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Abstract

The goal of this note is to present a proof of Woodin’s theorem that,
under large cardinals, the Continuum Hypothesis is equivalent to the
Generic X3-maximality. As a corollary, we get that 37 formulas are gener-
ically absolute for posets that force CH.

Contents
1 Introduction
2 Quotienting Posets

Quotienting Stationary Towers
Some Additional Lemmas

Main

12

14



1 Introduction

We are interested in the following principle of generic maximality.

Definition 1.1. The Generic 37-maximality is the statement asserting that for

all 2%—formulas @, if ¢ can be forced, then it is true. O
The goal of this note is to present a proof, based on | |, of the following
theorem.

Main Theorem 1.2 (Woodin). Suppose there exists a proper class of measur-
able Woodin cardinals. Then the following are equivalent:

a. Continuum Hypothesis;
b. Generic X3-mazimality.

Proof. The implication (=) follows from Theorem 5.6, while (<) follows from
the fact that CH is equivalent to a X% sentence. O

A consequence of this fact is generic absoluteness for E% formulas, condi-
tioned on CH.

Corollary 1.3 (Woodin). Suppose there exists a proper class of measurable
Woodin cardinals and P,Q are two posets which both force CH. Then for all
2 formulas ¢, VP |= ¢ if and only if VO = 6.

Proof.
1° By symmetry, it suffices to show that VP |= ¢ implies VO = ¢.

2° Let us assume otherwise, i.e. that V2 [~ ¢. We may assume without loss
of generality that V@ = —¢.

3° Let A be a Woodin cardinal satisfying P,Q € V), let g be V-generic for
P, and let G be V[g]-generic for Qf\/[g}. Since V[g] = ¢, we conclude that
Ult(V]g], G) = ¢

4° The quantifier complexity of ¢ ensure now that V]g][G] = ¢.

5° V E“the powerset of Q becomes countable after forcing with P « QKP”.
This and Lemma 2.1 imply the existence (in V') of a complete embedding

i:Q —BPxQY).

6° Let H be the V-generic for B(P Qyw) given by g G, let h = i~![H], and
let H' be a V'[h]-generic such that

We have that V[h][H'] & ¢.
7° This means that in V[h],



a. there exists a proper class of measurable Woodin cardinals,
b. CH holds,
¢ is 3,

d. there exists a poset that forces ¢.

o

By Main Theorem 1.2, V[h] = ¢. This contradicts the fact that VC = —¢.
O



2 Quotienting Posets

Lemma 2.1. Suppose

1. P is a poset,

2. B is a complete boolean algebra,

3. it holds in V® that § is a V-generic filter for P.
Then there exists the mapping

i:P—B:p—|pedls

is a complete embedding. O
Definition 2.2. Suppose

1. B is a complete boolean algebra,

2. Cisa complete boolean algebra in VE.

Then B « C is the structure
D= (Da +D7 ‘Dy —D; ODa ]-D)7
where

a. D is the set of all canonical B-names for elements of C quotiented by the
equivalence relation =p given by

¢=pd:< |l¢=d|pg=1,

b. for all canonical B-names ¢, d, ¢ for elements of C,

[l +pld =] = [e+ted=¢lls =1,
and similarly for -p, —p,0p, 1p. O
Proposition 2.3. Suppose
1. B is a complete boolean algebra,
2. C is a complete boolean algebra in VE.
Then B+ C is a well-defined complete boolean algebra and the mapping

the unique [¢], where ¢ satisfies

B—BxC:b—< . .
* {c=1C|B:b and ||¢ = 0p||s = —b

18 a well-defined complete monomorphism.

Proof. See the [ , Lemma 16.3] and its proof. O



Definition 2.4. Suppose
1. C is a complete boolean algebra,
2. B is a complete sub-algebra of C.

Then C : B is the canonical B-name for the boolean algebra

C/{c:3be Gg,c>b}.

Proposition 2.5. Suppose
1. C is a complete boolean algebra,
2. B is a complete sub-algebra of C.

Then C : B is a complete boolean algebra in VB and the mapping
S {beB:b<c},é}), where

C—B+(C:B):c— {é is the canonical B-name for [c] € C: B
s an isomorphism of boolean algebras.
Proof. See | , Exercise 16.4]. O

Remark 2.6. The isomorphism of the previous proposition is considered to be
canonical. U

Lemma 2.7. Suppose
1. C is a complete boolean algebra,
2. 7 is a C-name for a subset of V,

3. B is the complete sub-algebra of C generated by the set

{|€T||c:xeV}.

Then for all V-generic filters H for C,
a. V[t =V[HNB|,
b. V[H] is a generic extension of V[r!!] via the poset (C : B)H™B,

Proof. Tt is immediate that V[rfl] = V[H N B], while the rest follows from
Proposition 2.5. O

Lemma 2.8. Suppose
1. i:P— S and j : P — Q are complete embeddings of posets,

2. S forces the existence of a V-generic filter for Q.



Then there exists there exists a complete embedding k such that the diagram

commutes, where the unnamed morphism is canonical.
Proof.

1° There exist complete monomorphisms such that the diagrams

— BS) Q — B(Q)

S
11\ T‘ﬂ' jT TD’

P —— B(P) P —— B(P)

commute.

2° Tt holds in VB® that B(S) : 7[B(P)] forces the existence of a V-generic
filter for B(Q) : ¢[B(P)]. By Lemma 2.1, there exists a P-name p such that
it holds in V¥ that

p:B(Q) : o[B(P)] — B(S) : n[B(P)]
is a complete monomorphism.

3° Let k be the complete embedding for which the diagram

Q B(Q) ——=—— o[B(B)] * (B(Q) : o[B(P)])
¢ B(P) + (B(Q) : o[B(P))
Ids (s

B(S) «—=— 7[B(P)] * (B(S) : x[B(P)]) «—— B(P) * (B(S) : =[B(P)])

commutes, where

a. the unnamed morphisms are canonical,



b. (071, : o[BP)] + (B(Q) : o[B(P)]) — B(P) » (B(Q) : o[B(P)])
is defined by asserting that for a canonical o[B(IP)|-name ¢ for an
element of B(Q) : o[B(P)],

(@™ 1)([e]) = [0 (O],
where o, : VE®) — VoBP] 5 the isomorphism induced by
o :B(P) — o[B(P)],

c. daeysp : BP)=(B(Q) : o[B(B)]) — B(P)x(B(S) : n[B(P)]) is defined
by asserting that for a canonical B(IP)-name ¢ for an element of B(Q) :
o[B(P)], the equivalence class [¢] is mapped to the equivalence class
[d], where d is the canonical B(PP)-name for p(¢),

d. 7. : B(P) * (B(S) : w[B(P)]) — 7[B(P)] * (B(S) : n[B(P)]) is defined
by asserting that for a canonical B(P)-name ¢ for an element of B(P) *
(B(S) : #[B(P)]), the equivalence class [¢] is mapped to [m.(¢)], where
this last 7, is the isomoprhism VE®) — V7E®)] jnduced by the
isomorphism 7 : B(P) — #[B(P)].

4° Tt is easily verified that k is as required.



3 Quotienting Stationary Towers

Definition 3.1. Suppose
1. § is Woodin,
2. 6 > 4 is regular,
3. M < (Hy, €,9).

Then M is said to be Qgs-self-generic iff for all D € M which are predense in
Qs, there exists S € D N M such that M N (US) € S. O

Definition 3.2. Suppose § is Woodin. Then ws denotes the set of all M €
[H(6%)]* which are Qs-self-generic. O

Lemma 3.3. Suppose

1. § is a Woodin cardinal,

2. k> 0 is inaccessible.
Then ws € Q. and for all S € Qs, S ||g, ws.
Proof. This follows from | , Lemmas 3-XIII]. O
Lemma 3.4. Suppose

1. § < Kk are Woodin cardinals.

2. G is V-generic for Q.
Then for all S € QY, S € G if and only if

{Mecuwf :MnUS)eSed.

Proof.

1° Let j:=j% : V. — UIt(V,G).

2° First, let S € G and let

S*:={M cw} : Mn(US)c S}
We want to show that S* € G.

3° This comes down to verifying that j[H (67)V] € j(S*), i.e. that j[H(6T)V]N
§(US) € j(S) and j[H(6F)V] is 5(QY)-self-generic in Ult(V,G).

4° We have that
GIH ()TN §(US) = j[HET)Y N (us)] = j[US] € j(S),

where the last relation follows from the fact that S € G.



5° To see that j[H (67)"] is j(Qs)-self-generic in Ult(V, G), let D € j[H(61)V]
be predense in j(QY). There exists D’ € H(67)V such that j(D’) = D.

6° By the elementarity of j, D’ is predense in QY . Let '€ D' NG.
7° We have that j(T') € DN j[H(67)V] and that
JIH )V Nj(UT) = j[UT] € 4(T),

where the last relation follows from the fact that T € G. This shows the
self-genericity and verifies the first direction of the lemma.

8° Now, let S € Q}{ be such that
{Mecw)y: :MnUS)eS}ed.

We have that
S>{Mecw):Mn(US)eS},

so S € (G. This shows the other direction.
O

Definition 3.5. Suppose § < k are Woodin cardinals. Then the mapping ¢ .
is defined to be

Qs — Qulws : S—={M ews : MN(US) € S}.
O

Corollary 3.6. Suppose § < k are Woodin cardinals. Then g5, is a complete
embedding and it holds in V@ that qg,,l€ Gl =GNQY. O

Proposition 3.7. Suppose k is a measurable Woodin cardinal. Then every real
in VO is <k-generic over V.

Proof.

1° Let x be a canonical Q.-name for a real. We will be done if we show in
V@« that there exists § < « such that

a. ¢ is Woodin in V,
b. wy €@,
c. # € V[GNQY].

2° This is shown by a density argument. Let S € Q, be arbitrary. We want
to find a Woodin cardinal § < x and S’ € Q,, such that S’ < S,ws and

S'IFi e VIGNQY].



3° Since k is a measurable Woodin cardinal, there exists a Woodin cardinal

d € (rank(9S), k) such that

Vs < (Vi €,Qy, 2).

4° Lemma 3.3 implies that S and wg are compatible in Q.

5° Let S’ € Q4 be a common strengthening of S and wg. It remains to show

that )
S'IF & e V[GNQY].

6° By the choice of §, we have that ¢ := & N Vj is a canonical Qs-name for a

real.

7° By Corollary 3.6, ws I- & = € V]G N QY], as required.

Proposition 3.8. Suppose that

1

2
3
4
5
6

. N is a transitive model of ZFC,

. 0 < 8% are Woodin cardinals in N,
. 2(5*)N is countable,

. g is an N-generic filter for QY

. x s a set of ordinals,

. (g,z) is <d*-generic over N.

Then there exists an N-generic filter h for QY. such that h N QY = g and

T e

NIh).

Proof.

1° Let B be a complete boolean algebra in N of rank <é* and let k be N-

generic for B such that (g,z) € Nk].

2° Let g € N® be such that ¢* = ¢g. Up to restricting B below a condition,

we may assume that

NE E “g is an N-generic filter for év.”

3° By Lemma 2.1, the mapping

i:@g—>E:S'—>HS€QHB

is a complete embedding in N. It is easily seen that i ~1[k] = g.

10



4° Since it holds in N%* that P(B)V is countable, it follows that

N (@ Tus)™ = “there exists an N-generic filter for B.”

5° Lemma 2.8 now implies that there exists in NV a complete monomorphism
o : B — B(Qjs+ [wy) such that the diagram

Qs+ Tws —— B(Qs~ Jwy)
q5,5*1\ %0‘

commutes, where the embedding 7 is canonical.

6° Since 22(5*)" is countable, there exists an N-generic filter h for QY such
that o~1[h] = k. Tt is easily seen that h is as required.

O
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4 Some Additional Lemmas

Lemma 4.1. Suppose
1. § is a Woodin cardinal,
2. 0> 6 is regular,
3. M < (Hy, €,0) is countable,
4. a€dNM.
Then there exists a countable N < Hy such that
a. M CN,
b. NNV, =MnNV,,
c. N is Qs-self-generic.
Proof. See | , Lemma 3-XII]. O
Definition 4.2. Suppose
1. k is an inaccessible cardinal,
2. 0 > k is regular,
3. M,N < (Hy, €, k).

Then N is said to end-extend M below & iff M C N and there exists £ < k such
that
M—-Ve=0and NN Ve=MNVg.

Lemma 4.3. Suppose
1. K is a measurable cardinal,
2. 1 is a normal measure on K,
3. 0 > Kk is regular,
4. M < (Hy, €, 1) is countable,
5. y=min((p N M).
Then Hull(M, {v}) end-extends M below k.
Proof.
1° Let 2 € Hull(M, {~}) N Viup(enar)- We want to show that = € M.

2° Let a € kN M be such that x,v € V,,. Then there exists f € M be such
that f: k — V,, and f(v) = x.

12



3° Since p is k-complete, there exists y € V,, such that

{E<r:fO)=yten

This means that
ve{<r:f(E) =y}
and consequently, f(v) =y.

4° Thus, z = y and consequently,
{E<r:f(=a)epn

5° Since f,u € M, it follows that x € M.

Lemma 4.4. Suppose
1. ¢ is a Woodin cardinal,
2. G is V-generic for Qs.
Then UIt(V, G) is closed for <d-sequences.
Proof. See | , Proposition 3-XV].
Lemma 4.5. Suppose
1. 6 is a Woodin cardinal,
2. G is V-generic for Ps.
Then Ult(V, G) is closed for <d-sequences.
Proof. This is shown like [ , Proposition 3-XV].
Lemma 4.6. Suppose
1. P is a poset,
2. p is a regular uncountable cardinal,
3. P s p-c.c.,
4. Kk > pis a reqular cardinal,
5. g is V-generic for P,
6. C is a club subset of k in Vig].
Then there exists C € V which is a subset of C and which is a club in k.

Proof. This is a straight forward generalization of | , Theorem 1.5].

13



5 Main

Definition 5.1. Suppose
1. N is a transitive model of ZFC™,
2. wy is an element of N,
3. C is a subset of wj.

Then C' is an N-slow club iff

a. every a € C'is Woodin in N,

b. C is a club,
c. for all limit points v of C, for all E € N which are club subsets of v, there
exists p < «y such that C N (p,7) C E. O
Notation 5.2. For a set X, tc(X) denotes its transitive collapse. O

Proposition 5.3. Suppose k is a measurable Woodin cardinal. Then for sta-
tionary many N < H(k™),

a. te(kNN) = wy,
b. N is Q-self-generic,
c. there exists a tc(N)-slow club.
Proof.
1° Let U C H(x"). We want to find N < (H(x"), €,U) satisfying a-c.

2° For a regular § > x and a countable M < (Hy, €, 1), we define
Y oi= minﬂ(,u NnM).

Observe that (yar, k) N M = 0.

3° Claim. There exists a sequence (M, : @ < wy) such that for all a < 5 <
Wi,

a. M, < (H((2%)%),€,U) is countable,
b. M, is Q-self-generic,
c. Mg Vo 41 = Hull(Ma, {2, }) N Vinta+1-

Proof.

1’ The sequence is defined by recursion.

14



2/

3/

5/

6/

7/

8/

9/

10/

11

Let M/, be an arbitrary countable elementary submodel of H((2%)")
containing U. By Lemma 4.1, there exists a countable My < H((2%)™)
which extends M|, and which is Qs-self-generic.

Suppose M, has been defined and let us define M, 1.

Let M/, := Hull(My,{vam,}).- By Lemma 4.3, M/ end-extends M,
below &.

By Lemma 4.1, there exists M,41 < H((2%)") such that
a. M& c Ma+17
b. Mat1 N V’YMQ-H = HU”(MQ, {PYMQ}) N V’YMa-‘rla
c. Mgy is Qg-self-generic.

By 4’ and 5, for all £ < o + 1,

May1 0 Vo 41 = Hull(Me, {yar }) 0 Vo, 41

Suppose now that a < w; is a limit ordinal and that (M3z : 8 < «)
has been defined. We want to define M,,.

Let M, := U5<a Mg. It is immediate that for all 5 < a,
Mo N Va1 = Hull(Mg, {ya, ) 0 Vi, 41
Let us verify that M, is Qs-self-generic. Let D € M, be predense in

Qs. There exists 3 < o such that D € Mg.

Since Mg is Qs-self-generic, there exists S € DN Mg such that MgN
(Us) e s.

We have the following sequence of relations:

M,N(US) = ManVy, N(US) (1)
= Hull(Mg, {yar, }) N V5, 0(US) (2)

= MgnV,,, N(US) (3)

= Mzn (US) (4)

e S (5)

U

4° Let My, = Uqew, Mo and let N := M, NH(x"). We want to show that
N is as required. Note that it is immediate that tc(k N N) = wy.

5° Claim. N is Q-self-generic.

Proof.

1/

Let D € N be predense in Q,,. We want to find S € DN N such that
NN (US)es.

15
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80

2" There exists o < wy such that D € M. Since M, is Q,-self-generic,
there exists S € D N M, such that M, N (US) € S. In particular,
SeDNN.

3" We will be done if we show that N N (US) = M, N (US).
4" Tt is clear that N N (US) = M, N (US).
5" On the other hand,
Mo 0 (US) = Mo 0 (US) NV, 41 =
(Mo, NV, 1) N(US) = (Hull(Ma, {yaz, }) 0 Vi, +1) N (US) =
M, N (US).

6’ Thus,
NN (US) =M, NUS)=M,Nn(US)eS.

O

We now aim to show that the image under the collapse of the set {yar, :
a < wy} is such a tc(N)-slow club. This is verified in the following three
claims, which state the “uncollapsed versions” of the properties to be ver-
ified: (1) that this set consists of Woodin cardinals of tc(N), (2) that it is
a club, and (3) that this club is N-slow.

Claim. For all o < wy, yar, is a Woodin cardinal.

Proof. Since k is a measurable Woodin, we have that
{6 < k:§ is Woodin} € p.
Since this set is in M,, it follows that

v, € {0 < Kk : 6 is Woodin}.

Claim. For all limit o < w1, (Supgcq Y0145 Y01,) N Mo, = 0.

Proof.

1" Assume otherwise, i.e. that there exists £ € M,, such that

sup Ym, <€ <YM, -
B<a

2" By the property c¢ of Claim 3°, £ € Hull(My, {va, })-
3’ By Lemma 4.3, £ € M,,.
4" Hence, there exists 8 < « such that £ € Mpg.

16



5" This means that § < yaz,, which is a contradiction.

O

9° Claim. For all limit @ < wy, for all £ € M,,, which are clubs in var_,

there exists p < « such that

Proof.

{vme €€ (p)} CE.

1" By the property c of Claim 3°, E € Hull(My, {vas, })-
2’ Hence, there exists f € M, such that

a. f:xn— Vg,

b. f(’yMa) =E,
c. for all 8 < k, f(B) is a club subset of 3.

3" Let p < a be such that f € M,. We want to show that {yy, : { €

(p, )} C E.

4" For all £ € (p,a), we have the following sequence of equivalences:

e €E

frereeee

e € f(vmn,)

(6)
Y. €48 <K :vme € f(B)} (7)
{B<r:ivm e f(B)}en (8)
e €E{y<w:{B<r:vef(B)}enut (9
{r<r:{B<r:yef(B)}enten (10)
{y<r:ivei (Hk}en (11)
dn (F)(k) € (12)
T. (13)

The last equivalence holds since by 2/, j¥' (k) is a club subset of £ in

Ult(V, p).

O

10° Claims 5°, 7°, 8°, and 9° conclude the proof.

Proposition 5.4. Suppose

1. k is a measurable Woodin cardinal,

2. 6 > k is Woodin,

3. 0 € (k,9) is inaccessible.

17



Then there exists M < (Hy, €, k) satisfying that

a.
b.

C.

te(k N M) = wy,
there exists a tc(M)-slow club,

every real is <w -generic over tc(M).

Proof.

10

20

30

40

50
60

We denote by U the set of all M < (Hyp, €, k) such that

a. te(kNM) = wy,
b. M is Qx-self-generic,

c. there exists a tc(M)-slow club.
Proposition 5.3 implies that U is stationary in &2 (Vp).
Let G be a V-generic filter for Ps containing W and let
§i=4&:V — U(V,G).
By Lemma 4.5, j[Vy] € Ult(V, G), while it is clear that
UIL(V, G) b= Vel < (Hyo), €,5(K)):
Since j is elementary, we will be done if we show that in Ult(V, G),

a. te(j(k) Nj[Ve]) = wi,
b. there exists a tc(j[Vy])-slow club,

c. every real is <ws-generic over tc(j[Vp]).

Since j[Vg] = [(M : M € [V4]“)V]g and U € G, Los’s Theorem implies
that

a. te(j(x) Nj[Ve]) = wi,
b. j[Ve] is Qj(x)-self-generic,
c. there exists a tc(j[Vp])-slow club.

So it remains to show that every real in Ult(V,G) is <w§J It(V’G)—generic

over tc(j[Vp]) = Vp.
By 4°a, wijlt(v’a) = tc(j[x]) = k.
By 4°b, G N QY is V-generic for QY. In particular,
ko UR(V,GNQY) — UV, G) : [flangy = [fle

is well-defined and elementary.

18



Ult(v,GnQY
: ( Qc) _ K —

UIt(v,G
Wl( )

7° Since w , it follows that crit(k) > w;. This

means that
RUH(V:G) ¢ RUKV:GNEY) C (G N QY.

8° Proposition 3.7 now ensures that every real in Ult(V, G) is <xk-generic over
V. This suffices for the conclusion.

O
Proposition 5.5. Suppose
1. CH holds,
2. N 1is a transitive model of ZFC,
8. w1 is a Woodin cardinal of N,
4. every real is <w¥—genem’c over N,
5. there exists an N-slow club.

Then there exists an N-generic filter H for QLVV such that R C N[H].
1

Proof.
1° Let x : w; — R be a surjection, and let C' be an N-slow club.

2° Claim. There exist sequences n = (7 : @ < wi) and H = (Hy : a < wq)
such that for all & < § < wy,
a. Ny € C,
b. Na < 13,
H, is an N-generic filter for Q
Hﬂ n QS{; =H,,
e. To € N[Hpy1].

N
Na?

o

&

Proof.

1" Let us fix a well-order R of V,,,. The two sequences are defined by
recursion.

2" Let 1 be the least Woodin cardinal of N and let Hy be the R-least
N-generic filter for Qf;g.

3’ Let us assume that 7, and H, are defined and satisfy the recursive
hypothesis and let us define 1,41 and Hy11.

4’ The assumption 4 implies that there exist & € ((27*)Y w;) and an
N-generic filter g for Col(w,£) such that z,, H, € N[g]. We chose
(&, g) to be the R-least such pair.

19



5/

8/

9/
10/
11

12/

Let 1441 be the least element of C'N (&, w;). Proposition 3.8 implies

that there exists an N-generic filter H, 1 for QUNu ., such that

Hoc+1 M Qfx! = Ha

and x4 € N[Hq41].

For a limit ordinal a@ < wy, we define 7, to be the supermum of
the sequence (ng : 8 < a) and H, to be the union of the sequence
(Hp : B < a). It remains to verify the recursive hypothesis.

We will be done if we show that H, is N-generic for ijz\i' Let De N
be a predense subset of Q% and let us show that H, N N # (.

Note that the set
E:={f<n.:NIE=< (Nlw',€,Qlyv, D)}

is a club subset of 7, that belongs to N.
Since C'is an N-slow club, E contains a tail of the set C N 17,,.
In particular, there exists 3 < o such that ng € E.

This means that
Nr’r]ﬂ = (N[UJY, EvQQJiV?D)
and consequently, D N Qf;; is predense in Q,IIVB.
We conclude that HzND # (), which readily implies that H,ND # (.
O

3° Let (N : @ < wy) and (H, : « < wy) witness the claim and let H :=

Ua<w1 Ha'

4° Claim. H is an N-generic filter for ijlv.

Proof.

1/

2/

3/
4/
5/

It is immediate that H is a filter in inv. Let us verify the N-
1
genericity.
Let D € N be a predense set in ng. Observe that the set
1

E:={a< w}/ :(Nla, €,Qu, DNQ,) < (NFWYverwy,D)}N

is a club subset of w; that belongs to N.
Thus, there exists p < wy such that C' — p C F.
Let o < wy be such that n, > p. It follows that n, € E.

In particular, D N QnNa is predense in Qiz\i .

20



50

6’ Since H, is N-generic in Qé\i, it follows that H, N DN Qf;i £ 0.
7" Consequently, H N D # ().

O

Since x is a surjection, the property e of Claim 2° ensures that R C N[H].
This concludes the argument.

O

Theorem 5.6. Suppose

1.

2,
3.
/.
5.

Kk 1s a measurable Woodin cardinal,
0 > k is a Woodin cardinal,

CH holds,

¢ is a E?—formula,

there exists a poset in V,, that forces ¢.

Then ¢ holds.

Proof.

10

20

30

40

50

Let P € V,; be a poset that forces ¢ and let 6 € (k,d) be inaccessible. By
Proposition 5.4, there exists M < (Hy, €, k, P) such that

a. tc(kNM) = wy,
b. there exists a tc(M)-slow club,

c. every real is <w] -generic over tc(M).

Let
m: (N, €,w1,Q) — (Hy, €,k,P)

be the anti-collapse map. Observe that there exists an N-generic filter h

for Q.
Let us fix one such filter h. We have that N[h] = ¢.

Claim. Every real in <w;-generic over N[h].

Proof. Let x be an arbitrary real. Then there exists a real y that codes
(z,h). By the choice of M, y is <wi-generic over N. Since h € NJy],
Lemma 2.7 implies that N[y] is a generic extension of N[h] via a poset in
N]w} . The conclusion now follows from the fact that = € N[y]. O

Claim. There exists an N[h]-slow club.

21



Proof.

1/
2/

3/

4/

5/

6/

7/
8/

Let C be an N-slow club.

Since Q € N|w), there exists p < w; such that p is a regular un-
countable cardinal and Q has p-c.c. in V.

Let C" := C — p. We want to show that C’ is a N[h]-slow club.

The non-trivial thing to verify is that for a given limit point 5 of
C’ and a club subset E € N[h] of 5, there exists o < 7 such that
C'N(a,n) CE.

Since n € C, it is regular in N.

Since in N, P is p-c.c. and n > p is regular, Lemma 4.6 implies the
existence of F € N which is club in n and contained in FE.

Since C'is an N-slow club, there exists o < 7 such that CN(a, n) C E.
It is now clear that C' N (a,n) C E.

O

6° Proposition 5.5, together with Claims 4° and 5°, implies the existence of

an N[h]-generic filter H for Q

N[h]
(.UV
1

satisfying that R C N[h][H].

7° Lemma 4.4 ensures that R C Ult(N[h], H).

8° Since N[h| = ¢, we conclude that Ult(N[h], H) = ¢. Since R C Ult(N[h], H)
and since ¢ is X7, it follows that ¢ holds in V.

O
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