
Jy e N,(a,y) €CNN,

as required.

11



4 Certification by P,..-conditions

Notation 4.1. Suppose p € Py, and Z is a (generic) iteration of p of length
at most wy + 1. Then

a. for a < len(Z), P2 denotes the " structure in the iteration Z,
b. for a < 3 < len(Z), i’ , denotes the embedding PZ —» Pg given by Z,
c. PL denotes the the direct limit of the iteration Z,

d. for a < len(Z), iz
by Z,

denotes the direct limit embedding PZ — PL given

o

iz T
e. 1= denotes i O

Definition 4.2. Suppose A is a set of reals and p € Pp,,,. Then p is A-iterable
iff (MP,IP) is an A-iterable pre-condition. O

Definition 4.3. Suppose A is a set of reals and p € Pp,,x. Then p certifies A
iff

a. p is A-iterable,

b. (HP

wi?

€,ANp) < (Hy,,,€,A). O

Proposition 4.4. Suppose there is a proper class of Woodin cardinals. Then
every universally Baire set of reals is certified by a Ppax-condition.

Proof.

1° Let A be an arbitrary universally Baire set. We want to find p € Ppyax
that certifies A.

2° Let 0 be a limit of Woodin cardinals, let # > § be inaccessible, and let
7 (M, €, A,8) — (Hy, €, A,06)
be elementary and countable such that M is transitive.

3° By Lemma 2.1, there exists a <d-generic g over M such that NS, is
saturated in Mg]; and by Lemmas 2.2 and 2.5, there exists a <d-generic
h over M[g] such that MA,,, holds and NS, is precipitous in M{g][h].

4° Let a? be such that M[g][h] = (wlL[ap} = wy) and let
Mlg)[h
D= (M[g] [h]v €, NSwl[g][ ]v ap)'
By Proposition 3.5, p is a Ppy.x condition.

5° By Proposition 3.10, p is A-iterable.

12



6° By Lemma 3.11, (H? ,€,ANp) < (H,,,€,A). This complete the verifi-

cation that p certifies A.
O

Notation 4.5. Suppose p € P and G is V-generic for Py, containing p.
Then Z,, ¢ denotes the iteration of p given by G. O

Lemma 4.6. Suppose
1. ZFC holds,
2. every real has a dagger,
8. J is a normal ideal on wq,
4. for all @ < wy, Dy is a dense subset of Prax,
5. p € Phax-
Then there exists a function f :wi — Puax such that
a. f(0) =p,
b. for alla < wy, fla+1) < f(a),
c. foralla<wy, fla+1) € D,,

d. letting T be the union of the iterations (I, o) @ & < wy), it holds that
it(I?) = JNPL.

Proof. See | , Lemma 4.3-VT]. O
Lemma 4.7. Suppose

1. p is a Pyax-condition,

2. X € pis a set of Pyax-conditions,

3. forallqe X, q>p.
Then p I-itrs (P) C g.
Proof. See | , Lemma 4.3-VII]. O
Proposition 4.8. Suppose

1. ZF holds,

2. every real has a dagger,

8. every set of reals is certified by a Puax-condition.

Then in holds in VFmax that for all a € H,,, there exists p € § such that
a € P

13



Proof.
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Let 7 be a Ppax name for a subset of wy;. We want to show that

Fp, 3q € g,7 € Plas,

Let p € Prax be arbitrary. We want to find ¢ < p and e € ¢ such that
gl 7 =i (e).
This suffices for the conclusion.

Let A be the set

{(6:041) 4 € Pass 4 x2(0) = ),

where , denotes the characteristic function of 7 in VF_ ; and let A* be

max?

the set of reals coding A. Since every set of reals is certified by a Ppax
condition, there exists ¢ € Py« such that

a. pegq,

b. ¢ is A*-iterable,

c. (HL e, A*Nq) < (Hy,,<,A*).

wa?
For a < wyq, let
Dy = {q € Ppax : 30 < 2,(q,,7) € A}
The property 3°c implies that
a. forallz e RnNg, 2t € ¢,

b. (DoNgq:a<wi) €q,

c. for all @ < wf, D, Nq is a dense subset of Ppax N q.

In ¢, Lemma 4.6 implies that there exists a function f : w; — Ppax such
that

a. f(0) =p,
b. for all @ < wy, fa+1) < f(a),
for all « < wy, f(a+1) € D, Nq,

e o

letting Z be the union of the iterations (Z, f(q) : @ < wy), it holds
that iZ(IP) = 1N PL.

Let Z be the union of the iterations (Ipyf(a) :a < wq). Up to replacing a?

by iZ(aP), we may assume that a? = i (aP). In particular, for all a < wf,

q< f(a).

Let e := {a < w!: (fla+1),a,1) € D, Nq} € g We will be done if we
show that q I i%a9(e) = 7.

14



8° Claim. Let g be V-generic for Py,., containing ¢. Then iZe9(e) = 79.

Proof.
1’ By 3°c,
qEVa <w,Vi<?2,
Xe(a) =1 <= (f(a+1),a,i) € ANg.
2 Let f := iaa(f) : wy — Ppax. It follows by elementarity of a9

3/

4/

5/

that
Pl Eva < wy,Vi <2,

Xizq,g(e) (a) =i — (f(Oé + 1)a Oé,’L') € Z’qug (A N q)

Since ¢ is A*-iterable, it follows that 779 (AN q) = A. Hence, for all
a < w; and all 7 < 2,

Xilq,g(e)(a) =i <~ (f(a + 1),04,i) € A.

This means that for all a < wq,
a. a € i%oo(e) if and only if f(a+1)IFY a e T,
b. a & a9 (e) if and only if fla+1)F a & 1.

By Lemma 4.7, ran(f) C g. This and the previous point yield that
for all o < wy,
acifri(e) <= acr1Y;

in other words, iZ+9(e) = 79, as required.

9° The claim concludes the proof.

15



5 (x)ys implies ()us
Proposition 5.1. Suppose
1. ZF holds,
2. every real has a dagger,
3. every set of reals is certified by a Puyax-condition,
4. Ais a set of reals,
5. ¢(x) is a Xy formula in the language {R%7R,{,SWI,R}4},

6. for allp € Ppax, for alla € HE, there exists an A-iterable P .« -condition
q < p such that
(HS,, €,1%, AN q) | ¢[i™(a)].

Then it holds in VFmax that (H,,,,€,NS,,, A) & Vz, ¢(z).
Proof.

1° Let g be V-generic for Pp,.y, let us work in Vg, and let a € H,,,. We
want to show that (H,,, €,NS,,, A) = ¢lal.

2° By Proposition 4.8, there exist p € g and b € HY such that a = iZr.9 (b).
3° By the assumption 6, there exists ¢ € g such that

a. q=p,
b. ¢ is A-iterable,
. (Hi, € 19 ANq) E [ (b)),

4° Tt follows by elementarity that
P o T Za. o,
(Hj> €@ (I7),i%(ANq)) = ¢l (b)].
5° Since ¢ is A-iterable, we conclude that
Zq,9
(HD=",€,NS,, NP, ANPL7) = ¢la).

6° The fact that ¢(x) is ¥; now implies that

(Hyy, €,NS,,,, A) = ¢lal.

Theorem 5.2. Suppose

1. there exists a proper class of Woodin cardinals,

16



2. A is a universally Baire set of reals,
3. ¢ is a Ily sentence in the language {RZ, Rhswl ,RYL Y,
4. there exists a poset that forces “(H,,, €, R,I\ISM,AQ) E o

Then it holds in L(R, A)Fmax that (H,,,€,NS,,, A) = ¢.
Proof.

1° Let ¢(x) be the 3y formula such that ¢ = Vz,v(z). By Propositions 2.8,
4.4, and 5.1, it suffices to verify that for all p € Pyax and all a € HY,,
there exists an A-iterable P, .-condition ¢ < p such that

(H,, €, 19, ANq) = y[i*»(a)].

wa?
2° Let

a. P be a poset satisfying

VP ((Huy, €,NSu,, Ag) = ¢),

b. § > rank(P) be a limit of Woodin cardinals,
c. 0 > § be inaccessible,
d. 7 : (N,€,AP,6,p) < (Hg,€,A,P,8,p) be countable, with N

w

transitive,

e. go be N-generic for P.

Note that ~
(vai[go]’ e, NsiVl[go]7AgD) = .

3° By Lemma 3.7, there exists an iteration Z € N|go] of p of length w; + 1
satisfying that i (I?) = NSUIX[QO] NPZL. Observe that

(HZJ), € NS, Ag,) = wli? (a))
4° By Lemma 2.1, there exists a <d-generic filter g; over N[go] satisfying
that

N N
a. NSwl[QO][gl] N Ngo] = NSWI[go]7
b. NS, is saturated in N[go][g1]-

5° Observe that
. (HL™ € NSTII, Ay ) = vl (@)
N .
b. Nswl[go][gl] NPL = Z(Ip).

17
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By Lemma 2.2, there exists a <d-generic filter g, over N[go][g1] such that
Nlgollg1llg2] E MA,, .

By Lemma 2.5, NS, is precipitous in N[go][g1][g2]. Observe also that
a (I-ilu\g[szo][91][92]’67 ngl[go][gl][gz]’Ago*gl*m) = ¢[iZ(a)],
b. Nsiv[go][m][gz] N prIo _ iI(Ip).

Let ¢ := (N[go][g1][g2], €, NSLloollolloz] 57 (4)) . By Proposition 3.5 and
Proposition 3.10, ¢ is an A-iterable Py, -condition.

Additionally, ¢ < pand Z,, , = Z.
By Lemma 2.6, Agug9, = AN Nlgo][g1]lg2] = AN gq.

Thus, 7°a is equivalent to

(Hi, €19, ANq) | ¢[i™(a)],

as required in 1°.

O

Corollary 5.3. Suppose

1. there exists a proper class of Woodin cardinals,

2. (¥)us holds,

3. A is a universally Baire set,

4. ¢ is a lly sentence in the language {R%, Rhsw1 ,RYL Y,

5. there exists a poset that forces “(H,,,€,NS,,,,Ay) = ¢”.
Then (H,,,€,NS,,, A) E ¢.
Proof. This follows immediately from Theorem 5.2. O
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6 (*)yg implies UB — BMM™™
Lemma 6.1. Suppose
1. there exists a proper class of Woodin cardinals,
2. A is a universally Baire set.
Then A-iterable conditions are dense in Ppax.
Proof. This follows from Proposition 3.10. O
Lemma 6.2. Suppose
1. A is a set of reals,
2. p is an A-iterable Py condition,
3. ¢<p.
Then q is an A-iterable. O
Lemma 6.3. Suppose
1. there exists a proper class of Woodin cardinals,
2. (x)us holds,
3. a C wy satisfies wlL[a] = wi,
4. A is a universally Baire set,

5. g consists of all p € Pax for which there is a generic iteration I such that
iZ(aP) = a and iZ(I?) = NS, N PL.

Then g is an L(R, A)-generic filter for Ppax and P(w1) C L(R, A)[g].
Proof. See | , Lemma 6.2.7]. O
Proposition 6.4. Suppose

1. there exists a proper class of Woodin cardinals,

2. (*)us holds,

8. A is a universally Baire set,

4. ¢(vg) is a Iy formula in the language {R%,Rhswl ,RYL Y,

[a] _

5. a C wq 18 such that wlL = wi,

(H(w2), €,NSy,, A) |= ¢la].

Then there exist p € Ppax and a generic iteration L of p such that

S8
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a.
b.

C.

p is A-iterable,
i*(aP) = a,

Jor all ¢ <p, (H(w2)qv €,19,AN Q) ': (Maq].

Proof.
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Let g consist of all p € Pyax for which there is a generic iteration 7
satisfying that iZ(a?) = a and iZ(I?) = NS,, N PL. Lemma 6.3 implies
that g is an L(R, A)-generic filter for Py and & (w;1) C L(R, A)[g].

Observe that

L(R, A)[g] ': ((H(WQ)ﬂ = NSw1 ) A) ': (;5[@]) .
Thus, there exists py € g such that
po Y (H(ws), €,NS.,, A) | 9l (a?)].
By Lemma 6.1, we may assume, up to strengthening pg, that it is A-
iterable.

Let D consist of all p < pg such that for all ¢ < p,
(H(w2)?,€,1,ANq) E ¢la?].

Since by Lemma 6.2, every condition in D is A-iterable, we will be done
if we show that D is dense below pg.

Let us assume otherwise. Then there exists p; < pg such that for all
p < p1, there exists ¢ < p such that

(H(w2)?,€,1%, AN q) = =¢la’]
For all ¢ < po, if (H(w2)?,€,19,ANq) E ~¢[a?], then

aIHEEY (H(w), € NS, 4) = ~0[+4 (a")]).

(Note that g is A-iterable by Lemma 6.2.)

Thus, for all p < pq, there exists ¢ < p such that

q k&N ((H(ws), €,NSy,, A) | =¢[i%+ (a?))]) .

This means that

p1 IS ((H(ws), €,NSy,, A) | =gliTee (a?)))

max

which contradicts the fact that p; < pg.
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O

Theorem 6.5. Suppose there exists a proper class of Woodin cardinals and
(*)ug holds. Then UB — BMM™™ holds.

Proof.

1° Let A be a universally Baire set, let ¢(v,) be a II; formula in the language
{RZ, Rhswl ,RL}, and let @ € H(w2). We want to show that

VP ssp, V7 = ((H(ws), €, NSy, Ag) = ¢la]) -

2° We may assume without loss of generality that a C w; and wlL la] _ w1.

3° Let P be an ssp poset and let us assume towards a contradiction that

Ve (H(ws),€,NSu,, Ag) = olal.

By restricting the poset, we may assume without loss of generality that
IFp (H(w2),€,NSy,,, Ap) = —dlal.

Furthermore, by doing a two-step iteration if necessary, we may assume
that P forces that NS, is saturated.

4° Proposition 6.4 implies that there are p € P,,x and a generic iteration 7
of p such that

a. pis A-iterable,
b. i (a?) = a,
c. for all ¢ <p, (H(w2)?,€,19,ANq) = ¢lal].

5° Let G be a V-generic filter for P, let k be inaccessible in V[G], and let H
be V[G]-generic for Col(w, k). We work in V[G][H].

6° Let qo := (Hy, €,NS,,,i%(a?))VIE]. Observe that gy € Prax and qo < p
(as witnessed by 7).

7° By property 4°c and by generic absoluteness, for all ¢ < p,
(H(w2)?, €, 1, Agwrr N q) = ¢la’].
8° Since qo < p, we have that
(H(w2)®, €,1%, Agsn N qo) FE ¢la™].
9° Now, note that

a. H(wg)® = H(wy)VICII® = H(wy)VIC],

21



b. I% = NSYIC]
w1 I
c. Agxa Nqo = Agu NVI[G] = Ag,

d. a® =if(aP) = a.

10° Thus,
(H(w2)"1 €,NSYIE, Ag) E ¢lal,

which contradicts the assumption that

H_I‘P( (H(w2)7 Ea NswlaAG) ): _‘(b[(l].
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