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0 Introduction

In these notes, we prove that, under the suitable large cardinal assumptions,
model L(R) satisfies Axiom of Determinacy. We do so by proving to theorems
which are of interest in their own right. First, we prove that a derived model
satisfies Axiom of Determinacy. Second, we prove that L(R) can be (generically)
embedded into the derived model.

Here, by a derived model, we mean the model L(R*), where R* are reals obtained
by symmetrically collapsing a limit of Woodin cardinals. Usually, the derived
model is somewhat bigger, i.e. L(R*, Hom™), where Hom™ is a certain collection
of sets of reals (cf. | ]). The two proofs have essentially the same
structure, but we opted for the technically simpler one.

The proof of the derived model theorem has been presented to us by G. Sargsyan.
Other than that, we heavily rely on | ] and | ].

These notes are mostly self-contained, with following exceptions. First, Martin-
Steel Transfer Theorem is cited without a proof. We presented a proof of this
theorem in [ ]. Second, we use the stationary tower as the main
technical tool; we gave an exposition on it in | ]. In the same notes,
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one can find proof that the Chang’s model of the ground can be generically
embedded into the Chang’s model obtained after collapsing a Woodin limit of
Woodin cardinals. Construction of this embedding is highly analogous to the
construction of the embedding between L(R) and L(R*) presented here.

1 Regularity Properties

1.1 Homogeneity

Definition. A tower of measures with support Z is a sequence (, : n < w)
such that u,, is a measure on Z™ and p, projects on p,, for m <n < w.

If f: 2™ — YV and n > m, we can define f™ : Z" — V by simply putting
f(s) := f(s | m) for s € Z". For m < n < w, we define

T - UV, pn) — UR(V, )

by setting j, ,([f]u,.) = [f"]u,- This mapping is correctly defined and ele-
mentary.

Definition. Let p be a tower of measures. The ultrapower Ult(V, u) of V via u
is defined as the direct limit of the system.

(UIt(V, tim), T tm<n < w).
The Los’s theorem holds in its expected form. The ultrapower embedding is
given by
Ju = il V = UI(V, o) < UR(V, ).
Ult(V, u) can also be described as (D,=",eP)/ =P where:
D:={f:Z" >V :m<w},

=g {uezm>tmrh: fum)=g(uln)},
felg:—= {uezm>mn . f(um)eg(uln)
(f: 2" =V,g:Z" = V).

Definition. A tower p of measures with support Z is complete if for every
(A, :n <w) with A,, € pp, there is f € Z* such that

(Vn <w)(f IneA).
Proposition. Ult(V, ) is well-founded if and only if p is complete.

Proof.

Implication (=)
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1° Let (A, : n < w) be such that p,(4,) =1 for every n < w.
2° We may assume that {u [ n:u € A,41} C A, for every n < w.
3° Let j: V < Ult(V, u) be the ultrapower embedding.
4° Since p,(A,) = 1, we have [idzn], € j(A,).
5° T:=, ., An is a tree on Z in V.
6° We have [idz»], < [idzn+1], for every n.
7° By 4°, we see that |, [idz»], is a branch through j(T') in V.
8° By absoluteness, there is a branch through j(T') in Ult(V, ).
9° By elementarity, there is a branch f through 7" in V.
10° f is as required for (A4, : n < w).
Implication (<)
11° Suppose that Ult(V, p) is ill-founded.

12° Since it is the direct limit of (UIt(V; ptm), jh, ;.)m.n, there are fp, : Z™ —
Ord such that

jm,m+1([fm]) > [fm+1]
for every m.
13° Set Apy1 :={s € Z™ ¢ fr11(8) < fn(s | M)} € 1.
14° There is f € Z% such that f [ (m+ 1) € A,,,41 for every m.

15° Then (fm41(f I (m+ 1)) : m < w) is a decreasing sequence of ordinals,
which is a contradiction.

O

Definition. A k-homogeneity system on X with support Z is a family pu = (us :
s € X<¥) satisfying:

a. s is a measure on Z!°;
b. ps is max{|X|*, x}-complete;
c. i projects to ug for s <t.
For z € X*, we denote by p, the tower (pg, 1 n < w).

Remark. If K = wy, the parameter x is omitted from the terminology.

For p a homogeneity system, we denote MF := Ult(V, us) and j5, : M} <
MY the embedding j4% of some/any branch z > ¢ > s. The limit models and
embeddings are denoted by M} and j£, (s <z € X¥).

Definition. For a homogeneity system pu, we define the set of well-founded
branches of 1 to be

S, i={x e X : Ut(V, uy) is well-founded}.

A set A C X¥ is said to be k-homogeneous if there is a k-homogeneity system
pon X such that A =5,,.



XI. Definition. Let T be a tree on X x Z. A k-homogeneity system for T is a
k-homogeneity system g on X with support Z such that:
a. for every s € X<% we have uy(Ts) = 1;
b. p[T] C S,..

T is k-homogeneous if there exists a k-homogeneity system for T

XII. Proposition. If 1 is a k-homogeneity system for T, then in fact p[T] = S,,.

Proof.

1° We only need to verify S, C p[T].
2° Let x € X“ be such that u, is complete.
3° For every n < w, we have figzn(Typn) = 1.
4° There there is f € Z“ such that f [ n € Ty, for every n < w.
5° f witnesses « € p[T].
O

XIII. Definition. A set A C X¥ is k-homogeneously Suslin if there is a k-homogeneous
tree T with A = p[T].

XIV. Proposition. The following are equivalent for A C X*:

a. A is k-homogeneous;

b. A is k-homogeneously Suslin.

Proof.

Implication (b=-a)
1° Tt follows immediately from 1.1-XII.
Implication (a=b)

2° Let (ps : s € X<%) be a k-homogeneity system on X with support Z such
that A =5,,.

3° We need to find T on X x Z such that (1) p[T] = A and (2) us(Ts) =1
for every s.

4° If x € AL, then there are (B® : n < w) such that

a. Uy (BE) =1 for every n,

b. there is no z € Z“ satisfying (Vn < w)(z | n € BY).
5° For x € A, we set BY := Z".

6° Since additivity of s is a measurable cardinal'! > | X|, we have that

Ihs (ﬂ{B“";l :s<x€X“’}) =1

Lor the measure is a principal ultrafilter




70 T =B : s <w € X¥} is of measure-1 for all s.
8° By recursion on length of s € X<% set:

a. T) =T}

b TV =T(N{u ez cul (s = 1) € T}

9° We have that every T7 is of measure-1 and

(Vu € T/)(u | (|s] = 1) € Tl 5-1))-

10° T = U e x <o ({8} x TY)
11° We have that T is a tree on X x Z and Ty = T?' is of measure one for every
s.

12° It remains to show that p[T] = A.
13° A C p[T7]:
1" Let z € A.
2" Then Ult(V, p1,) is well-founded.
3’ Then there is a fiber z € Z% through (T, : s < z).
4" z witnesses x € p[T].
14° p[T)] C A
1" Assume z € AL
2" Then there is no fiber through (B¥ : n < w).
3’ Since T C By for s <@, there is no fiber through (7§ : s < ).

4" Thus, = & p[T).
O

XV. Proposition. Let f : X“ — Y“ be continuous and suppose that B C Y is
k-homogeneous. Then f~1[B] C X¥ is also x-homogeneous.

Proof.

1° Function g : X<% — Y < is defined in the following manner.

1" Take s € X<¥.
2" There is maximal n < |s| such that the value f(z) | n is constant for
every x > s.
3" We define g(s) := f(x) | n for some/any x > s.
2° g has the following properties for s,t € X<% and z € X%:
a. st = g(s) <g(t)
b. 1g(s)l = lg(s I (|s[=1)) <1
c. Vs¥n3t(s at Alg(t)] > n);
d- f(#) = Upcw9(z I n).



3° Let v = (vs : s € Y<¥) be a x-homogeneity system with support Z such
that B=5,.

4° For s <9t € X<¥ we define
k's7t = jgl]/(s),g(t) . Ult(‘/, Vg(s)) =< Ult(V, Vg(t))'

5° We may assume w.l.o.g. that 0 € Z.
6° For s € X<, we define tuples us € j,(Z)*l by induction on |s|.

1 ug:=0

2" Suppose that the stage |s| = n has been handled and let us consider
the stage |s| =n + 1.
If g(s) > g(s [ n), let z, be the last coordinate of [idgc]
define ugs := kspn,s(Usin) ™ 2s-

!

wW

V(s and

4" Otherwise (if g(s) = g(s [ n)), we define uy := us, 0.
7° Let ps be the measure on Z!5l derived from j, at us,.
8° 1= (ps : s € X<¥) is a k-homogeneity system.
9° Also, UIt(V, ps) = UIt(V, vy(s)) for every s, and consequently, S,, = s,
10° Thus, f~![B] = S, is k-homogeneously Suslin.

O

XVI. Raison d’étre for the notion of homogeneity is the following theorem.

XVII. Theorem. (Martin) If A C X* is homogeneous, then A is determined.

Proof.

1° Let T be a homogeneous tree on X X Z projecting to A and let pu be a
homogeneity system for 7.
2° We consider game G
I ‘ i) To
II ‘ Iy I3

where z; € X and I wins if and only if (z;); € A.
3° Let us consider auxiliary game G*

I | xo,20 Tg, 21, 22 T4, 23,24
11 ‘ I T3

where z; € X, z; € Z, and I wins if and only if
(Zi AN n) € T(a:11<n) (1)

for every n < w.

4° G* is obviously closed for I, so one of the players have a winning strategy.
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10°

11°

1.2

Definition. A weak k-homogeneity system on X with support Z is a k-homogeneity

If I wins G*, then they can use the same strategy, after omitting z;’s, to
win G. The reason this modification is winning in G is because (1) ensures
(w11 <w)epT]=A.

Let us assume now that II has a winning strategy ¢* in G* and let us
describe their winning strategy o in G.

Suppose recursively that we are given a partial play

I ‘ Zo T2 Ton
11 ‘ T I3

of G played according to o and let us determined what should be the next
move To,41 according to o.

To apply ¢*, we need to know moves zg, ...z, of I in G* which are not
given.

However, for every such tuple t € Z2"*1 there is a move @2,41(t) € X
given by o* based on s := (x; : ¢ < 2n) and t.

Function ¢ — x2,41(t) is constant on a set Cy C T of ps-measure one, with
some (unique) value o(s). (This value is the next move for II according to
o.)

Claim. o is winning for IT in G.

Proof.

1" Let x be a play of G played according to o and let us assume x € A.
2" Then (us : s < z) is complete.

3’ Since (Csi2nt1) : n < w) is a sequence of measure-one sets, there is
z € Z% such that z [ (2n + 1) € Csp2n41) for every n < w.

4" 2 and z now determine a move according to o* such that z [ n € Ty,
for every n < w.

5 This play is won by I, but played according to ¢*, which is a contra-
diction.

Weak Homogeneity

system on X X w with support Z. The projection of the set of well-founded
branches of u is the set

W, = {z € X¥: 3y € R)(UIt(V, 1., is well-founded)} = I*S,,.

Definition. A set A C X% is weakly k-homogeneous if there exists a weak
k-homogeneity system p on X such that A =W,,.
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Proposition. The following are equivalent for A C X¢:

a. A is weakly x-homogeneous;

b. there exists B C X“ x R that is k-homogeneous and that projects to A.
Proof. Obvious. O

Definition. A weak x-homogeneity system for a tree T on X X Z is a weak
r-homogeneity system p on X with support Z satisfying:

a. for every (s,t) € (X x w)<¥, we have ps;(Ts) = 1;
b. plT] C W,

T is a weakly k-homogeneous tree if there exists a weak x-homogeneity system
for T.

Proposition. If i is a weak homogeneity system for T', then in fact p[T] = W),.

Proof.

1° We need to show (D).

2° Let (z,y) be such that Ult(V, iy ,) is well-founded. We want to show that
x € p[T].

3° For every n < w, we have pzn yin(Toin) = 1.

4° Since p y is a complete tower, there is thread z € Z* through (T, tn 1<
w).

5° z witnesses z € p[T].

O

Definition. A set A C X¥ is weakly k-homogeneously Suslin if there is a weakly
k-homogeneous tree T such that A = p[T].

Proposition. The following are equivalent for a set A C X*:

a. A is weakly k-homogeneous;
b. A is weakly x-homogeneously Suslin;

c. A is the projection of a k-homogeneous set.

Proof.

Implication (b=-a)
1° It follows from 1.2-V.
Implication (a=-b)
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By 1.2-III, for some Z, we have a k-homogeneous tree T' on (X X w) x Z
such that A = p[p[T]].

Let (ps, : (s,t) € (X X w)<¥) be a k-homogeneity system for T
Tree T can be seen as a tree U on X X (w x Z).
We have p[U] = A.

For (s,t) € (X x w)<¥, we define v, ; as the measure on w!® x ZI*l which
to a set C' C wl®l x ZI5I assigns measure s, ({u € Z1°! : (t,u) € C}).

It is easily seen that (v, : (s,t) € (X x w)<¥) witnesses that U is weakly
k-homogeneous.

Equivalence (a<-c)

This is proposition 1.2-TI1.
O

VIII. Weak homogeneity of a tree on w X Z can be reformulated in the following
manner.

IX. Proposition. Let T be a pruned? tree on w x Z and let k > w. Then T is
weakly k-homogeneous if and only if there is a countable set o satisfying:

a. every element o is a k-complete measure on some Z";

b. for every x € p[T], there exists a complete tower p € o, such that for
every s <x, we have p,(Ts) = 1.

Proof.

Implication (=)

1° If p is weak r-homogeneity system for 7', then we can take o := {{z :
(z,y) € (wx w)<“}.
Implication (<)

2° We may assume that o is closed for projections of measures.

3° A weak k-homogeneity system (us; : (s,t) € (w x w)<¥ is defined by
recursion on |s|.

4° The case |s| = 0 is obvious.

5° Assume that the case |s| = n has been done and let us handle |s| =n + 1.

6° For any t € w", we have two case.

7° The first case is when there is no measure v € o on Z"*! that projects
to psin,¢ and satisfies v(Ty) = 1.

8° Claim. There exists some measure v on Z"*! that projects to psp, + and

satisfies v(Ts) = 1.

2I.e. T has no <-maximal elements.



Proof.

1" Consider j : V' < UIt(V, fisjn,e). Measure pig, ¢ is derived from j at
U= [idzn] S Tsm.

2" Every element of T, in is an initial segment of some element of 7.

3’ Consequently, u € j(Ts}y) can be extended to some u’ € j(T%).

4" Let v be the measure on Z"*! derived from j at u'.

5 v is as required.

9° Set ps 1~ := v for every i < w.

10° The second case is when there is at least one measure v € ¢ on Z"t!
that projects to psn+ and satisfies v(7T) = 1.

11° Then all such measures can be enumerated as (ps ¢~ @ ¢ < w).

12° This finishes the recursion. It only remains to verify p[T] C W,.
13° Let = € p[T] be arbitrary.

14° Then there is a tower v € 0 such that v, (Ts) = 1 for every s < .

15° A simple induction now shows that for every n < w, there exists t,, € w<¥
extending all the previous ¢;’s and satisfying iz, = Vn.

16° y := ,,«, tn has property that p, , = v.
17° Thus, pg 4 is complete, implying x € W,.

O

X. Lemma. Suppose that tree T on X X w x Z is weakly k-homogeneous. Then
tree U := {(s, (t,u)) : (s,t,u) € T} is weakly k-homogeneous.

Proof.
1° Let (pis,t0 : (8,t,0) € (X xw xw)<¥) be a weak k-homogeneity system for
T.
2° Let (decodeg,decode;) : w<¥ — (w X w)<“ be a bijection that preserves
lengths.

3° For (s,1) € (X x w)<¥, we define measure v, ; on wl*l x ZI*| by setting
Vs,t(C) = Ns,decodeo(t),decodel(t)({u € Z‘Sl : (deCOdeO(t)a U,) € C})

4° We get a weak x-homogeneity system (v, : (s,t) € (X x w)<¥) for U.

XI. Proposition.

a. If A, B C X% are weakly k-homogeneous, then so is A U B.

10



b. If A C X¥ x R is weakly x-homogeneous, then so is I*A.

c. If f:X“ — YY¥ is continuous and B C Y* is weakly x-homogeneous, then
f71[B] is weakly k-homogeneous as well.

Proof.

1° Part a.
2° Suppose A =W, and B = W,,, where

p=(pst:s€(X xw)<¥), v=(vs1:(s,t) € (X xw)<¥)

are weak k-homogeneity systems. We may assume w.l.o.g. that all the
measures have the same support.

3° Let
t(0)/2, n =0, 2|t(0)
t'(n) := < t(0)/2—1, n=0,2 }t0)
t(n), n>0

for t € w< — {0}.

4° Let
too = Vo0, [t|=0
gs,t =g Ms,tls |t| >0, 2|t<0)
Vs, It >0, 2 ft(0)

for (s,t) € (X X w)<¥.
5° &:= (&,t)s,¢ is a weak k-homogeneity system and AU B = Wg.
6° Part b.
7° Tt follows from the previous lemma.
8° Part c.
9° The proof is the obvious modification of proof 1.1-XV.

1.3 Absolute Complementation

I. Proposition. Let T be a tree on X x Z, let U be a tree on X x W, and suppose
that p[T] N p[U] = 0. Then for every V-generic G, we have

VIG] Ep[T] N plU] = 0.

Proof.

1° Assume otherwise.
2° Let S :={(s,u,v) : (s,u) € T, (s,v) € U}.

11
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3° Since p[T] Np|U] # @ in V[G], we have that S is ill-founded.
4° By absoluteness, S is ill-founded in V.
5° This implies V' = p[T] N p|U] # (), which is a contradiction.

O

If p[T)Up[U] = X¥, then in V[G], we have p[T]Up[U] C X*. We introduce the
following notion.

Definition. Trees T on X x Z and U on X x W are said to be k-absolutely
complementing if for every poset P of cardinality < k, we have

VEEp[TIUp[U] = X¥.

Tree T is k-absolutely complemented if there exists a tree U such that T and U
are rk-absolutely complementing.

Proposition. If T and T’ are x-absolutely complemented and p[T] = p[T"],
then for every P with |P| < x, we have

VE [ plT] = p[T").
Proof.

1° Let U® witness that T is x-absolutely complemented (i = 0, 1).
2° Let P be a poset with |P| < &, let G ~» V¥ and let us work in V[G].
3° Assume towards contradiction that p[T] # p[T"].

4° We may assume w.l.o.g. that p[T] Z p[T”].

5° This means that p[T] N p[U’] # 0.

6° This implies V' = p[T] N p[U’] # 0.

7° Since V = p[U’] = p[T"]® = p[T]¢, we have reached a contradiction.

O

Thus, if A C X¢ is the projection of a k-absolutely complemented tree, it has
a canonical extension to any <k-generic extension.

Definition. Set A C X% is k-universally Baire if it is a projection of a k-
absolutely complemented tree. For a x-universally Baire set A and G ~~~,, V,
we define A¢ C (X*)VIC] as the projection p[T]VIE! of some/any s-absolutely
complemented tree 7' € V with p[T]V = A.

We want to show that weakly x-homogeneous sets are xk-universally Baire. We
will do that by showing that weakly x-homogeneous trees are k-absolutely com-
plemented. The absolute complement is the so-called Martin-Solovay tree. We
first study the case of k-homogeneous trees, and than we modify the argument
to get the result for weak r-homogeneity.

12
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Let j : V < M with critj = &, let P € V,, and let G ~» VF. Then
J€VIG] = M[G] 3% = j(@)©
is correctly defined, elementary, and j¢ | V = j.
Let i be a k-additive measure on Z and let
J=du V< UR(V, ) =: M.
We have zg := [idz] € j(Z) and for C C Z, we have
Cep < [idg] € 5(C).

Let P € V, and let G ~ VP. We can derive a measure u on Z at z, in V[G]
from j©: for every C C Z, we have

C e’ —= 2 ej%0).

Lemma. For a k-complete measure p on Z, we have the following.

a. p¢ is k-complete.

b. We have u% NPV (Z) = p.
. For C € PVICI(Z), we have

o

pf(C)=1 < (3B e P(C)NV)(u(B) =1).
d. If f: Z — Visin V]G], then thereis g: Z — V in V such that
{z€Z:f(2) = g(2)} € u°.
Proof. Routine. O

Lemma. Let (us : s € X<%) be a k-homogeneity system and let G be <k-
generic over V. Then (¢ : s € X<¢) is k-homogeneity system in V[G].

Proof. We only need to check that u& projects to u& for s<it, but this is obvious
from c. O

Definition. Let p be a homogeneity system on X. For a given ordinal 6,
we define the Martin-Solovay tree mst(y,0) on X x Ord as consisting of all
(s,t) € (X x Ord)™ satisfying ¢ty < 6 and

(VZ <n-— 1)(‘751,5[(1—&-1)(&) > ti+1).

Remark. For some z € X%, the tree mst(u, ), searches for the proof that
Ult(V, ) is ill-founded below the image of 6.

13



XIV. Proposition. For § > |Z|*, we have p[mst(u, §)] = SE.

Proof.

Inclusion (C).

1° Let (z,y) € mst(u, ) be arbitrary.

2° Then (j4,; ,(yi) 1 i <w) is a decreasing sequence of ordinals in M}'.
Inclusion (D).

3° Let x € X“ be such that M# is ill-founded.

4° There are (fy, : n < w) such that f,, : Z™ — Ord and

(1 < @) (G oy UFadiarn) > [atlis )

5° Let 7 : |J,, o, im fn = a be the transitive collapse. We have o < |Z|*.

6° We have that ([7 o fpn]u,,, : 7 < w) witnesses 2 € p[mst(u, 0)].

XV. Proposition. Suppose that:

|Z| > k
e Tisatreeon X X Z in V;
e 4 is a k-homogeneity system for T';
° (0> \Z|Jr
o U :=mst(u,0).
Then:

a. U is k-absolute complement for T’

b. if G be <k-generic over V, then u is a k-homogeneity system for 7' in
VIG].

Proof.

1° Let G be arbitrary <k-generic over V. We want to show that in V[G]:
a. p[U] = p[T]%;
b. p[T] = {z € X¥ : Ut(V[G], u&) is well-founded}.
2° (Q) in a is obvious since V' = p[T] N p[U] = 0.
3° (2) of b:
1’ Suppose that S is complete.
2" We have u%(T,) = u(Ts) = 1 for every s < .
3" Tt follows that there is a fiber z through (T : s < ).

14
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4" z witnesses x € p[T].
(D) of a:
1 Suppose = € p[U]C.
2" We have U = mst(u%, 0).
3’ By 1.3-XIV, we have that Ult(V[G], u$) is well-founded.
4" Thus, x € p[T] by 3°.
We have established a.
(C) of b
1" Let z € p[T].
2’ By a, we have x € p[U]C.
3’ Since U = mst(u%, ), we have that Ult(V[G], u$) is well-founded by
1.3-XIV.

This finishes the proof.
O

XVI. We now modify the above argument to handle the case of weak homogeneity.
Let us fix the usual coding t : w — w<* and set I; := [t;] (i < w).

XVII. Definition. Let pu be a weak homogeneity system on X and let € be an ordinal.
The tree mstw(p, #) on X x Ord consists of pairs (s,u) such that

Ug < 0N (VZ,] < |U|)(tl < tJ — jérli1ti)7(5”j7tj)(ui) > ’LL]').

XVIII. Remark. For some z € X%, the tree mstw(y, #), searches for a witness to the
fact that all Ult(V, py ) are ill-founded (y € R).

XIX. Lemma. For 6 > (]Z|°)", we have p[mstw(u, 0)] = WE.

Proof.
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Inclusion (C) is obvious. Let us consider inclusion (D).

Suppose that for some z € X%, we have that every Ult(V, pu, ) is ill-
founded (y € R).

For y € R, there are a¥ € Ord (n < w) such that
; y
Jatnyin) (a1 (n+1) g1 (O0) > Qg

These ordinals can be chosen so that o < |Z|T for every y.
Fort € w<« lett:={ycR:t <y}

Let I be the class consisting of functions p : £ — Ord (t € w<%). Let it be
ordered by relation <p defined by

p<po:<= t>uAVy>t)(ply) <o(y)),

where p: £ — Ord and o : & — Ord.
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6° < is well-founded. Let rank r denote its rank.

7° Classes F, <p,rank g are absolute between all the models Ult(V, ps . ), where
s < x. This is due to the fact that all these models are c-closed.

8° For t € w<¥, let p; : £ — Ord be defined by setting p;(y) := O‘T/ﬂ (y > t).
Obviously, p; € F.
9° For t € w<¥, let
B :=rank g (p).
Note that |5p] < |Z]°.
10° For t < u, we have

rank £ (Ja11t),), (e ul,u) (P2)) > rank g (py)
Jeatit6). (@ ulw) (Pt) >F pu

(Vy > ) (Gt ],), (@ ulw) (00) (Y) > pul(y))
(Vy & w) (G fe),6), (ot fulw) () > )

T.

@t tlulw) (Be) > Bu

rreee

11° Thus, taking z := (B, : i < w), we have (z,z) € [mstw(p, )] and conse-
quently, € p[mstw(u, 6)].

O

XX. Proposition. Suppose that:

Z| > &
Tisatreeon X X Zin V;

e 4 is a weak k-homogeneity system for T7;
0> (1Z])*
o U := mstw(y,0).

Then:

a. U is k-absolute complement for T

b. if G be <r-generic over V, then u® is a weak s-homogeneity system for T

in V]G]
Proof.
1° Let G be arbitrary <x-generic over V. We want to show that in V[G]:
a. plU] = p[T75;
b. p[T] = {z € X : 3y € R)(UI(V[G], uS ) is well-founded}.
2° (Q) in a is obvious since V' = p[T] N p[U] = 0.
3° (D) of b:

16



XXI.

XXII.

1" Suppose that ng is complete for some y € R.
2" We have ug’:y”s‘(Ts) = psy11s|(Ts) = 1 for every s <Qx.
3" It follows that there is a fiber z through (T : s < ).
4" z witnesses x € p[T].
4° (D) of a:
1" Suppose = € p[U]C.
2" We have U = mstw(u, 0).
3’ By 1.3-XIX, we have that Ult(V[G], ,ugy) is well-founded for some y €

w?.
4" Thus, = € p[T] by 3°.
5° We have established a.
6° (C) of b
1" Let z € p[T).
2’ By a, we have x € p[U]C.
3" Since U = mstw(u®,6), we have that Ult(V[G], uS,) is well-founded
for some y € R, by 1.3-XIX.

7° This finishes the proof.

O

Proposition. If A C X% is weakly k-homogeneous, then it is k-universally
Baire.

Proof. Immediately from the previous proposition. ]

Proposition. Let x be an inaccessible cardinal and let X € V.. Suppose that
A C X% is k-universally Baire. Then there are s-absolutely complementing
trees T,U on X X k with p[T] = A.

Proof.

1° Let 7% on X x Z and U* on X x W be k-absolutely complementing trees
such that p[T] = A.

2° Let n be large enough regular.

3° Let T be the subset of T consisting of elements definable over
H = (H, & T U kR a:xeV,),

where R is some well-order on H,,.

4° Claim. T is a subtree of T* of cardinality at most x and p[T] = p[T™*].

Proof.

17



1/

2/
3[
4/
5/

6/

7/
8/

If s € T and ¢’ < s, then s’ = s | |¢/| is definable from s in H and
consequently, s’ € T.

Thus, T is a subtree of T* and p[T] C p[T™*].
For the other inclusion, suppose that « € p[T™*].
H = 3z((z, z) € [T*]). Let zp be the R-minimal witness to this.
Since z € X“ C V, and T* are named in H, we conclude that zg is
definable over H.
Then every u, := 29 [ n € T* is definable over H and consequently,
(z [ nyu,) €T.
Thus, (z,20) € [T], witnessing = € p[T].
The cardinality bound is obvious.
O

5° U is defined analogously with respect to U*, it is a subtree of U* of cardi-
nality at most &, and p[U] = p[U*].

6° Claim. For every G ~., V,

VIG] = p[T]Up[U] = X*.

Proof.

1/

Let IP € V, be the poset for G and let us work in V[G]. The only thing
to verify is that X C p[T] Up[U]. Let z € X“ be arbitrary.

2" InV, (T*,U*) are k-absolutely complementing, so in V[G], z € p[T*]U
p[U*]. We may assume w.l.o.g. that « € p[T*]. We want to show that
z € p[T).
3’ There is a name © € V | & for .
4’ Since H,|G] |= x € p[T™*], there is a € P such that
H, E (alkp & € p[T7]).
5 H, = 3zi(albe (,2) € [T*])
6’ Taking 2o to be the R-minimal witness, we conclude that zg is definable
over H (note that P and a are named in H).
7" We are done if we show that (x,§) is a branch through 7'
8 Let n <w,let s:=x [ n, and let u := £§ | n. We need to verify that
(s,u) eT.
9" Thereisbe GCV | kwithb<aandblFzy | n=1u.
10" Since b is named in H, we have that u is definable in H. Consequently,
(s,u) €eT.
O
7° Thus, T, U are as required.
O
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XXIII. Lemma. Let A be a cardinal, let C' C X be a cofinal set of cardinals, and for
every k € C, let T be a k-absolutely complemented tree on X x Z, such that
p[T.] = A. Let T be the tree consisting of tuples (s,u, k) such that for some
n < w and for some kK € C: s € X", ue Z7, (s,u) € T, k € {x}". Then T is
A-absolutely complemented and p[T] = A.

Proof.

10

20
30

40

50
60

70
g°
9°

10°

11°
12°
13°
14°

A branch through T yields, after disregarding the last coordinate with
constant value &, a branch through 7). A branch through 7}, yields, after
adding the last coordinate with constant value x, a branch through 7.

Thus, p[T] = A.

For every k € C, let us fix tree U,, on X x W,; that is k-absolute complement
of T}.

Let U be the tree consisting of tuples (s,u, k) such that for some n < w
and for some k € C: s € X", ue W2, (s,u) € Uy, k € {k}".

We want to show that (T, U) are A-absolutely complemented.

A branch through U yields, after disregarding the last coordinate with
constant value k, a branch through U,. A branch through U yields, after
adding the last coordinate with constant value x, a branch through U.

Thus, p[T] N p[U] = 0.

It remains to show that, for any g ~», V, we have p[T|Up[U] = (X*)V19.
g ~r<x V for some k € C.

We work in Vg].

Let z € X“ be arbitrary. We need to show x € p[T] U p[U].

We have z € p[T,] or x € p[Uy]. Let us assume w.l.o.g. that z € p[T}].
This is witnessed by a branch (z, z) through .

(x,z,(k:n <w)) is then a branch through T witnessing x € p[T).

O

XXIV. Proposition. Let A be a cardinal and let A C X“ be k-universally Baire for
cofinally many x < A. Then A is A-universally Baire.

Proof. Immediately from the previous lemma. O

XXV. A blueprint for a continuous function X* — Y% is a function f : X <% — Y <
that has the following properties for s, € X <%:

a.
b.

C.

st = f(s) < f(t)

[f() = 1f(s T(|s[=1)) <1
Vs¥nIt(s <t A|f(E)] > n).
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Such a blueprint determines a continuous function f : X — Y in the following
manner:

F@) = f I n).

nw

It is easily seen that for every continuous F': X* — Y*, there is a blueprint f
such that F = f.

XXVI. Proposition.

a.

If A C X¥ is closed, then it is xk-universally Baire for every k. Furthermore,
if T is a tree on X such that A = [T] and if g ~» V, then A9 = [T]VI9].

b. If f : X“ — Y¥ is continuous, then it is k-universally Baire for every
k. Furthermore, for every g ~» V, we have f9 : X¥ — Y“ and it is
continuous; if A is a blueprint for a continuous function such that f = EV,
then f9 = Ev[g].

c. If A C X¥ is k-universally Baire, then so is AC. Furthermore, for every
g~ V, we have (A%)9 = (49)C,

d. If A,B C X% are k-universally Baire, then so are AU B and AN B.
Furthermore, for every g ~., V, we have (AU B)9 = A9 U BY and (AN
B)9 = A9 N BY.

e. If B C Y¥ is k-universally Baire and f : X¥ — Y“ is continuous, then
f7Y[B] is also k-universally Baire and for every g ~_, V, we have

(f7HB)? = (f9)~B).
Proof.
Part a.

1° Let T be a tree on X such that A = [T].

2° Let S := {(s,s) : s € T}. It is clear that p[S] = [T] in every generic
extension of V.

3° Let U be the tree on X x X <% consisting of pairs (s, (t);<n), where s € X™,
t ¢ T, and s is comparable with .

4° Tt is clear that p[U] = [T]® in every generic extension of V.

5° The conclusion is now obvious.

Part b.
6° f C X“ x Y% is closed, so it is k-universally Baire for every k.
7° We only need to show that for a blueprint h for f and g ~ V, we have
_ 7Vld]
f9=h ".
8° Let T := {(s,t) : s € X<% t > h(s), |t| = |s|}. We see that T is a tree on

X x Y and [T] = h in every generic extension of V. By a, this suffices for
the conclusion.
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Part c.

9° Let T,U be k-absolutely complemented such that p[T] = A. Then pair
(U, T) witnesses that Al is x-universally Baire.

10° Also, (A%)7 = p[U]V1e) = (p[T]F)"1s) = (49)C.
Part d.

11° Tt suffices to verify the case of the union.

12° Let T4, U4 and T, Up be k-absolutely complemented such that p[T4] = A
and p[Ts] = B.

13° T := {(s,u,¢) : s € XA ((u € (Ta)s Ac € {0}*) v (u € (Tg)s Ac €
{130}

14° U :={(s,u,v) : s € XY Au € (Ua)s Av € (Up)s}

15° T,U are k-absolutely complemented and p[T] = AU B.

16° Also, (AU B)9 = p[T]V19] = (p[T4) U p[Ts])V9) = A9 U B9.
Part e.

17° Let T', U’ be treeson Y x Z and Y x W that are x-absolutely complemented
and such that p[T’] = B. We may assume that 0 ¢ Z U W. Let h be a
blueprint for f.

18° We describe tree T on X x (Z U {0}) by describing T recursively on the
length of a node s € X<¥.
1" Case |s| =0 is clear.
2" Let us consider recursively case |s| =mn + 1.
3" If h(s) = h(s | n), then Ty is built in the following manner:
a. take any u € Tspp;
b. put v70 in 7.
4" If h(s) > h(s | n), then T} is built in the following manner:
a. take any u € Tspp;
b. omit all the zeroes to get u’ € T}’L(srn);
c. take any u” 1> v’ in T}’L(S);
d. put v v’ (Ju”| = 1) in Ts.
19° Tree U on Y x (W U {0}) is constructed analogously from tree U’.
20° p[T] = Eil[p[T’]] and p[U] = ﬁil[p[U/]] in every generic extension of V,
thus concluding the argument.

O

1.4 Transfer Theorems

. We have so far established that every k-homogeneous set is weakly k-homogeneous
and that every weakly k-homogeneous set is k-universally Baire. In this section,
we aim to reverse (in some sense) these implications. Theorems establishing such
reversals are often referred to as transfer theorems.
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II.

I11.

Iv.

Martin-Steel Transfer Theorem. Let § be Woodin and let X € V5. Suppose
that A C X¢ is weakly dt-homogeneous. Then AL s <6-homogeneous (i.e. it
is k-homogeneous for every k < §).

Proof. This was the main theorem of | ] (theorem 9.2). We omit
its proof here. O

The other transfer we are interested in, which will be proven below, is Woodin’s
Transfer Theorem. We start with some lemmas.

Lemma. If § is Woodin and G ~ V@ then for every x € V¥ N V[G], there is
a name & € V@ N Vj such that € = z.

Proof.

1° Let 7 be a name for x. It suffices to show that
D:={a€eQs:3FteV |dlalFi=r1)}

is dense.
2° Let A,, be a maximal anti-chain whose elements decide 7(n) (n < w).
3° Let ag € Qs be arbitrary. We want to find a € D such that a < aqg.

4° There is an inaccessible k < ¢ such that A, N Q, is semi-proper for every
n < w and qg € V.

5° Let a consist of all countable M < (H(k7), €, (4, NQyx : n < w),ap) that
capture every A, N Q, and such that M N (Uag) € ao.

6° Claim. a € Qs

Proof.

1" Let F be an algebra on H(xk"). We want to find M € a closed for F.
2" Let My < (Hs, €,k, F, (A, NQy : m < w),ag) be countable such that
M N (Uag) € ap.
3’ Suppose that M,, < (Hs, €,r, (A, NQ, : n < w)) has been defined.
4" Since A, N Q, is semi-proper, we can choose M, 1 < Hs such that:
a. Mn g Mn+1
b. M, 1 NV, end-extends M, N V,;
c. M,1 captures A, N Q.
5 Let N :=,_, My < Hj.
6’ It is clear that M := NN H(xk") € a.
7' Since F' € N, model M is closed for F, so it is as required.

7° Obviously, a < ag.
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8° Claim. [{be€ A, :b | a}| < ¢ for every n < w.

Proof.

1" Let b € A, be arbitrary such that b || a.
2" Let ¢ < a,b and let M < (Hs, €,b) be such that M N (Uc) € c.
3’ Then MNH (k) € a, so thereis b’ € MNA,NQ, such that MN(UY) €
v
4" Subclaim. b= b
Proof.
1" Assume otherwise.
2" Then bLd, as witnessed by some algebra F.
3" b,b' € M, so F can be chosen in M.

4" Then M is closed for F, while M N (Ub) € b and M N (UY) € V.
This is a contradiction.

O
5 Thus, b=t € MOV, C V.
6’ We have shown A4, C V.

9° Claim. a € D
Proof.
1" Let
z:={((n,A),b):n<w, AcVs,be A,, b| a, blF7(n) = A}.

2 eV NVsand alk = i.

V. Lemma. Let 6 be a Woodin cardinal and let X € V5. Suppose that T,U

are 6 t-absolutely complemented trees on X x Z and X x W. Then there are
subtrees T* C T and U* C U such that

a. [T, |U*| <¢

b. p[T*] = p[T] and p[U*]| = p[U];

c. VO = p[T*] = p[T] A p[U*] = p[U].
Proof.

1° Let ) be large enough regular.
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2° Let T™* be the subset of T' consisting of elements definable over

M= (H717€7T,U,(5,R,$ cx € V(;)’

where R is some well-ordering of H,,.
3° Obviously |T*| < 4.
4° Claim. T* is a subtree of T and p[T*]| = p[T].

Proof.

1/
2/
3/
4/
5/
6/

7/

If s € T* and s’ < s, then s’ = s | |¢| is definable from s in H and
consequently, s’ € T*.
Thus, T* is a subtree of T and p[T*] C p[T].
For the other inclusion, suppose that x € p[T].
H = 3z((z, 2z) € [T]). Let z9 be the R-minimal witness to this.
Since x € X“ C Vs and T are named in H, we conclude that z, is
definable over H.
Then every u, := zo [ n € T is definable over H and consequently,
(z [ nyu,) €T,
Thus, (z,20) € [T*], witnessing = € p[T™*].
O

5° U* is defined analogously with respect to U, it is a subtree of U of cardi-
nality at most d, and p[U*] = p[U].

6° Claim. For every G ~ V@ p[T*]VIC] = p[T]VIC] and p[U*]VIE] =
Ui,

Proof.

1/
2/
3/
4/
5/

6/

7/

8/
9/

10’
11’

Let us verify the case of T. The case of U is analogous.
Obviously p[T™*] C p[T].

Let x € p[T] be arbitrary. We want to show that z € p[T*].
There is a name & € Vs for x (cf. 1.4-IV).

Since H,[G] |= x € p[T1], there is a € Qs such that

H, = (a kg, & € p[T)).

H, =3(alkg, (&,2) € [T))

Taking zg to be the R-minimal witness, we conclude that Zg is definable
over H (note that &, a are named in H, while Qs is definable there).
We are done if we show that (z, 2§') is a branch through 7.

Let n < w, let s:=2 [ n, and let v := z'g; [ n. We need to verify that
(s,u) € T™.

Thereisbe G C Vs withb<aandblF 2y [ n = .

Since b is named in H, we have that u is definable in H. Consequently,
(s,u) € T*.
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Thus, T*,U* are as required.

O

VI. Theorem. (Woodin) Let § be Woodin and let X € H,, . Suppose that tree T
on X x Z is 6 T-absolutely complemented. Then T is weakly x-homogeneous for
every Kk < 9.

Proof.
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10°

We may assume that T is pruned.

By the previous lemma, there are (pruned) subtree 7* C T and tree U*
on X X § such that:

a. |[T*| <46
b. p[T™] = p[T] = X — p[U”]
c. V& = p[T7] = p[T] = X — p[U"].
We may assume that T™* is also a tree on X x 4.
Let us show that T* is weakly k-homogeneous, for every k < 4.

We may assume w.l.o.g. that x is T*-reflecting up to 4, i.e. for every
inaccessible A € (k,0), there is embedding jy : V' < M) such that:

a. critjy =k
b. V) C My
C. j)\(T)ﬂV)\:TﬁVA.

For X\ € (k,d) inaccessible and (s, u) € T* NV, we define measure (s, u)
on k!*l as the measure derived from jy at u € A5l

For every inaccessible A € (k,d), function X has the following properties.
a. If (s,u) < (¢t,v), then X5 (t,v) projects to (s, ).
b. For every (z,z) € [T* NV,], tower

Ex(zIn,zn):n<w)

is complete.

(7°D follows from the fact that the ultrapowers by measures ¥y (z [ n,z [ n)
are jy-realizable in a commutative manner.)

Let G ~ V® and let k := jg : V < U(V,G) = M. We want to show
that k(T*) is weakly k(x)-homogeneous in 9.

Let o be the set of all k(u), where p is a k-complete measure on some K"
(n<w)inV.

o is the pointwise image by k of a set in V5. Thus, it belongs to and is
countable in 9.

25



11°

12°

13°

Claim. In 9, for every x € p[k(T™)], there is a complete tower of measures
p € o such that for every s <z, we have pu(k(T*)s) = 1.

Proof.
1" Let z € p[k(T*)]™ be arbitrary.
2z € k(p[T*]")
3’ Since x € X%, we have x € p[T*] or = € p[U*] (in V[G]).
4" Subclaim. z ¢ p[U*]C]
Proof.
1" Assume otherwise, as witnessed by some w.
2" Hence, (z [ n,w [ n) € U* for every n < w.
3" This means (z [ n,k(w | n)) € k(U*) for every n < w.
4" Since M+ C M, we have w' :=J,, ., k(w [ n) € M.
5" Then (z,w') € [k(U*)]™ and consequently, z € p[k(U*)]™" =
k(p[U*]V) = k((X*)V — p[T*]V), which contradicts 11°2’.
O
5 Hence, x € p[T*]VIC],
6’ Let z be such that (z,z) € [T%]V[C],
7' There is V-inaccessible A € (k,§) such that (z, z) € [T* N V,]VICL
8 Let u:= (k(X))(z | n,k(z | n)):n <w).
9 k(XN (z [ n,k(z I n)) =kEx(x [ n,z[n)) € o for every n < w.
10" Since M« C M, we u € ov.
11’ By 7°a and elementarity of k, we have that p is a tower of measures.
12" For every n < w, we have (z [ n,z [ n) € T*NV,.
13" This means that for every n < w, we have (x | n,k(z [ n)) € k(T*NVy).
14’ Since M is closed for w-sequences, we have

(z, UW{k(z [ n) : n < w}) € [K(T* N V)™

15" By 7°b and elementarity of k, we conclude that p is a complete tower
in 9.
16" For every n < w, we have

pn (E(T")an) = k(Ex(z [ n, 2 [ n)(T7,)) = k(1) = 1.

(The penultimate equality is due to the fact that (x | n,z | n) €
T*NVy=4(T*)NV, C j,\(T*).)

0

Since every measure in ¢ can be seen as a measure on k(J)" (for the

appropriate n), we conclude by 1.2-IX that k(T*) is k(x)-homogeneous in
.

Thus, T™ is weakly k-homogeneous for every x < 9.
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14° Claim. T is weakly x-homogeneous for every k < 4.

Proof.

1" Let k < 6 be arbitrary.

2" Since T* is weakly x-homogeneous, 1.2-IX implies that there is count-
able o such that:

a. for every p € o, there is n < w such that p is a k-complete measure
on §™;
b. for every x € p[T™*], there exists complete tower p € o“ such that
(Vi < &) (a(T2,) = 1).
3’ For every measure p € o on 6", let i denote the measure determined
by
(V€ € ZM)(R(C) = p(C 1),
4" Let o/ :={ji:p €}
5" Subclaim.
a. |o'| =w
b. for every fi € ¢’, there is n < w such that [i is a k-complete measure
on Z™;
c. for every x € p[T], there exists complete tower i € ¢’¥ such that
(Vn < w)(fin(Ten) = 1).
Proof.
1” Only the last point requires an explanation.
2" Let z € p[T).
3" Then z € p[T*].
4" There is a complete tower p € o® such that

(Vn < w)(pn(Ty,) = 1).

5" Let fi := (fin : n < w) € 0.
6" Clearly, fi is a complete tower.
7" For n < w,

ﬂn(Tx[n) = Hn(Tan né) > Mn(T;rn) =1

6’ By 1.2-IX, we conclude that T is weakly x-homogeneous.

VII. Woodin’s Transfer Theorem. Let § be Woodin and let X € H,,,. Suppose
that A C X is 6 T-universally Baire. Then A is weakly <d-homogeneous (i.e.
it is weakly k-homogeneous for every k < ¢).
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VIIL

IX.

XI.

Proof. Immediately from the previous theorem. O

Definition. Let A be a cardinal.
a. Hom_) is the collection of all <A-homogeneous sets A C X, where X €
H,,.

b. WHom_ ), is the collection of all weakly <A-homogeneous sets A C X¢,
where X € H,,.

c. UB, is the collection of all A-universally Baire sets A C X, where X €
H, .
Theorem. Let A\ be a limit of Woodin cardinals. Then
H0m<>\ = WHom<)\ = UB,\

This collection of sets is closed for projections, unions, intersections, comple-
ments, and it is downward closed for Wadge reduction. Every set in this collec-
tion is determined.

Proof.

1° By Woodin’s Transfer Theorem, we immediately have WHom_, = UB_,.

2° By 1.3-XXVI and the previous point, if A € WHom_. ), then also A €
WHom_ .

3° By Martin-Steel Transfer Theorem, we have A € Hom_ .
4° We conclude that WHom_, = Hom_}.
5° The closure for projections follows from 1.2-XI.

6° The closure for unions, intersections, complements, and Wadge reduction
follows from 1.3-XXVT.

7° Determinacy follows from 1.1-XVII.

Notation. By the second-order arithmetic, we shall mean structure
R:= (wv ww; app, +, -, pow, 07 ]-7 é)v

where
app:w” Xw = w: (z,n) — x(n), pow:w X w = w: (m,n) — m".

Theorem. Let Z be an n-tuple and let ¢(%, A) be a formula in the second-order
language of structure R, with additional ng-ary relation symbol A. Suppose that
A is a limit of Woodin cardinals and that A C R™ is A-universally Baire. Then

set
A¢ = {f eR"™: (R,A) ': ¢[§’ A]}

is A-universally Baire. Moreover, if g ~. V, then

AL = (T € (RY)": (RY, A%) |= $[T, A]}.
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We may assume w.l.o.g. that ¢ does not contain first order variables.
The proof is by induction on complexity of ¢.

Let us consider the base case of a formula of the form R(tg, 1), where
R € {=,<} and tg, t; are terms.

By recursion on complexity of tg,t1, we construct trees T' and U on w such
that for every g ~» V', we have

{zx eR:to(x) =t1(x)} = [T], {x eR: to(x) < ty(x)} =[U]

in Vlg].
The conclusion now follows by part a of 1.3-XXVI.

Let us consider the base case of a formula of the form A(to «etpg—1), where
t; are terms.

By recursion on complexity of terms % . ..%¢,,—1, we can define a blueprint
f:w<¥ — w<¥ for a continuous function such that in every generic exten-
sion of V,

Ffra— (to(z),. .. thg—1(7)).
By part e of 1.3-XXVI,
{2 €R: Alto(@), ..., Ang_1(2))} = F [A]
is A-universally Baire and
{z €R: Alto(2),..., Aner (@)} = (T [A])? =

(FH7YAY = {z € RI : A9(to(), ... tng—1(2))}.

The inductive cases of formulas of the form =1, ¥ V 6, and ¥ A 6 follow
from parts ¢ and d of 1.3-XXVIL.

Let us consider the inductive case of a formula of the form Iy (z,y, A).

From the previous theorem, we have that

Bi={zeR: (R A)F )z, Al} = p{(z,y) : (R, A) |= ¢[z, y, Al}

is A-universally Baire.

It remains to verify that for every g ~>.» V, we have
BY = {z € RY : (R, 49) = (Jyp)[z, A7)},

Let k < A be such that g ~»-, V.

Let T be A-absolutely complemented tree on w X w X Z such that

p[T] = {(xay) : (R7A) ': w[xvy’A]}
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15° Tree T' := {(s, (t,u)) : (s,t,u) € T} projects to pp[T] in every generic
extension of V.

16° Let 0 € (k,A) be Woodin.

17° Since T is 6 T-absolutely complemented, by Woodin’s Transfer Theorem, it
is weakly k-homogeneous.

18° By 1.2-X, tree T” is weakly x-homogeneous.
19° By 1.3-XX, tree T" is k-absolutely complemented.
20° Since p[T”] = pp[T] = B, we have

BY = p[TqV[g] _ pp[T}V[g] _ pV[g]p[T}V[g] _
p N (x,y) € R : (R, A) F ¥l,y, A} =
p I (x,y) € (R9)*: (R, 4%) | Ylw,y, A%} =
{z e RI: (RI, AY) = (Fyy)[x, A9]}.
(The penultimate equality follows from the inductive hypothesis.)
O
Corollary. Suppose that A is a limit of Woodin cardinals. Then every pro-

jective set of reals is A-universally Baire. In particular, all projective sets are
determined.

2 Tree Production Lemma

In this section, we give a method of establishing that a set of reals is universally
Baire.

Remark. A transitive hull of V is a mapping h : H <, V, with H transitive
set and n large enough integer. We also write h : H < V. A countable hull of
V' is a transitive hull that is countable.

Definition. Let ¢(z,a) be a formula with parameter a € V and let k be a
cardinal.

a. Countable hull h : H < (V, €, k,a) is said to be <k-generically correct for
#(z, a) if for every g which is <x’!-generic over H, we have

(Vo € RN Hg))(Hlg) F ¢lz,a™] <= V [ d[z,d)).

b. Transitive hull h : H < (V, €, K, a) is said to be <k-generically correct for
¢(z,a) if the set of all countable M < H whose anti-collapse k satisfies
that ho k is <k-generically correct for ¢(z,a) (in the sense of a), contains
a club.

Remark. Clearly the two notions coincide in the case of a countable hull.
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V. Theorem. Let ¢(x,a) be a formula with parameter a € V and let s be a
regular uncountable cardinal. Let h : H < (V, €, k,a) be a transitive hull with
H,. Cimh. Then the following are equivalent.

a. A:={x € R: ¢(z,a)} is k-universally Baire and
A9 ={z e RY: V]g| | dlz,al}
for every g ~ <, V.
b. h is <k-generically correct for ¢(z,a).
Proof.
Implication (=)
1° There are k-absolutely complemented trees T, U such that for every g ~
V', we have
Vigl FplT] ={z e R: ¢(z,a)}.
2° By elementarity, they can be chosen in imh. Let 77t := h=1(T) and
UM = h=1(U).
3° Let k: (M,€,%,a,T,U) < (H,T",U™) be a countable hull. We want to
show that h o k is <k-generically correct for ¢(x, a).
4° Let g ~<z M be arbitrary. We want to show that for every x € RN M|g],
we have
Mgl = ¢lz,a] <= V | o[z, a].
5° In other words, we want to show
A% = An Mlg),
where A .=k~ 1(A)={x e RNM : M |= ¢[x,a}.
6° Suppose first that = € A = p[T|M9],
7° Let y be such that (z [ n,y [ n) € T for every n < w.
8° Then (z [ n,(hok)(y [ n)) € T for every n < w.
9° We conclude z € p[T] = A.
10° Suppose now that = € (RN M[g]) — A,
11° Then = € p[U)M9l.
12° The same reasoning as above now yields x € p[U] = AL
Implication (<)
13° Let F': H<“ — H be such that for every M € [H]*, if F[M<“] C M, then
M < H and its anti-collapse k satisfies that h o k is <k-generically correct
for ¢(z,a).
14° We want to find trees T and U such that for every g ~>, V, we have

Vgl EplT] ={z e R: ¢(z,a)} Ap[U] = {z € R: =¢(z,a)}.
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15° Let t : w — w<¥ be the standard bijection.

16° For x € R, we define T, as the tree of attempts to construct a sequence
y € H¥ such that:

o A0 T

y(0) =P € H, is a poset;
y(1) =7 € VF N H, is a name for a real;
y(2) € P and y(2) IF ¢(7,a)
y(2n+3) = F(yot,)
y(2n 4+ 4) € P and satisfies:
i y(2n+4) <y(2n+ 2);
il. if y(2n + 3) is a dense subset of P, then y(2n + 4) € y(2n + 3);
iii. y2n+4) k7 [n=1z]n.

17° For x € R, we define U, as the tree of attempts to construct a sequence
y € HY such that:

o R0 T

y(0) =P € H, is a poset;
y(1) =7 € VEN H, is a name for a real;
y(2) € P and y(2) IF =¢(T, a)
y(2n+3)=F(yoty,)
y(2n 4+ 4) € P and satisfies:
i y(2n+4) < y(2n+ 2);
ii. if y(2n + 3) is a dense subset of P, then y(2n + 4) € y(2n + 3);
iii. yCrn+4) k7 n=2z[n.

(The only difference is in 17°c.)
18° Claim. p[T] C {z € R: ¢(z,a)}

Proof.
1" Suppose (z,y) € T and let M :=imy.
2" M is closed for F, so M < H. Let k : (M, €,%,a) < H be the anti-
collapse.
3’ hok is <s-generically correct for ¢(x,a).
4" By 16°c.ii, g := {k71(y(2n + 2)) : n < w} is M-generic for k~1(y(0)).
5 By 16°c, we have M([g] = o[k~ (y(1))9,al.
6’ By 16°e.iii, we have k=1(y(1))? = z.
7" Thus, M[g] = ¢[z,a).
8 By 18°3/, we have V | |z, a).

19° Analogously, p[U] C {x € R : =¢(x,a)}.

20° Claim. For every g ~., V', we have

{reR: gz, a)} Cp[T], {zeR:=¢(z,a)} CplU]

inside Vg].
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Proof.
1’ We may assume w.l.o.g. that g ~ V¥ for some P € H,.
2" Let us work in V[g] and let us show that

{x eR: ¢(x,a)} C p[T)

(the other inclusion is analogous).

3’ Let x € R be arbitrary such that ¢(x,a). Let # € VF N H, be such
that 29 = z.

4" Define y € H% as follows:
a. y(0):=P
y(1):=x
y(2) € g is such that y(2) IF ¢(z, a)
y(2n+3):=F(yoty)
if y(2n + 3) is a dense subset of P, then y(2n + 4) is an element of
y(2n+3)Ng which is < y(2n+2); otherwise, y(2n+4) := y(2n+2).
5" We obviously have (z,y) € T, and consequently z € p[T].

® &0 T

O

21° By 18° and 19°, p[T] N p[U] = 0 inside V, and consequently inside every
generic extension of V.

22° This implies that in 20° the inclusions are in fact equalities.

O

VI. Tree Production Lemma. Let A be a limit of Woodin cardinals and let
¢(x,a) be a formula with a parameter a € V. Suppose that:

a. for every g ~<) V and every h ~~.) V|[g|, we have
(Ve e RNV[g))(Vlgl = ¢lz,a] < VIglh] = ¢[x,a]);
b. for every Woodin § < X and every generic G ~ V& we have
(Ve € RY)(V[G] [ ¢le,a] <= UR(V.G) = [z, je(a)]).

Then A :={z € R: ¢(x,a)} is A-universally Baire and for every g ~>.) V, we
have

49 = {z € R : V[g] = gla, a]}.
Proof.

1° By 1.3-XX1V, it suffices to show that for every regular uncountable k < A,
we have that A is k-universally Baire and A9 = {z € RY : Vg] = ¢[z,a]}
for every g ~», V.
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2° To that end, let us fix a regular k € (w, \), a transitive hull
x:H=<(V.€ K, a)
with H, C H and |H| < A, and let us show that x is <k-generically correct

for ¢(x,a). By 2-V, this suffices for the conclusion.

3° Assume otherwise, that there is a stationary set b C [H]¥ such that for
every M € b, M < H and for its anti-collapse k, we have that x o k is not
<rk-generically correct for ¢(z,a).

4° Let 6 € (k,\) be Woodin such that H € Vs and let G ~» V' be a generic
containing b. Let j := jg : V < Ult(V,G) =: M.

5° Inside 9, we have that j(x) : j(H) < M is a transitive hull.

6° for every M € j(b), M < j(H) and for its anti-collapse k, we have that
J(x) ok is not <j(x)-generically correct for ¢(x,j(a)).

7° Claim.

. j[H] < j(H) and it is countable in 9.
- j[H] € j(b)

. j | H is the anti-collapse for j[H].

Ao T o

j(x)o (j I H) is <j(k)-generically correct for ¢(z,j(a)).
Proof.

1" Only the last point is not obvious and we verify it here.

2" Let g € M be such that g ~,. H. We want to show that for every
z € RN H[g], we have

Hlg] | ¢lw,a”] <= M= ¢lz, j(a)].

3’ For z € RN H|g|, we have the following:

M=ol jla)] = VG| ol (2
= Vgl = ¢lz.d] 3)
= Hlg] F ¢lz,a™]. (4

The explanations are as follows:
(2) this is just VLb;
(3) this follows from VI.a and from the facts that g is generic over V
(since H,, C H) and that g € V[G];
(4) this follows from the fact that y : H < V is sufficiently elementary.
O

8° Points 6° and 7° are contradictory.
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3

Determinacy in L(R)

I. For g ~» V(@ <) and o < A, we will write g, := g | @ = g N Col(w, < ).

II. Definition. Let X be a beth fixed point and let g ~» V!« <N)  We define the
set of symmetric reals (w.r.t. g) as

R* =R*[g] := | J R%.
a<A

III. By R* we shall also mean the appropriate name for the set of symmetric reals.
We require of it to satisfy the following conditions.

For every P € H)j,

V¥ = Col(w, < A) IF "R* is the set of symmetric reals”,

where R* is seen as a name in (VF)Clw <),

For every oo < A and every i € Aut(B(Col(w, < «))), we have i, R* = R*,
where i is considered to be extended to B(Col(w, < A)) in the trivial manner.

IV. Proposition. Let g ~» V@<V Then V[g] = RL®) = R*,

Proof.
1° We only need to show (C). We work in V[g].
2° Let z € REE®TI9D be arbitrary.
3° Then there are a < Ord, { < «, a € R*, and a formula ¢ such that for
every m,n < w,
w(m) =n <= La(R*[g]) = ¢[m,n,a,(].
4° Let B < A be such that a € RVI9]. Let g ~ V[gs]<(@ <Y be such that
Vlgsllg”] = Vg]-
5° Then
z(m)=n <= Vigllg"] = La(R*[¢")) | ¢[m,n,a,(] ()
— V]gg] E Col(w, < A) IF Lo (R*) |= ¢p[m,n,a,(]. (6)
Equivalence (6) follows from the fact that the automorphisms in
| Aut(B(Col(w, < 7)))" 197!
<A
act transitively on B(Col(w, < X)) and the fact that all the names on the
right hand side of the forcing symbol are invariant for these automorphisms.
6° We can now conclude that z € R9 C R*[g].
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VI

VIL

VIIL.

O

Definition. A successor Woodin cardinal is a Woodin cardinal that is not a
limit of Woodin cardinals. For a set b and an ordinal A, we define (b, \)sy to be
the set of all successor Woodins § such that b € V5 and § < A.

Definition. Let X\ be a limit of Woodins. A pre-generic for Qy over V is a
sequence G = (Gs : § € A) such that:

a. A= (a,\)sw for some o < \;

b. G5 ~ V& for every § € A;

c. Gs, = Gs, N Qs, for every 6 < d3 in A.
The ultrapower UIt(V, G) is the direct limit of models Ult(V,Gs) (6 € A), con-
nected by the obvious embeddings.

w,Q)

Proposition. Let Q be large enough and let us work in V! Suppose

that:

a. V = "X is a limit of Woodin cardinals™;
b. be QY
c. a €0rd
d. H ~ VCoI(w,<)\)'
Then there is a pre-generic G for Q) over V such that:
i. b€ Gy for every § € dom G;
ii. « ewfpUlt(V,G)
iii. RUHV:¢) = R*[H].

Proof. We need two auxiliary lemmas. The proof is given in 3-X. O

Lemma. Let M be a countable transitive model of set theory. Suppose that A
is a beth fixed point in M. Let S C R be such that:

S =w

a
b. every x € S is <A-generic over M;

12

for every z,y € S, we have x @ y € S,
d. for every y € S and x € RMW, we have x € S;

e. A= sup{w{w[m] rx e St

Then there is H ~» M« <) guch that S = R*[H].

Proof.
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Let S = {z, : n <w} and let (D,, : n < w) enumerate all the dense subsets
of Col(w, < A) that are in M. Let us also fix a sequence (v, : n < w) cofinal
in A\
We define by recursion the following:
i. an increasing sequence of ordinals («,, : n < w) such that «,, > 7, for
every n < w;
ii. an increasing sequence of generics H,, ~» M®(“:<on) with H,ND,, # 0
and x,, € M[H,];
ili. a sequence of reals h,, € S such that M[H,] C M[h,].
Once we have done this, H := |J{H,, : n < w} will obviously be as required.
Namely:
by 2°i, we have A = sup{a,, : n < w};
by 2°ii, we have H ~» M@, <),
again by 2°ii, we have S C R*[H];
e by 2°iii and d, we have R*[H| C S.

Let us proceed with the recursion. We first consider the stage n = 0.

Since xq is <A-generic over M, we can choose by e a real hj, € S such that in
Mz @ h{) the relevant part of M[xo] is countable. By “the relevant part”,
we mean the part whose countability permits the following conclusion:
there is an afy < X\ and H) € M[zy @ hj] with H} ~ M« <) and
xo € M[H{].

There is some pg € Dy such that py | (w x o) € H|.

Let ap € (max{af, Y0}, A) be such that py € Col(w, < ayg).

By e, we can choose hjj € S such that the relevant part of M[zy @ h{] is
countable.

Let hg := xo ® hjy ® hjj. The countability of the relevant part now yields a
generic Hy ~» M®(«:<a0) guch that Hy € M[hg], HoN Col(w, < af)) = H},
and py € Hy.

We now consider the recursive stage n + 1.

Since 41 @ hy, € S is <A-generic over M, there is a real hj, ; € S such
that in M[z, 41 ©h, ®h;, ] the relevant part of M[x, 1 Shy] is countable.

Then there are o, € (an,A) and H),,, € M[zpq1 @ hy @ by, ] with
Hl oy~ M@ <) g by, € MIHL,,,], and HY,,, N Col(w, < ay,) =
H,.

There is some pp 11 € Dyyq such that p,1 [ (wx a;, ) € H) .

Let apq1 € (max{a), 1, Vnt1},A) be such that p,11 € Col(w, < apq1).
By e, we can choose h), ; € S such that the relevant part of M(z,1 &
hyp @ hy, 1] is countable in M[x,41 @ hy @ by, ® Ay 4]

Let hpy1 = Tpp1 ® hyy @y ® Ay € S. There is a generic Hyyq ~
M@ <ent1) guch that Hyi1 € M[hps1], Hpp1NCol(w, < o) = H .y,
and pp41 € Hypq1.
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IX. Lemma. Suppose that A is a limit of Woodins. Let a consist of all countable
M < H(\T) for which there exists ag < A such that for every ¢ € (ag, N)sw N M,
model M is self-generic with respect to Qs. Then a is projectively stationary?.
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Let b € Q) and F : HAT)<¥ — H(A1) be arbitrary. We want to find
M € a such that M is closed for F' and M N (Ub) € b.

Let dp € (b, A\)sw be the minimal.
We will construct a countable N < H((2*)*) such that:
a. FFAe N
b. for every ¢ € (do, A)sw NN, model M is self-generic with respect to Qs;
c. NN (Ub) €b.
Then M := N N H(A") is as required.
We define a sequence of models (N, : @ < x) and a sequence of ordinals
(0 : a0 < X), for & < wq, by recursion on «, such that:
N, < H((2M)1) is countable;
Ny € Ng for a < < x;
8o is the o element of (b, A)s, N N for a < 3;
N, and Ng agree up to sup(0, d4)sw for a < f;

o o

e. N, is self-generic with respect to Qs, for every 8 < a.
The value of x will be determined by the recursion.
Let us consider the stage a = 0.
There is a countable N < (H((2*)T), €,b, 6o, A, F) such that NjN(Ub) € b.

By lemma 3-XITI of | ], there is a countable Ny < H((2*)")
such that:

a. Nj C Ny

b. Ny and N agree up to rank (b) + w;

c. Ny is self-generic with respect to Qs, -
Let us now consider the successor stage o + 1.
Let do41 := min(dq, A)sw € Na.

Since d, is the o' element of (b, \)sw N Nu, a1 is the (a + 1) element
of that set.

By lemma 3-XII of | ], there is a countable N, < H((2M)*)
such that:

a. Na g Na+1

3Le. an (bt H(AT)) is stationary for every b € Qy
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b. N, and N, agree up to sup(0, do+1)sw € Na;
c. Nqq1 is self-generic with respect to Qs ;.
By 11°b, §5 is the B element of (b, A)sw N Ny1 for every B < a + 1.

By 11°b, the recursive hypothesis, and 11°c, we see tha N1 is self-generic
with respect to Qs, for every f < a+ 1.

It remains to consider the limit stage o < wj.

Let No == Ug.,, Np and let n, :=sup{ds : 8 < a}.

If no < XA and Ny N [Na, A), then we define §, as the smallest successor
Woodin in N, N [14,A) and continue the recursion.

Otherwise, set x := « and halt the recursion.

Claim. y < w;

Proof.
1" Assume otherwise and let N := Ua<w, Na-
2" For o < wy, we may define f(a) :=sup{f < w1 : d € No} < wy.
3’ Let o < wy be a limit such that f[a] C a.
4" We have §, € N,.
5 Since « is a limit, there is B < « such that d, € Np.
6’ This implies @ < f(8) < a, which is a contradiction.
O

Then x is a limit and N := Ny = {J,., Na is as required in 3° (property
b follows from the fact that § € (b, A)sw NN implies § < n,).

O

X. Proof of proposition 3-VII..

>

10

20
30

We first show that there are some G and H such that:

H ~ VCoI(w,<)\)

G pre-generic for Q}\/ over V;

b € G for every 6 € dom G;

a € wipUIt(V, G)

RUH(V,G) — R* [H]

Let a consist of all countable M < H(AT) for which there exists ap < A
such that for every ¢ € (ag, A)sw N M, model M is self-generic with respect

to Q5.
an (b ] H(AT)) is stationary by 3-IX.
Let 6 >> Q be such that Hp is sufficiently elementary in V. Let k: M <

Hy be a countable hull such that imk& contains everything relevant and
imkN H(AT) €an (bt H(AT)). We denote ~ := k().

e 0 TP
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We will show that there are some GG and H such that:
H ~ MCoI(w,<X)

a.
b. G pre-generic for )]\Vf over M;
c. b€ Gy for every § € dom G;

d. @ e wipUlt(M, G)
e. RUMG) = R*[H].
Once we have done this, we will have such G and H in M Col(w,9) by 2%—

absoluteness, and by elementarity, we will have the conclusion.

Let ap € M be such that for every § € (k(ap), A)sw, imk is self-generic
with respect to Qs.

Let G be derived from £k, i.e.
(V6 € (o, VMY (Ve € QYY) (c € G5 = Kk[Ud] € k(c)).

4°D follows from 5°, while 4°c follows from im kN (Ub) € b.
We have canonical realizability embeddings Ult(M,Gs) — Hy such that

diagrams

M —— Ult(M,Gs,) —— Ult(M, Gs,)

commute for §; < ds.
This means that Ult(M,G) embeds in Hy and it is consequently well-
founded. In particular, 4°d holds.
Existence of H satisfying 4°a and 4°e follows from lemma 3-VIII.
Let now Hy ~» V(@< be given and let us show that there is G such
that:
a. G pre-generic for QY over V;
b. b € G; for every § € domG;
c. aewfpUlt(V,G)
d. RUIt(V,G) _ R*[Ho]
Let ¢(S,b, a, \) state: "there is G pre-generic for QY over V such that:
i. b€ Gs for every § € dom G,
ii. @ €wfpUlt(V,G)
iii. RUEV:G) = g7,

We need to prove V(@) = ¢(R*[Ho), b, ar, \)

Let H ~ V!(@:<X) he the generic constructed above and let A ~ V[ H]C!«:?)

be such that V[I'] = V[H][A].
Then V[H]|[A] = ¢(R*[H], b, o, A)
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14° There is some p € Col(w, Q) such that
VIH] = (p I o(R*[H], b, a, N)).
15° Since Col(w, ?) is homogeneous, we have
V[H] E (Col(w, Q) IF ¢(R*[H], S, b, at, \)).
16° This means that for some g € Col(w, < A), we have
V I (¢ IF (Col(w, Q) IF p(R*, b, r, \))).
17° Since R* is invariant for the automorphisms in

| Aut(B(Col(w, < @)))

a<A

and since those automorphisms act transitively on B(Col(w,< \))Y, we
have
Col(w, < A) I (Col(w, Q) I $(R*, b, a, \))).

18° Thus,
V[Ho| = (Col(w, ) IF ¢(R*[Ho], b, v, ).

19° There is A’ ~» V[Hp)@*2) such that V[T = V[H|[A']. We have
VII] = V[Ho|[A'] | ¢(R*[Hol,b,a, M),

which was to be proved.

XI. Theorem. Suppose that A is a limit of Woodin cardinals. Then
VCoI(w,<)\) ': (L(R*) ): AD)

Proof.

1° Assume otherwise and let H ~» V(«<A) be such that L(R*[H]) = —AD.

2° There are ordinals a < ¢ < Ord, a formula ¢, and a real a € R*[H] such
that the set

{z e R*[H] : Lo(R*[H]) |= ¢z, (, a]}
is not determined in L(R*).
3° a € R9 for some f < A\. We may assume w.l.o.g. that 3 =0, i.e. a € V.

4° Let x(a, 9,(,a,S) be the formula "triple (¢, ¢, () is the lexicographically
minimal o < ¢ < Ord, ¢ is a formula, and set

{z € 5: La(5) |= ¢lz, ¢ al}

is not determined in L(S)™.
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Let ayg, ¢o, (o be such that V[H]| = x (o, ¢o, (o, a, R*[H]). We have V[H]| |=
(v, 90, (o) is the unique solution for x(«, ¢, ¢, a, R*)™. (Intuitively, (ag, ¢o, (o)
describe the minimal non-determined set.)

By the usual homogeneity argument, we have V!« <Y 1= (qq, ¢g, () is
the unique solution for x(«, ¢, ¢, a, R*)™.

Let ¢(x, a) denote formula
Col(w, < A) IF VaVe¥((x(a, ¢,¢,a,R") = La(R") |= o[z, ¢ al).

(Intuitively, 1 says that real = belongs to the minimal non-determined set
in L(R*).)

Claim. For every g ~><) V, every h ~., V][g], and every = € RY, we
have

Vigl = ¢lz,a] < Vigl[h] = ¢[x, a].

(Intuitively, the minimal non-determined set in L(R*) does not depend on
the ground model.)

Proof.

1" Let K ~ V[g][h]®“ <Y be arbitrary. Let h - K ~ V[g]c@ <V
correspond to h % K and let g - h - K ~» VCI(@: <Y correspond to
g * (h- K), in some reasonable manner. We have

Vigllhl[K] = VIgl[h- K] =VIg-h- K],
R*[K] = R*[h- K] =R*[g-h- K] =: R*.
2" Suppose first that V]g] | [z, a]. We have
Vigllh - K] = VaveV((x(a, ¢,¢, a,R*) = La(R") = o[z, ¢, a]).
3’ Since V[g[h- K] = V[g][h][K], the usual homogeneity argument yields
Vigllh] ElF Yavev((x(a, ¢, ¢, a,R") = La(R") = ¢z, (, a]),

Le. V[gl[h] = ¢[x,a].
4" Suppose now that Vig] &= -z, a], i.e.

Vigl E I YaveV((x(e, ¢, ¢, a,R") = La(R") |= ¢z, ¢, al).

5" Homogeneity yields

Vigl ElF ~Vavev((x(a, ¢,¢,a,R*) = La(R*) = [z, ¢, a]).

6’ This means

Vigllh- K] | ~Vave¥((x(a, ¢,¢,a,R*) = La(R") |= [z, a]).
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7" Since Vg|[h- K] = V[g][h][K], the usual homogeneity argument again
yields

V[g] [h] ): I _\VOKV(bVC(X(Oé, (ba C’ a, R*) g LCYGR*) ': ¢[$, C’ a])
In particular, V[g][h] = —t[z, al.

9° Let 6(x,a) denote formula

Vavev((x(a, ¢,¢,a,R) = La(R) = [z, ¢, a]).

(Intuitively, 6 says that x belongs to the minimal non-determined set in
L(R).)

10° Claim. For every g ~>.) V and every x € R9, we have
Vigl E¢lz,a] <= Vlg] = 0lx,a].

(Intuitively, the minimal non-determined set in L(R) is equal to the inter-
section of the minimal non-determined set in L(R*) with Vg].)

Proof.
1! Suppose V[g] = ¥[z,a] and let K ~~ V[g]@<} We have
VIgl[K] = VaveV((x(a, ¢, ¢, a, R*[K]) = La(R*[K]) | ¢[z, ¢, al).

2" Since Vg][K] is a Col(w, < \)-extension of V' whose symmetric reals
are R*[K] =: R*, step 6° implies

VIgI[K] = Lao(R") [= dolz, Co, al.

3’ By 3-VII, there is a pre-generic G for Q) over V[g] such that o €
wfp Ult(V]g], G) and RN UIt(V[g], G) = R*.
4’ By 10°2’, we have

Ult(Vg],G) |= La, (R) = ¢olz, Co, a].

5" Also, Ult(V]g], G) & " (g, do, (o) is the unique solution for x(c, ¢, (, a, R)™.

6" We conclude

Ult(Vlgl, G) = Yavev((x(a, ¢,¢,a,R) = La(R) |= ¢z, ¢, al),

ie. Ult(V]g], G) = 0z, a).

7" By elementarity, V]g] = 0|z, a].

8 On the other hand, suppose that V[g] = —t[z, a]. We can then choose
K ~s V@ <A) guch that

VIgllK] = 3a393¢(x (e, ¢, ¢, a, R") A La(RY) |= =9z, ¢, a]).
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9’ As before, step 6° implies
VI9lK] = Lao (R*) = ~¢o[x, Co, al.

10" We again choose an appropriate pre-generic G for Q) over V[g] and
get
Ult(V[gl], G) = La,(R) = —dolz, Co, al,
which yields Ult(V[g], G) = —0[z, al.
11" By elementarity, V[g] E —0|x, a].
O

11° Claim. For every Woodin § < A, for every G ~ V@& and for every
z € RY, we have

VGl E ¢lz,a] <= UI(V,G) = o[z, d].

Proof.
1" Suppose V[G] | ¢[z, a].
2" By 10°, we have V[G] E 0]z, a].
3’ By recalling the of , we conclude L(RVI%]) = 0[z, a].
4" Since Ult(V,G) is well-founded and RV (V:&) = RVIC] we conclude
Ult(V,G) = [z, a).
5" By 10°, we have

VI (Vo € R)(¢b(z,a) < 6O(z,a)).
6’ By elementarity,
U(V,G) & (Vo € R)(1h(z,a) < 0O(z,a)).
7' 11°4" and 11°6’ imply
Ult(V, G) |= ¢[z, a].

8 Suppose now V[G] = [z, al.
9" As before, V[G] = —0[z, a] and consequently, Ult(V,G) | —0|x, a].
10" 11°6' now yields Ult(V, G) E [z, al.

O

12° Claims 8° and 11° allow for the application of the Tree Production Lemma
2-VI. We conclude that A := {x € R : ¢)(x,a)} is A-universally Baire and
for every g ~>) V,

AV ={z e RI: V]g] = o[z, al}.

13° By 1.4-IX, set A is determined, as witnessed by a strategy o. We may
assume w.l.o.g. that ¢ is a winning strategy for I.
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XII.

XIII.
XIV.

14°

15°

16°

17°

18°

19°
20°

Statement “o is a winning strategy for I in the game on A” is a statement
in the second-order arithmetic about o (i.e. a real that codes it) and A-
universally Baire set A.

By 1.4-XI, we have that for every g ~ . V, strategy o is winning for I in
the game on A9 inside Vg].

Let us now work inside V[H]. Set

{Qf € R* : Lao(R*) ': ¢0[Ia<0aa]}

is not determined in L(R*).

In particular, there is a play x € R* according to ¢ such that
Loy (R") = =[x, Co, a-
There is 3 < A such that 2 € RF#. By homogeneity, we have
V[Hg] = IF 3a3¢3C(x(@, ¢, ¢, a, RY) A La(RY) |= —o[x, , a]).

In particular, V[Hg] = —|x, al.

This means = ¢ AMs, while z is played according to . This is in a
contradiction with 15°.

O

Corollary. The consistency strength of theory ZF + AD is at most that of
theory ZFC + "there are w many Woodin cardinals™.

We now work towards pulling AD from L(R*) to L(R).

Lemma. Suppose that W is an inner model and that k is measurable in W.
Let A,B € W | k and suppose that there is j : L;(A) < L,(B). Then there is
k: L(A) < L(B) extending j.

Proof.

1° Inside W, let 4 be a normal measure on k.

2° Let (Wq,ia, @ a < 8 < Ord) be the iteration of W via p. Let ko 1= 19, (k)
and let pq := 9o (@) for o < Ord.

3% tap | (Wo [ Ka) : Wo | Ko < Wg | kg is the identity (o < ). In other
words,

W, [Iia-<Wg [Iﬁg.
4° This means that Ly, (A) < Lk, (A) and Ly, (B) < Ly, (B) for a < 5.
5° By recursion on «, we construct sequence (j, : @ < Ord) of embeddings

such that diagram
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10°

11°
12°

L, (A) B N L, (A) e S SN L. (A) P S

joJ/-< j1J{-< jaJ/'<
<

Ly (B) —— L., (B) —— --- <= L. (B) —— ---

commutes.

For the base step, we have jo := j.
Let us consider recursive step o + 1.
We have

Lﬁa+1(A) ={f/pa: f:kEa = Le (A), f €Wa},

Lﬁaﬂ(B) = {f/,uoc o LNQ(B)a fe Wa}-

We define joy1 @ Ly, (A) < Lk, (B) by setting joy1(f/ta) = (ja ©
f)/ta. It is a matter of routine to show that this mapping is correctly
defined and elementary.

For limit step «, we have

LRQ(A) = U LKB(A)’ Lr@a(B) = U Lnlg (B)

B<a B<a

Ja = U Jg-

<o

and we set

This concludes the recursion.

Since
LA) = | Le.(4), LB)= |J Le.(B),
a<Ord a<Ord
we are done if we take
k= U Ja-
a<Ord

XV. Theorem. We work in V!(«:?) for Q large enough. Suppose that:

a.
b.

C.

V ="\ is a limit of Woodin cardinals™;
V |= Tthere is a measurable cardinal above \7;
H ~> VCoI(w,<)\).

Then there is an elementary embedding j : L(RY) < L(R*[H]).

Proof.
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1° Let x > X be measurable.

2° Let G be a pre-generic for Q) over V such that x € wfpUlt(V,G) and
RUIt(V,G) — R* [H]

30 LK(R)UIt(V,G) _ LK(R* [H])
4° Thus, jo | Le(RY) : L,(RY) < L, (R*[H]).
5° By lemma 3-XIV, there is an embedding j : L(R") < L(R*[H]).

O

XVI. Corollary. If there are w many Woodin cardinals with a measurable above
them, then L(R) = AD.
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