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Abstract

We present basics of Phpax, with the goal of proving that if V =
L(R) = AD, then VFmax = ZFC 4 "NS,, is saturated”. Our sources
are [Larson, 2010] and [Woodin, 2013].

Contents

1

2

Poset P,
Existence of Conditions

Countable Closure
3.1 Curious Sequences . . . . . . . . .. e
3.2 Proof of the Countable Closure . . . . . ... ... ... .....

Subsets of w; inside L(R)Pmax

4.1 Some Facts from Descriptive Set Theory . . . . . . .. ... ...
4.2 A Stronger Iterability Condition . . . . ... ... ... .....
4.3 The Generic Power Set of wy . . . .. ... ... ...

Properties of L(R)"max

12
12
15

19
19
21
25

32



II.

III.

Iv.

VL

VIL

1 Poset P,

Definition. Let M be a transitive model for ZFC™, let M |= T is a precipitous
ideal on w7, and let v < Ord. A putative generic y-iteration of (M,I) is
a family (g, : a < ) satisfying the following, for the uniquely determined
(Maa ja,B o< 5 < 7)

a. Ja,p : My < Mg form a commutative system of elementary embeddings,
with ja.o = id.

b. MQ =M

c. For a +1 < v, M, is well-founded and g, is Mq-generic for jo o(I).

d. For a+1 <7, Mat1 = Ult(Ma, go) and jq q+1 is the ultrapower embed-
ding.

e. For a limit ¢ < 7, M; is the direct limit of the system (M, jog:a < 8 <
0) and jo,¢ are the direct limit embeddings.

Remark. Note that only the last model of a putative iteration (if there is
one) can be ill-founded. (Mq)a<y and (ja,8)a<p<y are referred to as models
and embeddings of the generic iteration. We sometimes use the term “putative
generic iteration” for the family (Mg, jo,g : @ < 8 < 7). If there is the last
model M., of this iteration, we use the term “putative generic iteration” also
for the embedding jo ., : (M, I) < (My:,jo.~ (I)).

Definition. A putative generic iteration is well-founded if all of its models are
well-founded®. A generic y-iteration of (M, I) is a putative generic ~y-iteration
of (M, I) which is well-founded.

Definition. (M, 1) is generically y-iterable if every putative generic y-iteration
of (M, I) is well-founded.

Remark. (V,I) is generically Ord-iterable (in V). The reason why this is true
(and irrelevant) is because there are no V-generic filters over V. We see that the
relevance of this notion is dependent on existence of appropriate generic filters.
The main case that we are interested is the case of a countable transitive model
for ZFC. In this, we will use term “generically iterable” to refer to the case of
generic w) -iterablity?

Definition. A pre-condition (for Puyax) is a pair (M, I), where:

a. M is a countable transitive model for ZFC;
b. M = "1 is a normal ideal on wy

c. (M,I) is generically iterable.

Definition. Conditions of Py,,x are structures (M, €, I, a) satisfying:

IRr equivalently, the last model is well-founded, if there is one.
20r equivalently, generic wY + l-iterability.



a. (M,I) is a pre-condition;
b. M = MA,,

c. aC w{\/"

d. M }=w :wf[a].

VIII. Notation. If p = (M, €,1,a) is a Pyax-condition, then we write I? := I and
a? = a.

IX. Proposition. Let p € Py and let i : p < ¢ be a generic iteration of p of
countable length. Then (g, €,i(I?),i(a?)) € Pyax-

Proof.

1° Only the requirement of generic iterability needs a comment.

2° Any putative generic iteration j : ¢ < ¢’ yields a putative generic iteration
joi:p=<¢.

3° Since p is generically iterable, ¢’ is well-founded.

4° This means that j is a generic iteration.

5° Thus, ¢ is generically iterable.

L[a?]

X. Proposition. Let p € Ppax. Then o} = wy p

and a® is unbounded in wy.

Proof.
1° Let i : p < p1 be a generic ultrapower. Then p and p; are of the same
; p _ , Lla?]? _ L[a”]"t
height, so w; = w; =w; .

2° There is a generic ws-iteration j : p1 < py, -
3° Since
= of = uf
and since w] and a? are fixed under j, we conclude

LiaP
Puw, ):wf:wl[a]'

4° This means w? = w1
5° Since p,,,NOrd > w}, we conclude by condensation that wIL[ap] = wf[“p}pwl =

p
Wy -

6° To show that a? is unbounded in w}, assume otherwise.

7° Let i : p < ¢ be a generic ultrapower. Then a? = i(a?) = a?.

La')? _ Hla®] _ Lla”] _ | Lla)

8° wi =w = w!, which is a contradiction.
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XI. Proposition. Suppose that MA,,, holds. Let (2, : @ < wi) be an almost
disjoint family of subsets of w. Then for every A C wy, there is y C w such that

XII.

Va<w))(a€ A < |yNzy| =w).

Proof. Lemma 2.17 of | ]. O

Proposition. Let p € Py, and A C § < w;. Then there is a most one generic
iteration ¢ : p < p* such that

iWh) =0, i(a?) = A.

Proof.
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10°

Let (g0 : o <) and (g, : @ < ') be two such iterations, with v < +/. Let
(Pas ia,p)a<p and (P, i, 5)a<p be the models and embeddings of these
iterations.

Assume inductively that gz = gj for 8 < a and let us show that g, = g,
where a < 7.

We have p, = pl,.

Let code : w X w — w be the standard bijection.

We define f such that L[aP]P = f : w; — P(w) by recursion.
For n < w, we set f(n) := {code(n,i) : i < w}.

For a € [w,w}), assume recursively that f | « is defined and almost dis-
joint. Then f[a] is not maximal. Let f(a) be the <p[grp-minimal subset
of w almost disjoint from every element of fa].

By elementarity, inside L[A]P7, we have:
a. Go~(f) w1 = P(w)
b. for n < w, we set ig(f) := {code(n,i) : i < w};

c. io~(f) is the <pp4-minimal subset of w almost disjoint from every
element of 4o ~(f)[c].

f[A]M = wf[A], we have inside L[A]:

a. lo~(f) w1 — P(w)
b. for n < w, we set ig(f) := {code(n,i) : i < w};

Since w

c. io~(f) is the <pp4-minimal subset of w almost disjoint from every
element of 7o (f)[a].

Analogously, inside L[A]:
a. ig..(f) 1 w1 — P(w)
b. for n < w, we set ig . (f) 1= {code(n,i) : i <w};
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c. ig’,y,( f) is the <p4-minimal subset of w almost disjoint from every
element of 4g , (f)[e].

11° We conclude g, (f) = if . (f)-
12° Since po = MA,,, for every S € P(w;)Pe, there is g € P(w)P= such that
(V€ <) €S <= lioa(f)(E) Nzs|=w).
(Cf. 1-XL)
13° By elementarity, for every S € P(wy)P=,

(V& <wi")(E € iany(S) == lioy(f)(€) Nas| =w),

(VE <y )(E € i (8) = Lo (N)E) Nas| = w).
14° For every S € P(w1)P=:
S € go = W €iny(S) <= lio, ()W) Nzg| =w —
lig o (F) W) Nas| =w <= wi* €, .(S) <= Secyg,.

15° Thus, g, = ¢, concluding the inductive argument.

16° We have established that the (gq)o is an initial part of (¢),)q. Since these
iterations both map w! to 4, they must be equal.

O

Let p, q € Ppax. By the previous proposition, there can be at most one iteration
1 of p such that
W) =wi, «(IP)=19, i(a’)=al.

When it exists, we call this iteration the iteration of p given by q.

Definition. For p,q € Pyax, we define ¢ < p to hold exactly in the case when
there exists the iteration of p given by ¢ and it belongs to g.

Proposition. < is a strict order.

Proof.

1° We only need to establish transitivity.

2° Suppose that r < ¢ < p and let us show r < p.

3° Let i be the iteration of p given by ¢; we have i € q.
4° Let j be the iteration of ¢ given by r; we have j € r.
5° j(i) is the iteration of p given by r; obviously, j(i) € r.
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2 Existence of Conditions

Lemma. Suppose that there is a putative generic iteration of an inner model
W that is not well-founded. Then there is some 7 such that W« = there
is a putative generic iteration of W that is not well-founded™.

Proof.
1° There is & > (22°")" a regular cardinal of W such that there is a putative
generic y-iteration j : H(xk)" < H, such that H, is ill-founded.
2° Let 1 := max{2",~7} and let T' ~» VCol(w:mn)

3° In V[ and in W], 1° is a Xi-statement about reals (note that the
regularity of x in W is in fact expressible in H(x+)"W).

4° 1° is true in V[I'], so Xi-absoluteness implies that it is true in W[I].
5° This means that it is forced by @ in Col(w,n) over W.

6° Thus, 7 is as required.

O

Lemma. Suppose that M = "I is a normal ideal on w; ™ and let (Ma, jas :
a < B < +1) be a putative generic iteration of (M, I). Then
. M; M, _ n
My = (o (e © o owy ") in<w, fr(w)" = M, feM,

1o < 0 <dp-o1 <7}
Proof. This follows easily by induction. O

Proposition. Suppose that I is a normal precipitous ideal on wy. Then (V,I)
is Ord-iterable in every generic extension of V.

Proof.

1° Assume otherwise. Then for some 7, ||"there is a putative generic iteration
of V' that is ill-founded||coi(w,n) > 0. The homogeneity implies that this
norm is in fact 1.

2° This means that in V@) there is a regular cardinal & of V such that
there is a putative generic iteration of H(x)" that is ill-founded. Again by
homogeneity, the value x is decided by the weakest condition.

3° Let (v, K, 6) be the lexicographically minimal pair of ordinals such that:
a. k> 22" is a regular cardinal;
b. 0 <k

c. there is n such that V(@) = Cthere is a putative generic (y + 1)-
iteration j : (H(x)V,I) < (M,, L) such that j(6) is ill-founded™.



4° Fix such an 7 with n > max{2",~v}. Let ¢ > 7 be a beth fixed point of
cofinality > 7 and let T ~» 7/ Col(@.C),

5° In V[I'N Col(w,n)], let jo : H(x)V < M, be a generic (v + 1)-iteration
such that jo () is ill-founded.

6° ~ is a limit ordinal.
7° Thus, there are 7' < v and 6" < j () such that j./ ,(6') is ill-founded.

8° Putative iteration jo -, produces a putative iteration ko, of V. All the
models except the last one are indeed well-founded by the choice of (v, , 0).
Denote the models of this iteration by N, (a <+ 1).

9° V[I'] | "there is a putative generic (y+1—+')-iteration of (H (ko (k)N , ko (1))
such that the image of 6’ is ill-founded™.
10° By the previous lemma and the choice of {, we see that ¢ remains fixed
throughout the iteration kg . In particular, in N,., ¢ is a beth fixed point
above ko~ (n).

11° This means that there is a generic A ~ Nﬁ?l(w’ko’”'(n)).

12° From 9° by Xi-absoluteness, it follows that N,.[A] |= "there is a putative
generic (y + 1 — 7/)-iteration of (H (ko (k))™', ko~ (I)) such that the
image of #’ is ill-founded™.

NCOI(kaO,'y’ (77))

13° From 3° by elementarity of kg -/, it follows that in o

(ko,v' (7)s ko (%), ko (9))

is the lexicographically minimal one for which there exists a putative
generic (ko (v)+1)-iteration j : (H (ko (k))Ne, ko (I)) < (M*, I*) such
that j(ko./(0)) is ill-founded™

14° Thus,

, the triple

(Ko (), ko (1), ko (0)) < (v = s Koy (), 6')-

15° Since ko~/(y) > v — 7/, the first two coordinates are equal, implying
Jo,y(0) < @. This is a contradiction.

O

IV. Theorem. Suppose that W is an inner model and suppose that W =1 is a
normal precipitous ideal on wy . Then (W, I) is generically Ord-iterable.

Proof. Immediately from 2-I1 and 2-II1I. O
V. Theorem. Suppose that W is an inner model, that A < w} is an inaccessible

cardinal of W, and that W | "I is a normal precipitous ideal on w;". Then
(W 1 A1) is a pre-condition for Ppax.



Proof. We need to establish generic iterability. If it failed, then (W, I') would not
be generically w{ -iterable, which is a contradiction with the previous theorem.

O

VI. Proposition. Let I be a normal precipitous ideal on w;. Suppose that P is a
c.c.c. poset and G ~ VF. Then the ideal in V[G] generated by I is normal and

precipitous.
Proof.
1° Let 1€ denote the ideal generated by I in V[G]. We will show that it is
normal. For precipitousness, see Theorem 1 of | ]
2° Let X, € I€ for a < wy. We want to show Va<w Xa € IC.
3° There are Y, € I with X, CY,,.
4° In V, there is Z : wy — [I]* such that in V[G], for every o < wq, we have
Y, € Z(a).
5° Since [ is uniform and normal, it is o-complete.
6° Since I is o-complete, we have W,, := | Z(«a) € I for every o < wy.
7° Veacw, Xa € Vacw, Wa € I and consequently, Vo<, Xo € IC.

O

VII. Proposition. Let z € R and suppose that x exists. Then there is a pre-
condition (M, I) such that x € M and M = MA,,.

Proof.
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There is an inner model W such that:

a. xeW

b. W = GCH

c. there is a measurable cardinal x < w} in W;

d. there is an inaccessible cardinal A € (k,w]) in W.

Let g ~» W@ <%) he arbitrary. Then in W{g] there is a normal precipi-
tous ideal I on wq.

A remains inaccessible in W{g] and W{g] = GCH.
There is a c.c.c. forcing P in W{g] | A such that W[g]* = MA,,.

Let G ~ W(g]¥. In W[g][G], ordinal A remains inaccessible and the ideal
J generated by I is normal and precipitous (by 2-VI).

Let M := W{g][G] | A. By 2-V, (M, J) is generically iterable and thus, as
required.

O



VIII. Theorem. If 0 exists, then Py . # 0.

Proof.

10
20

By 2-VII, there is a pre-condition (M, I) such that M &= MA,,.

M
There is an a € M such that a C wM and wlL[a] =wM.

3° p:=(M,€,1,a) is a Pyax-condition.

O

IX. Lemma. Let (M,I) be a pre-condition and let i : (M,I) < (M* I*) be an
wi-iteration. Then I* C NS, .

Proof.
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The iterates are denoted by (Mg, I¢), embeddings are denoted by ¢ ,, and
generics are denoted by ge.

Let X € I* and let us show X € NS, .

There is o < wy and X' € I, such that X =44, (X').
C:={wl" :a < B <w}is club.

Since X' € I, we have i, (X)) € I3 C gg for every 8 € [a,w1).

Thus, wi™® € wi™ — iy g11(X’) Cwy — X for every B € [a,ws).

This implies X N C' = ), and consequently X € NS, .
O

X. Proposition. Let (M,I) be a pre-condition and let J be a normal ideal on

wi. Then there is a generic wy-iteration ¢ : (M,I) < (M,,,1,,) such that
I,,=JNM,,.
Proof.

1° Let {A4; 4 i <w,a < w;} be pairwise disjoint J-positive sets whose union
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18 wq.

We define a generic iteration (g : @ < wy) of (M, I) by recursion on a.
We also fix enumerations {B® : i < w} = P(w;)Me — I,,.

Suppose recursively that (g, : a < ) have been defined. In particular,
iterate (M., I,) is defined.

wiw” belongs to exactly one A; ,.

Choose g, C P(w1)™» — I, which is M,-generic and satisfies: if a < ,
then jo (Bf) € g5.

This concludes the recursion.
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Claim. I,, = JNM,,

Proof.
1" By 2-IX, we have I, C NS, C J.

2" Let us show (2). Let X € P(w;)™«1 — I, be arbitrary and let us
show X € P(wy) —J

3’ We have X = j, ,, (B{*) for some a < wy and some i < w.

4 {wi\/[ﬁ : B € [a,w1)} is club and consequently, of J-measure one.

5 Since A;  is J-positive, the intersection S of these sets is J-positive.

6’ For wiwﬁ € S, we have w{wﬂ € A; o and a < 8 Thus, j, g(BY) € g
and consequently, wiwﬁ € jap+1(BY) C X.

7" We conclude S C X.

8’ Since S is J-positive, we have X € P(wy)Me1 — J.

Thus, (g4 : @ < wq) is as required.

O

XI. Theorem. Suppose that z! exists for every z € R. Then for every x € R, set
{p € Prax : T € p} is dense.

Proof.
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Let pg € Phpax be arbitrary. We want to find p < pg with = € p.
Let y € R code = and py.
By 2-VII, there is a pre-condition (M, I) with y € M and M E MA,,.

By 2-X inside M, there is a generic iteration ¢ : pg < p; of length w; such
that 1P = Iﬂpl.

Thus, p := (Wg][G] | A, €, J,aP*) € Ppax and p < po.

Since y € p, we also have x € p.

O

XII. Theorem. Suppose that zf exists for every 2 € R. Then for every pg,p1 €
Pnax, there are qo < po and g1 < pp such that Ppax [ @0 = Pmax [ ¢1- In
particular, if formula ¢(z) and a € V are such that there exists p € Ppax with

p - ¢(a), then IF ¢(a).

Proof.

10

By 2-VII, there is a pre-condition (M, I) such that pg,p1 € HU]J\{ and M =
MA,,, .

10
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10°

11°

By 2-X, inside M, there are iterations jo : pp < pf and j; : p1 < p} of
length w; such that IPo = I Npj, and IPr =T Npf.

Let ¢; := (M, €, 1,a") < p; (i = 0,1). j; is the iteration of p; given by ;.
Let r < go be arbitrary and let k be the iteration of g9 given by r.
We define f(r) := (M", &, 1", k(a??)). Tt is clear that f(r) < qi.

After setting f(qo) := ¢q1, we get a mapping f : Ponax [ g0 = Prmax | ¢1- It
is easily seen that f is an isomorphism.

Let us now verify the “in particular” part. Suppose p IF ¢(a), while Iff ¢(a).
There is p; such that p; IF —¢(a).
There are gy < p, g1 < p1, and an isomorphism f : Ppax [ g0 = Prmax [ ¢1-

‘We have qo H‘]}»max (]5(&) — ”_H:Drnax Mo ¢(a) <~ H_Pmaxrql (ZS(CL) [+ q1 ”‘]pmax
¢(a).
This is a contradiction: g < p I ¢(a), while ¢ < p1 IF =¢(a).

11
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3 Countable Closure

3.1 Curious Sequences

Definition. A curious sequence is a sequence M = ((M;, I;) : i < w) such that:
a. (M;,I;) is a pre-condition;
b. wM = wMi = w{wf for i,j < w;

c. M; e Mjfori<j<uw;

d. M; = |M;| =w fori <j <w;
e. NM; =1 fori<j<w.
We define
= | PMi(w) € P(w]),
1<w
= |J PMi(w) cBM.
<w

Remark. BM is a boolean algebra and I is an ideal in it.

Definition. An ultrafilter G C BM is said to be M-generic if G N M; ~ M/
for every i < w.

Definition. Let M be a curious sequence and let G be M-generic. The ultra-
power Ult(M, G) is a curious sequence whose i model is equal to

((w{w —M)n MZ-) /G.
i<w
Remark. It is easily verifiable that this is indeed a curious sequence.

Proposition. Let M be a curious sequence and let G be M-generic. For every
formula ¢(z...) and every i < w, we have

UM, G)i E o([f]...) == {a<wM: M é(f(a)...)} €G.

Remark. The previous proposition (i.e. Lo$’s theorem) ensures that the ultra-
power embeddings are elementary.

Definition. The ultrapower embeddings ji : M; < Ult(M,G); are defined as
to map an element x to the class of the constant function with value z.

Remark. It is easily verifiable that
Ult(M, G); = j%(M,)

for k > i.

12



X. Remark. Let M be a curious sequence and let G be M-generic. Then
M = [id,, | € Ult(M, G);
(for ¢ < w).

XI. Lemma. Let M be a curious sequence and suppose that for every i < w, there
isxz; € RN Mi+1 such that
a. l‘g € Mit
b. the (WM +1)™ z;-indiscernible is > Ord™"
c. if M; = "C is a club in w; 7, then C contains all z;-indiscernibles below

M starting from some.

Let G be M-generic. Then

UltMG) UOrdM

i<w

Proof.

1° Let j denote the ultrapower embedding.

2° For i < w, let f; : wi — wi be defined by mapping ordinal a to the first
x;-indiscernible > a.

3° Let us verify that for h € M;, we have inside M;;; that

{a < w{w tha) < fi(a)}

contains a club.
4° Consider club C = {a < w : h[a] € a} € M,. By c, there is a ;-
indiscernible ¢y such that for every x;-indiscernible ¢ > 1y, we have + € C.
5° For ¢ > g, let ' be the next x;-indiscernible. Since ¢ € C, we have
h(t) < = fi(¢). This shows 3°

6° By elementarity, [fi]q = j"7(f;)(wi) is the first x;-indiscernible > wi"t,
in the sense of Ult(M, G);+1. In other word, it is equal to the value of the

critical point in the (w4 1) iterate of the mouse z*.
7° Since wiM is well-founded, this iterate has the same meaning in V and in

Ult(M, G)iy1. In particular, [f;]q is the first z;-indiscernible above wi™ in
the sense of V.

8° Thus, w;“t(M’G) = sup{[file : i < w} = sup{Ord™i : i < w}. (The first
equality follows from 3°, while the second one follows by a, b, 7°.)

O
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Definition. A putative generic iteration of a curious sequence M is deter-
mined by successively choose generic filters and constructing ultrapowers; at
limit stages, we take direct limits. This iteration produces curious sequences
(Mg s a < ), where v is the length of the iteration, together with embeddings

Jhs s (Ma)i < (Mg)s,

for i < w and a < < 7. All models of such an iteration are well-founded,
except possibly the last one. Generic iterations are those whose all models are
well-founded.

Definition. A curious sequence is iterable if its every putative generic iteration
of length < wy + 1 is well-founded.

Lemma. Let M be a curious sequence and suppose that for every ¢ < w, there
is z; € RN M,y such that

a. l‘g € Mit

b. the (wM 4 1)™ z;-indiscernible is > Ord™

c. if M; E"C is a club in w; 7, then C contains all z;-indiscernibles below
wM starting from some.

Let A be an iterate of M. Then w? is well-founded.
Proof. This follows from 3.1-XI by induction. O

Proposition. Let M be a curious sequence and suppose that for every i < w,
there is x; € RN M,41 such that

a. 1’5 S Mi+1

b. the (WM + 1)™ z;-indiscernible is > Ord™"

c. if M; E="C is a club in w; 7, then C contains all z;-indiscernibles below
w{‘/‘ starting from some.

Then M is iterable.

Proof.
1° Let j : M — N be a countable length iteration of M and let i < w. We
want to show that (Ord N A;)Vi+t is well-founded.
2° By assumption, M, = "OrdNM; is < than the (w;+1)*" z;-indiscernible™.

3° By elementarity of j°*1, we have N1 = "OrdNA; is < than the (w; +1)™"
x;-indiscernible .

4° By 3.1-XIV, w} is well-founded. Consequently, the (w;+1)™ z-indiscernible
in the sense of NV, is the (w; + 1) z;-indiscernible in the sense of V. In
particular, it is well-founded.

14



5° By 3°, we have that (Ord N N;)Vi+1 is well-founded.
O
XVI. Proposition. Suppose that M is an iterable curious sequence and let J be a

normal ideal on w;. Then there is a generic wi-iteration M — A such that
INi = J NN for every i.

Proof. This is a variation on the theme of lemma 2-X. U

3.2 Proof of the Countable Closure

I. Lemma. If there is a precipitous ideal, then every real has a sharp.

Proof.

1° In some generic extension V[G], there is an elementary embedding j : V' <
M with critj = wy .
2° For € RV, we have j | L[z] : L[] < L[z], so there is z* in V[G].

3° Since forcing cannot add a sharp, we have z# € V.

II. Lemma. Every P,,,«-condition is closed for sharps.

Proof.
1° Let p € Pyax.
2° By 3.2-1, for every € RN p, there is xP,
3° Let i : p < p* be a generic w;-iteration. Then zf = i(2#) = zt",

4° Since w) € p*, we have ! = ot = gt ¢ p.

ITII. Lemma. Suppose that:

a. W = ZFC,
b. x:=0rd" <w/
c. MeWw
d. (M,I) is a pre-condition.
Then for every generic iteration M* of (M,I) of length < k, we have that

OrdM” < k. In particular, if  : (M, I) < (M*,T*) is a s-iteration, then wM =
K.
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Let € (|M|, %) and G ~» W) he arbitrary.
Inside W[G], the set of all OrdM*, where M* is a generic n-iteration of
(M,I)is =1.
Thus, there is 6, < w¥V (€1 « & such that Ord™" < 0y for every generic
n-iteration M* of (M, I) inside W[G].
Claim. For every generic n-iteration M* of (M, I) in V| we have ordM” <
0.
Proof.
1" Assume otherwise.
2" Then there is a generic r-iteration M* of (M, I) in V such that Ord™" >
.
3" Let 2 € R code recursively pre-condition (M, I) and ordinals n, §,,.
4" Statement "there is a generic n-iteration M* of (M, I') such that ord™" >
5, is a i (z).
5" By absoluteness, this statement holds inside W[G]. This contradicts
3°.
O

The conclusion follows from the fact that 6, < &.

O

IV. Lemma. Let (p; : i < w) be a decreasing sequence of Py,.x-conditions and let
A:=U{aP : i < w}. Then there exists a unique curious sequence M such that
M1 ET(M;, A) is a generic iteration of p; € H,, " and wi! = sup{w!* : i <

w}.

Proof.
1° Let j5i4+1 : pi < pﬁ“ be the iteration of p; given by p;y1; we have j; ;41 €
Pit1-

20

30

40

Let ji,i+2 = ji+l,i+2(ji,i+1) P < ji+1,i+2(p§+1) = p77::+2. ThlS iS the
iteration of p; given by p;y2 and j; ;42 € piyo. Furthermore, j; ;41 is an
initial segment of j; ;12.
Continuing in this manner, we obtain iterations j; ;4 : p; < p§+k satisfying:
a. Jii+k is the iteration of p; given by p;ix;
b. Jiitk € Ditk
C. Jii+k is an initial segment of j; ;4; for k < I.

Keeping 3°c in mind, we define j; ., : p; < pyY as the appropriate direct
limit.

16



5° It is now easily seen that

M= ((MP7 TP i < w)

is a required curious sequence.

6° The uniqueness follows from 1-XII.

O

V. Definition. The curious sequence from the previous lemma shall be referred to
as the curious sequence given by (p; : i < w). The corresponding iterations are
the unique generic iterations iterations j* : p; < (M;, A).

VI. Lemma. Let (p; : i < w) be a decreasing sequence of Py, -conditions and let
M be the curious sequence given by it. Then M is iterable.

Proof.

10

o0
50
4
5o
o
o
g0

90

10°

We will show that for every ¢ < w, there is x; € RN M,;1 such that
a. mf € Mi+1
b. the first z;-indiscernible above w{\" is > OrdM:

c. f M; £ "C is a club in w7, then C contains all z;-indiscernibles
below wi! starting from some.

The conclusion then follows from 3.1-XV.

Let x; be a real coding p;.

Since z; € p;11, we have ;L"f € pit1 (by 3.2-11).

Consequently, xi,xg € M1, verifying 1°a.

Let ¢ be the (w + 1)*™ indiscernible of L[x;].

M, is a generic iteration of p; of length wi'' +1 < &.

By 3.2-I1T applied to model L,[z;], we have Ord™ < 4, verifying 1°b.

Let now C be an M;-club in wi”. There is a < wi! and a club C’ in the
o't iterate of p; such that C’ is mapped to C by the iteration mapping.
Let v > a be an arbitrary x;-indiscernible. By 3.2-1II applied to model
Ly,[z;], v is the wy of the v'! iterate of p;.

Since C’ is a club in the o® iterate of p;, we conclude that its image
C contains the w; of every iterate of p; starting from the a'" one. In
particular, v € C, verifying 1°c.

O

VII. Theorem. Suppose that z! exists for every x € R. Then P, is countably
closed.
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Let (p; : i < w) be a decreasing sequence of P,y conditions. We want to
find p € Ppax stronger than all p;’s.

Let M be the curious sequence given by (p; : i < w), with (% : i < w) the
corresponding iterations. By 3.2-VI, M is iterable.

By 2-VII, there is a pre-condition (M, I) that contains the real coding M
and such that M = MA,,.

By 3.1-XVI inside M, there is an iteration k : M — N such that IV =
INN; (for i <w).

Let A := j%(aP?) (for some/any i < w). Let us set a := k(A) (for some/any
i). Then p:= (M, €,1,a) € Ppax.

EHL(5Y) : p; < K7HL(M;) = N is a generic iteration of p; inside p of length
wh.
We have ‘ ‘ ‘ ‘ ‘

KNG (aP) = K5 (aP) = KTH(A) = q,

ki+1(ji)(1pi) — kH‘l(JZ(IPz)) _ k‘H_l(IM’) — IJ\/Z _ Iﬁ./\/;
We conclude p < p; for every i < w.

O

VIII. Corollary. Suppose that every real has the dagger. Then for g ~» VFmax we

have w ) = W, RVl =RV, and Pl = PY,

max*

18
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III.

IVv.

VL

VII.

4 Subsets of w; inside L(R)max

4.1 Some Facts from Descriptive Set Theory

Notation. N denotes the structure of the third-order arithmetic. The domain
of first-order objects is w, that of second-order objects is R, while third-order
objects are elements of P(R).

Solovay’s Basis Theorem. Assume V = L(R) = ZF + DC. Let ®(X) be a
»? formula with X a third-order variable, and suppose that NI = 3X®(X).
Then there is a A7 subset A C R such that N = ®[A].

Proof. Theorem 2.24 of | ] O

Definition. Set A C R* is Suslin if there exists v < Ord and a tree T on wk x y
such that A = p[T].

Remark. If V = AC, then every set of reals is Suslin. This might not be the
case if AC fails.

Theorem. Assume V = L(R) = AD. Then every X7 set A C R¥ is Suslin.

Proof.
1° Let A be X2
2° By Theorem 1 of | ], A has a scale.
3° By Lemma 2.5 of | ], A is then Suslin.
O
Proposition. Assume V' |=ZF + DC+ AD. Then w; — (w1)§.
Proof. Exercise 28.13 of | ] O

Proposition. Assume V = ZF + DC 4+ AD. Let X C L be arbitrary. Then
there is an inner model M such that X € M and such that there is k < w}
satisfying M |= "k is measurable™.

Proof.

1° For an increasing f : w — wq, let

ky:=sup f(n), Fy:={CCkys:(Ing <w)(¥n>no)(f(n) e C)}.

n<w

Thus, k5 < w; and F} is a filter on k5.

19



2° Let My := L¥7(X) = L¥7[X] and let Uy := Fy N My € M;. We are done
if we find f such that Uy is an wq-complete ultrafilter in the sense of My,
i.e. such that

o(f): (Vgew™ NMs)(In< w)(gt(n) € Uy).

3° We define a coloring ¢ : (w1)* — R by assigning to an increasing f : w — w;
a real ¢(f) determined in the following manner.

If ¢(f), then ¢(f) := (0:n < w).

If —¢(f), then let g; be the minimal counter example, in the sense of
the canonical order on Lf7[X]. We set

, n=>0

A= {gf<f<n 1), w0,

4° By 4.1-VI, there is an H € [w1]“* homogeneous for c.
5° Claim. ¢ | (H)* = (0)n<w

Proof.

1/
2/

3/
4/

5/
6/

7/

8/

9/

Assume otherwise. Let z be the value of ¢ on (H)¥. We have z(0) = 1.

We will consider the cases where z is constant and where it is not
constant, showing that both lead to a contradiction.

Suppose that  is constant and let f € (H)“ be arbitrary.

Since ¢(f)(0) = x(0) = 1, we have that —¢(f) and that g; witnesses
this fact.

Since g¢(f(n)) = xz(n+1) (n < w), we have that gy o f is constant.
This means that that gy is constant on im f € Fy. This contradicts
5047,

Suppose now that z is not constant, i.e. x(ng) # x(0) for some ng > 0.
Let f € (H)“ be arbitrary.

Let f':= (f(no +mn):n <w) € (H)“. We have

95 (f'(0)) = 2(0) # 2(no) = gy (f(no)) = g5 (£'(0)),

implying g¢ = gy.
On the other hand, clearly Fy = Fy, so the models L7[X] and
L¥s'[X] are the same, yielding gf = g;. This is a contradiction.

O

6° Thus, for every f € (H)“, we have ¢(f). Since there is at least one such
f, it can be chosen as to witness 2°.

O

VIII. Corollary. Assume V |= ZF + DC 4+ AD. Then every real has the dagger.
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Proof.
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Let z € R be arbitrary. By 4.1-VII, there is an inner model M > x and an
M-measurable v < wy .
Since w}” is measurable, there is an embedding j : M < N with critj = w} .

This suffices for the conclusion that = exists.

O

IX. Proposition. Assume V |= ZF + DC + AD. Then the following holds.

a.

b.

wy is inaccessible in every inner model.

wy is a limit of inaccessibles in every inner model.

Proof.
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10°

Part IX.a.
1%

Let M be an arbitrary inner model. Since w; is measurable, there is an
embedding j : M < N with critj = w} .

If vy <w and f = (ag: £ <7) € (w})? N M, then j(f) = f is not cofinal

in jw!) >wl.

By elementarity, f is not cofinal in wy .
We conclude that wy is regular in M.
There is no injection w}” — R.

Thus, for every v < w}’, there is no injection w} — PV (7). Consequently,
M [P(y)| <wy.

We conclude that w!” is a strong limit in M.

Part IX.b.

Let M be an arbitrary inner model. Since w] is measurable, there is an
embedding j : M < N with critj = w} and w} = j(idw}/)(wY).

By IX.a, N = "wy is inaccessible™.

Thus, w} € j({a < wy : M = T« is inaccessible}) and consequently,

{a <w! : M =" is inaccessible '} is unbounded in wy .

O

4.2 A Stronger Iterability Condition

I. Definition. Let (M, I) be a pre-condition and let A C R. Then (M,I) is A-
iterable if ANM € M and for every iteration j : (M, I) < (M*,I*) of countable
length, we have j(ANM)=ANM*.

II. Remark. If (M,I) is A-iterable, then for every wi-iteration j : (M,I) <
(M*,I*), we have j(ANM) = AN M*.
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III. Proposition. In V | ZFC, there is A C R such that no pre-condition is
A-iterable.

Proof.
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There are stationary sets .S, T such that w; = SUT.

Let A be the set of reals that code an ordinal in S. Let B be the set of
reals that code an ordinal in 7.

Suppose towards contradiction that there is an A-iterable pre-condition
(M, I). Tt is easily seen that (M, I) is also B-iterable.

Let S’ be the set of ordinals coded by reals in ANM € M; we have S’ € M.
Let T” be the set of ordinals coded by reals in BNM € M; we have T € M.

Claim. S’ is I-positive in M.

Proof.
1" There is an iteration j : (M, ) < (M*,I*) such that I* = NS N M*.
2" Since A = j(AN M), we conclude S = j(5') € M.
3 Thus, M* = S & I*.
4’ By elementarity, M = 5" & I.

Similarly, 7" is I-positive in M.

There are now wy-iterations ¢ : (M, I) < (M*,I*)and j: (M,I) < (N*,J*)
such that their first filters contain S’ and 7", respectively.

This means that wi € i(S’) = S, as well as wM € j(T') = T. This
obviously a contradiction.

O

IV. We will next show that under the assumption V' = L(R) = AD, there are
A-iterable pre-conditions for every A C R.

V.

VL

Theorem. Assume V = ZFC. Let k be regular satisfying 2<" = k. Then there
is a c.c.c. poset P C x such that VP EMA+2¥ =k,

Proof. This is essentially established in the proof of theorem 16.13 of | ].

O

Lemma. Assume V | ZFC. Suppose that x is measurable and let P :=
Col(k*,2%). Then inside VF, k remains measurable and 2% = x7.

Proof.

10

Since P is k-closed, we have P(x)V = P(k)"" .
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Thus, if p is a normal ultrafilter on x in the sense of V', it is an ultrafilter
on x in the sense of V.

The fact that p is normal in V' readily follows from the fact that V*NVF =
veEnv.

The cardinality conclusion is a standard forcing fact.

O

VII. Theorem. Assume V = L(R) = AD. Then for every A C R, there exists
A-iterable pre-condition (M, I) satisfying

(Hw)™,e,ANM) < (H(w), €, A).

Furthermore, for any « € R, pre-condition (M, I') can be chosen so that © € M.

Proof.
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The second part clearly follows from the first part. Assume towards con-
tradiction that the first part fails. Then there is an A C R such that there
is no A-iterable pre-condition (M, I) with

(Hw)™, e, AN M) < (H(w:), €, A).
By 4.1-TI, there is such A which is A}. (Recall that DC holds in the case
V = L(R) = AD by the result of | 1)
Since {M € [H,,]* : (M,e,ANM) < (Hu,,€,A)} is club, there is F' :
H5® — H,, such that
(VM € [Hy, |V F'[M<¥]CM = (M,e,ANM) < (H,,, €, A)).

Since R codes H,,, there is ' : R — R such that for every transitive
M € [H,,]” satisfying ZFC™, we have

FRNM|CRNM = (M,e,ANM) < (H,,,€E,A).

By 4.1-11, there is such an F' which is Af.

By 4.1-V, sets A, AC, F are Suslin. Thus, there are an ordinal v, trees T, T
on w x v, and a tree U on w X w X  such that A = p[T], A® = p[T”"], and
F = p[U].

Claim. There are P, A\, I such that:

a. P is an inner model and P = MA,,;
b. A < w} is P-inaccessible;

c. P |="1 is a precipitous ideal on w; 7
d. T,T,U € P.

Proof.
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10°
11°

12°

13°

1" By 4.1-VII, there is an inner model N and an ordinal k < w] such
that T,7",U € N and N [ "k is measurable™.
2" By 4.1-IX, there is A € (k,w]’) such that N |= "\ is inaccessible .
3" Let P:= Col(k™,2")N.
4" NF¥ |= Tk is measurable A 2% = g+ (cf. 4.2-VI).
5 Let Q := Col(w, < k).
6’ Inside N**2, we have:
a. wp =K
b. 2¢1 = w2
c. there is a precipitous ideal on wy;
d. A is inaccessible.
7' By 4.2-V, there is S € N [ A such that N™*2 = TS is c.c.c.m and
NPOS = MA 4 29 = w,.
8 Inside NF+Q+S.
a. 2% = woy
b. MA
c. there is a precipitous ideal on w; = k;
d. A is inaccessible.
(For ¢, we apply 2-VI.)
9 There is G ~ NP*&5_ Let P := N[G].

Let M := P [ A\. By 2-V, (M, I) is a pre-condition.
Since U € P, we have F[RN M] C RN M. Thus,

(H(w)M, e, AN M) < (H(w), €, A).

It remains to verify that (M, I) is A-iterable.

Since T € P, we have AN M = p[T|F € M.

Let j : (M,I) < (M*,I*) be a generic iteration of countable length and let
us verify j(ANM) = ANM*. Let k: (P,I) < (P*,I*) be the iteration
of (P, I) obtained using the same generics as for j. (The well-foundedness
follows from 2-TIV.)

The following are readily verifiable:

BTIN P Cpli(T)] N P*

- p[I']N P Cpli(T)) N P*

(PITINP)U(T']NP)=RNP

@@ NP )N (plH(T)]NP*) =0

.RNP=RnNP*.

We conclude p[j(T)] N P* = p[T] N P.

Thus, j(ANM) = j(p[T]N M) = p[i(T)|NM* = p[j(T)|NP* = p[T]NP =
ANP = AnN P* confirming A-iterability.

o

o &0 O
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4.3 The Generic Power Set of w;

I. Definition. For g ~» VFmax we define

Ag::Uapng.

peyg

II. Proposition. Assume that every real has the dagger. Let g ~ VFmax and work
in V[g]. Then:

a.

Ay is unbounded in wy;

b. for every p € g, A, Nwi = a?;

. for every p € g, there is a unique generic wj-iteration i : p < p* such that

i(aP) = Ag; every iterate of p in this iteration belongs to g.

Proof.
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Part a.
Let o < w; be arbitrary.

Let 2 € R code a well-ordering on w of order type a. Set {p € Ppax : € p}
is dense.

Thus, there is p € g with = € p.

This means a < w?.

By 1-X, there is 8 € a? C A4 such that o < §.

Part b.

It suffices to show that for p,q € g with W} < w{, we have a? N W} = aP.
Let r € g with » < p, q.

Let i : p < r and j : ¢ < r be the iterations of p, g given by 7.

a? =i(a?)Nwl =a"Nuwl =ja?) Nw? =j(a?) NwiNwl =afNuwf
Part c.

By 1-XII, there is at most one such iteration. Let us show that there is at
least one. (It will be clear that every iterate is in g.)

We define by recursion generic iterations iy g : po < pg (@ < S < wi) such
that:

a. po ‘=P

b. pa € g (all @)

c. iq,p is of countable length, which is at least 1, for all o < 3;

d. family (in,8)a<pg commutes.
Let us consider recursively the case a4 1. We want to define iy o1 : Pa <
Pa+1-
Let g € g be such that w{ > w*. Let po41 € g be such that pay1 < pa,q.
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VL

14° Let iq,041 : Pa = Dat1 Witness pot+1 < Pa-

15° This was the successor step. At the limit step, we take the direct limit.
The recursion is now complete.

16° The direct limit of (pa, s : @ < < wi) provides a generic iteration
i:p < p* of length w;.

17° Claim. ¢ is as required, i.e. i(a?) = Ag.

Proof.

1" For every a < wp, we have
i(aP) Nwl™ =g o(aP) = aP> = Ag Nwi™.

The last equality follows from the fact that p, € g.
2’ This suffices, for set {w}* : @ < w;} is cofinal in wy.

Definition. For g ~» VFmax and p € g, the unique generic w;-iteration i : p < p*
such that i(aP) = Ay is called the iteration of p given by g.

Remark. Suppose that ¢ < p and let ¢, 4 : p < p* be the iteration of p given
by g. Let g be Ppax-generic and let ¢4 4 : ¢ < ¢* be the iteration of ¢ given by
g. Then ig 4(ipq) : p < iq,qe(p*) is the iteration of p given by g. In other words,

q - "4, 4 is an initial segment of i, g .

Definition. Let g ~ VFmax and let ipg 1 P < pg denote the iteration of p € g
given by g. We define

P(wr)g = | Plwr)Ps.

PEY

Lemma. Assume that z' exists for every € R. Let J be a normal ideal on
w1, let p € Phax, and let (D, : @ < wy) be dense subsets of Pp,.x. Then there
exist an iteration ¢ : p < p* and a sequence (p, : @ < wi) of conditions such
that:

po = p and pg < po for a < B;

a.
b. the iteration of p given by p, is an initial segment of i;

o

. Pat1 € Dy for a < wy
d. i(I?) = Jnp*.

Proof.
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This is a variation on the theme of 2-X. We will define sequence (p, :
a < wip) by recursion on a. We also fix enumerations {B{ : i < w} =
P(wq)Pe — IP= as we go.

Embedding i, 5 : po < p2 will be the iteration of p, given by ps (for
a < B).

Let {A; o i <w, @ < wy} be pairwise disjoint J-positive sets whose union
is wq.

At stage a =0, let pg := p.

At stage a + 1, we choose arbitrary pot1 < po With pat1 € Dy,

Let us now consider limit stage . Let h, : w — 7 be an increasing cofinal
function and let M., be the curious sequence given by (pp«; : i < w), with
jfy :Pr(i) < (My); the corresponding iterations.
By 2-VII, there is a pre-condition (M, I) containing a real coding M., such
that M = MA,,.
w{\/[” belongs to exactly one A, .. Let us choose an M. -generic G, satis-
fying: if ¢ < w is such that h,(t) > «, then j!(iq . ) (BS)) € G,. (Note
that here we are talking here about only one set when o < v, and we are
not requiring anything otherwise.) Let M’ := Ult(M,, G,).
By 3.2-VI, M, is iterable. Consequently, M’ is also iterable.
By 3.1-XVI inside M, there is an w;-iteration & : M’ < N such that
Vi = I NN for every i < w.
Let a, := U{aP* : o < 7} and let p, = (M,E,I,ko(jg(aw))). Clearly,
Dy € Prax and p, < po for every o < 7.
This concludes the recursion. Iterations ¢,, are determined by commuta-
tive systems

(fa,p [ Pay a0 <a < B <w)
of iterations. We set i := ig.
Claim. I?" = JNp*

Proof.

1’ By 2-IX, we have I?" C NS,, C J.

2" Let us verify (D). Let X € P(w;)?" —I?" be arbitrary and let us show
X e P(wl) —J.

3’ We have that X =i, (B%) for some a < wy and some s < w.

4 C = {(,(J{VIw iy = Uy € (o, w1)} is club and consequently of J-measure
one.

5" Since A; o is J-positive, set S = C'N A o is also J-positive.

6’ Let us consider some wf/lw € S. We have w{M” € As o and o < 7.

7' Thus, for sufficiently large ¢, we have jf{ (G, ) (BS)) € G- and con-
sequently wiw” €ia(BY) C X.
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&’ This means S C X.
9" Since S is J-positive, we have X € P(w;)? — J.
O

O

VII. Lemma. Assume g ~» VFmax et p € g, and let i : p < p* be the iteration of p
given by g. Let P € p be a subset of Pray” and suppose that (Vg € P)(p < q).
Then i(P) C g.

Proof.
1° We denote iterates of ¢ by p¢ and embeddings by i¢ .
2° Let ¢ € i(P) be arbitrary. Then there is £ < w; and ¢’ € 49 ¢(P) such that
q= if,wl (q/)'
3° Since i is the iteration of p given by g, we conclude p¢ € g.
4° Since “q < p” is first-order expressible in p and p = (Vg € P)(“q < p”), we
conclude pe = (Vg € i0.¢(P))(“q < pe”).
5° Thus, ¢’ < pe € g and consequently ¢’ € g.
6° Since (Vg € P)(p < q), we have (Vg € P)(¢ € HE ) and consequently
(Vg € iog(P))(q € Hey).
7° Thus, ¢’ € H.S, which yields ¢ = ig¢(¢') = ¢’ € g.
O
VIII. Theorem. Assume V = L(R) = AD and g ~» VFmax, Then P(w;)Vl9 =
P(wl)g.
Proof.
1° Let 7 € VPmax he such that IF 7 C wy. We want to show IF 7 € P(w1)g.
2° Let p € Ppayx be arbitrary. We want to find some p’ < p such that p' IF 7 €
pg (cf. 4.3-V for the notation).
3° Let us fix standard recursive (partial) coding f : R — H,,, . Let A denote
set
{z € R: (Fp € Prax)(Fa < W) (Fi < 2)(f(z) 4= (p,a, i) Ap IF x- (o) = 7)}.
4° By 4.2-VII, there is an A-iterable pre-condition (M, I) containing a real
coding p and satisfying
(H) e,ANM) < (Hy,,€,A). (1)
5° By (1), M = (Vx € R)Jy(y = 2f). By 4.3-VI, inside M, there is a

descending sequence (p,, : @ < wy) of Ppax conditions, together with an
iteration 7 : p < p*, such that py = p and:
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a. (Va <wi)(a <wiPett Apgs || x- (@)
b. the iteration of p given by p, is an initial segment of 4;
c. i(IP) =1INp*.
6° By elementarity, (p, : a < w}) is a descending sequence of Py, conditions
(in V), mapping ¢ : p < p* is an iteration, and the following holds:
a. po=0p
b. (Ya <wi’)(pa+1 || xr(@))
c. the iteration of p given by p, is an initial segment of i;
d. i(I?) = I np*.
7° Let p' := (M, €, 1,i(a?)). We have p’ < p, for every a < w} and in
particular, p’ < p.
8° By (1), we have

e={a<wM: peilFaect}ePw).

9 e={a<w;:(Fxe AnM)(f(z) = (Pat+1,a,1))}
10° Claim. p' I iy g(e) =T

Proof.
1" Let g ~ VFPmax with g 5 p be arbitrary. We want to verify i,/ 4(e) =
T9.
2 Let (qo: @ <wi1) =iy 4((Pa : @ < w)).
3’ We have

(3z € A)(f(z) = (qa+1,0,1)) 2

a1 lFaeT (2)
= (Fzc Anp))(f(z) = (qar1, 1)) (3)
— (4)

(5)

N

Bz € iy o(ANM))(f(z) 1= (qat1, ;1))

= a€iyg4e). 5

Explanations are as follows:
(2) follows by definition of A;
(3) follows from the fact that (gai1,, 1) € py;
(4) follows by A-iterability of p and the fact that p’ is an iterate of p;
(5) follows by 9°, 10°2’, and elementarity of i,/ 4.
4" Analogously, we establish

Got1lFadT <= adiy4le).

5" By 4.3-VII, we have {q, : @ < w1} C g. Points 10°3" and 10°4’ now
yield i, 4(e) = 79.
O

11° Thus, p’ is as required in 2°.
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O

IX. Lemma. Let p € Py and A C wy. If the generic iteration i : p < p* satisfying

i(wl)=wy, ia”)=A

exists, then it belongs to L(p, A).

Proof.
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Let (9o : @ < wi) be such iteration. By induction on «, we show that
Jo € L(p, A).
Assume inductively that (g : 8 < a) € L(p,A) and let us show that
da € L(p, A).
We define f such that L[a?]P = f: w1 — P(w) by recursion.

e Let code : w X w — w be the standard bijection. For n < w, we set

f(n) :={code(n,i) : i < w}.
e For a € [w,w!), assume recursively that f | « is defined and almost

disjoint. Then f[a] is not maximal. Let f(c) be the <p4»p-minimal
subset of w almost disjoint from every element of f[a].

By elementarity, inside L[A]P", we have:
a. i(f):w — P(w)
b. for n < w, we set i(f) := {code(n,i) : i < w};

c. i(f) is the <p4-minimal subset of w almost disjoint from every ele-
ment of i(f)[a].

Since wlL[A]p = wlL[A}, we have inside L[A]:

a. i(f) w1 — P(w)

b. for n < w, we set i(f) := {code(n, i) : i < w};

c. i(f) is the <p4-minimal subset of w almost disjoint from every ele-
ment of i(f)[a].

Let i, be the iteration from p to p, and %4, the iteration from p, to p*
along ¢ (we have § = iq,, 0%0,q).

Since p, E MA,,,, for every S € P(wq)P~, there is x5 € P(w)P=~ such that
(V€ <wi*)(§ €S = linal(f)E) Nzs| =w).
By elementarity, for every S € P(wy )P,
(V€ <w)(€ € iaw, (5) <= [i(f)(E) Nas| = w).
For every S € P(w)Pe:

S € go = W €inw (S) <= |i(f)wl*)Nas| =w.
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10° i(f) € L[A] since it is definable there; g € po € L(p, A) by the IH. Thus,
the previous characterization implies g, € L(p, A).

O
X. Theorem. Assume V = L(R) = AD and g ~» VFmax, Then V[g] = L(R, A,).

Proof.
1° Vig] = L(R)[g] = L(R, g)
2° Thus, V[g] = L(P(w;)V9)).

3° By 4.3-VIII, P(w)Vl¥ = {i(x)
wi-iteration satisfying i(a?) = A
-

4° 4.3-TX now implies P(w;)"1!

pepmax,$ep(w1)p,i:p%p*isan

g}
L(R, Ay). Consequently, V]g] = L(R, Ay).
O
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5 Properties of L(R)Fmax

I. Definition. 1ac is the following statement: for every stationary co-stationary
sets A, B C wy, there exists a bijection f :w; — 7 such that

{{<w : €€ A = ot(f[¢]) € B}
contains a club.

II. Lemma. Assume V |= ZFC. Let # € R and assume 2¥ exists. Let v be the
(w1 + 1)* indiscernible for L[z] and let f : w; — 7 be an arbitrary bijection.

Then set {a < w; : ot(f[a]) is the least z-indiscernible above a} contains a
club.

Proof.
1° Let h: wqy — wy be defined as to map « to the least z-indiscernible above
Q.

2° Tt suffices to verify the following: for arbitrary G ~» Vs, we have
[(ot(f[a]) : a < wi)le = [A].

3° Let j:=jg: V < UR(V,G) =

4° TInside M, [h] = j(h)(w}) is the (w} +1)'" indiscernible for L[z]. Since w{’
is well-founded, we conclude that [h] = 7.

5° [(ot(fla]) s o <wy)] = ot™ (j(f)[wi])

6° j(Nlwt 1= {i(Na) e <wl} ={i(f(e)) :

70 Thus, [(ot(f[a]) : @ <wi)] = ot™ (j[7]) =7 = [].

III. Lemma. Assume V = ZFC and let J be a normal ideal on w;y. Let (M, I) be
a pre-condition and let 4, B € P(w,)™ — I with A%, B¢ € P(w;)™ — 1. Then
there is an wq-iteration j : (M, I) < (M*,I*) with I* = J N M™* and a bijection
f w1 — 7y such that

{ <wi:§€j(A) <= ot(f[§) €(B)}
contains a club.

Proof.

1° This is a variation on the theme of 2-X. Let x be a real coding (M, I). Let
Lo be the o™ indiscernible for L[z]. Let (A;, :i < w,a < wy) be pairwise
disjoint J-positive sets whose union is w;.
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10°
11°

We define a generic iteration (g, : @ < wy) of (M,I) by recursion on «;
iterates are denoted by (Mg, I¢), while embeddings are denoted by i¢ ,,. We
fix enumerations {B¢ : j < w} = P(w1)M> — I, as we go.

Suppose recursively that (ge : £ < 7) have been defined. In particular,
iterate (M,, I.,) is defined.

If v is not of the form ¢, or ¢,y for a limit n, then generic g, is chosen
with no restrictions.

If v = ;41 for a limit 7, then generic g, is chosen such that iy (B) € g,
if and only if ig,,, (A) € g,,,.

It remains to consider case v = ¢,, where 7 is limit. Ordinal wiw " belongs
to exactly one A; ¢.

Choose g, C P(w;)Mv — I, which is M,-generic and satisfies: if £ < ~,
then iE,'v(ng) € gy

This concludes the recursion.

Claim. I,, = JNM,,

Proof.
1" By 2-IX, we have I, C NS, C J.

2’ Let us verify (2). Let X € P(w;)™«1 — I, be arbitrary and let us
verify that X € P(wy) — J.

3’ We have X =g, (Bf) for some € < w; and some j < w.

4 C:= {wiw”’ :m=Un € [, wy)} is club and consequently of J-measure
one.

5 Since Aj ¢ is J-positive, set S := C'N A, ¢ is J-positive.
6’ For w{%" € S, we have wiub” € Aje and £ <1y Thus, ic,,, (Bf) € g,
and consequently, wiw"" € igyLnH(Bf-) C X.
7" We conclude S C X. Since S is J-positive, we have X € P(wy)Me1 —J.
O

Let j :=i0,w,, let v := ¢y, 41, and let f : w; — v be an arbitrary bijection.
Claim. {¢ <w;: €€ j(A) < ot(f[¢]) € j(B)} contains a club.
Proof.

1" Let C = {ipa : a@ < w1, ot(fltwa]) = twat1}. By 5-111, this set
contains a club.

2" By 3.2-1II, we have w{w” = for every 7 = 14 (@ < w1).
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3’ For v = 1, € C, we have

vej(A) = W €j(4) (6)
= ig,(A) € gy (7)

— i07bwa+1(B) € Jpai (8)

= w e (B) )

— lwa+1 € ](B) (10)

= ot(fh]) €i(B). (11)

O

O

IV. Theorem. Assume V = L(R) = AD and g ~ VFmax, Then V{g] & ¢ac.

Proof.

1° We work in V[g]. Let A, B C w;y be arbitrary stationary co-stationary sets.

2° By 4.3-VIII, there is p € g such that its iteration ¢ : p < p* given by g
satisfies A, B € p*.

3° We may assume w.l.o.g. that there are A’, B’ € p such that A =i(A’) and
B =i(B’).

4° Let D C P« consist of all ¢ < p such for the iteration j of p given by
q, we have the following inside ¢: there exists a bijection f :w; — =y such
that

{§ <wi:6ej(A) = ot(fl¢]) €i(B)}

contains a club.

5° By 5-II1, we have that D is dense. Indeed, for any gg < p, one can choose
a pre-condition (N, J) with go € H) and apply 5-III within N to gy and
to the appropriate images of A’, B’.

6° There is ¢ € g N D. The conclusion now follows by elementarity of i, 4.

O

V. Lemma. Assume V = L(P(w1)) E ZF + tac and suppose that there is a
partition of w; into wy disjoint stationary sets. Then V' = AC.

Proof.

10
20

It suffices to show that there is an injection ® : P(wy) — {0, w1} — wo.

Let (S, : @ < wy) be a partition of w; into stationary sets and let S := Sy.
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For non-empty X C w;, we set

Ax = | Sa

acX

(which is stationary and co-stationary) and we set ®(X) to be the minimal
v < wsg such that there exist a bijection f : w; — = and a club C C w;
satisfying

Va e C)a € Ax < ot(fla]) € 9)
(which is correctly defined by ¥ac).
Suppose that ®(X,) = ®(X;) and let us show that Xy = Xj.
Let f; : w1 — ®(X;) be a bijection and let C; be a club such that

(Va € Cy)(a € Ax, < ot(fi[a]) € 5)

(i=0,1).

Set D := {a < wy : ot(fola]) = ot(fi[a])} is club. Consequently, set
CoNCiNDis club.

For a € (Ax,AAx,) N (CoNCy N D), we would have

a€Ax, <= ot(fola]) eSS (12)
<~ ot(f1la]) € S (13)
— ac AX17 (14)

which is obviously impossible. Thus, Ax,AAx, is non-stationary.
This implies that XoAX; = (), which means Xy = X;.

O

VI. Proposition. Assume that every real has the dagger and let g ~» VFmax,
Suppose that p € g and let i, 4 : p < p* be the iteration of p given by g. Then

17" =NSY 9 e

Proof.

1° By 2-IX, we have 17"~ C NSY19).

2° Let us verify (D). Let S € P(w;)?” —I?" be arbitrary and let us show that
S is stationary.

3° Let C' C wy be a club and let us show that C'N.S # (.

4° The iterates in i, , are denoted by pe¢, while embeddings are denoted by
i¢n. There are o < wy and S € IP~ such that iq,, (S") = S.

5° Let C' be a name for C and let ¢ € g be such that ¢ < p,p, and ¢ IF TC is

club™
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6° Claim. D := {r < q:7lF CNip, ,(S") # 0} is dense below g.

Proof.
1" Let 7y < ¢ be arbitrary and let us find r < ry with » € D.
2" ayi1,7n41 are chosen recursively such that:
a. Tpe1 < Ty
b. 7, NOrd < g < wy™™
c. Tyl lFantr € C.
3" Let M be the curious sequence given by (r; : i < w), with (j% :i < w)
the corresponding embeddings. We have that M is iterable.
4" Let 0 : p, < pi the iteration of p, given by 7q.
5 Let G be M-generic such that G 3 j°(0)(S).
6" Let M’ := Ut(M,G), with (7 : i < w) the ultrapower embeddings.
We have wiM € 79(j%(0))(S") and M’ is iterable.
7' Let (N,J) be a pre-condition containing a real coding M’'. Let p be
an ws-iteration of M’ inside N satisfying IV = J NN for every i.
8 Let a:= (p' om!)(5°)(a™) and let r := (N, €, J,a) € Ppax-
9" (p*! o) (§%) 1y < (Niy €, Vi, a) is an iteration belonging to N.
Since IVi = J N N;, we conclude 7 < ;.
10" By 6°6¢/, k := ng € P’ (7°(5%(0)))(S").
11" Since p°(7°(j°(c))) is the iteration of p, given by r, we conclude r I
K € iy, ¢(5).
12’ By 6°2/, we first have x = sup{a, : 0 < n < w}, and consequently
riFkedC.
13" Thus, 7 IF & € C' Ny, 4(S"), s0 we have r € D and r < 7.

O

7° It follows from the claim that gN D # (), which implies SNC =4, 4(S") N
C9 #0.

O

VII. Theorem. Assume V = L(R) = AD and g ~» VFmax. Then V([g] = ZFC.

Proof.

1° By 4.3-X and 5-1V, we have V[g] = Universe = L(P(w1)) A ¥ac.

2° By 5-V, it suffices to show that there is a partition of w; into w; disjoint
stationary sets.

3° Let p € g be arbitrary and inside p, let f : w; — P(wy) — IP satisfy:

a.

b.

fla)n f(B) =0 for a # ;
wy = Uim f.
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(Such an f exists since p = ZFC.)

4° Let iy 4 :p < p* be the* iteration pr given by g. By elementarity, we have
h:=1ip4(f) w1 = PP (w1) —I? and it satisfies:
a. h(a) Nh(B) =0 for a # B;
b. wy =Uimh.
5° By 5-VI, we have PP (w;) — I?" C NS . Thus, & is a required family.

O

VIII. Lemma. Assume that every real has the dagger. Let J be a normal ideal on
w1. Let
pc [ (Pw)-17)

PEPmax

be such that for every py € Pnax and every dy € P(wq)P° — IPo there exists
(p,d) € D satistying p < pp and d C ip, p(do). Then for every p € Ppax, there
exist an iteration ¢ : p < p*, sequence (p, : a < wy) of conditions, family of
iterations ia, 5 : pa < po (@ < B < wy), and a sequence (d, : o < wy) such that:

(o3

a. po = p and pg < p, for a < f;
b. iq g is the iteration of p, given by pg (for a < f < wy);
C. %9, is an initial segment of i;
d. (pat1,da) € D for a < wy;
e. V{iat1,w,(do): @ < wi} contains a club;
f. 1P = Jnp*.
Proof.

1° This is a variation on the theme of 4.3-VI. We will define sequence (p, :
a < wi) by recursion on a. We also fix enumerations {B{* : i < w} =
P(wq)Pe — IP= as we go.

2° Let (A, : a < wq) be pairwise disjoint J-positive sets whose diagonal union
is w; — {0}. Let g : wy X w — w;y be a bijection satisfying g(«,i) > « for
every .

3° At stage a =0, let pg := p.

4° Consider recursively stage o + 1. Let §,j be such that a = g(83, ). There
are pai1 < po and d, C i57a+1(B§3) such that (pa+t1,das) € D.

5° Let us now consider limit stage ~.

6° Let h, : w — 7 be an increasing cofinal function and let M., be the curious
sequence given by (pp;) @ 4 < w), with j; Py = (My); the corresponding
iterations.

7° By 2-VII, there is a pre-condition (M, I) containing a real coding M., such
that M = MA,,,.
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w{w” belongs to exactly one A,. Let us choose an M. -generic G satisfy-
ing: if < and t < w is such that h,(t) > a, then j(iq 5, 1)(da)) € G.
(Note that here we are simply requiring that G, contains one set, when
the conditions are right.) Let M’ := Ult(M,, G,).

By 3.2-VI, M., is iterable. Consequently, M’ is also iterable.

By 3.1-XVI, inside M, there is an wi-iteration k : M’ < A such that
INi = I NN for every i < w.

Let ay := U{aP* : a < v} and let py := (M, €,1,k(j9(a,))). Clearly,
Dy € Prax and p, < p, for every a < 7.

This concludes the recursion. Iterations i,, are determined by commuta-
tive systems

(a5 [ Pay t a0 < a < B <wr)
of iterations. We set i := ig.

Claim. For o < wy, we have that A, — i,(d,) is non-stationary.

Proof.
1 C:= {wf/l” cy =Uy € (a,wq)} is club.
2" For v = Uy € (a,wy), if wf/l” € Ag, then w{\/l” € iq(dy) (cf. 8°).
3’ Thus, C N (Ay —in(dy)) = 0, yielding the conclusion.
O

Since Vg <w, Aq = w1 —{0}, we conclude that V<, ia(ds) contains a club.
Claim. I?" = JNp*

Proof.

1’ By 2-IX, we have I?" C NS,, C J.

2" Let us verify (D). Let X € P(w;)?” —I?" be arbitrary and let us show
X € P(OJ1) —J.

3’ We have that X = i,(B%) for some @ < w; and some s < w. Let
B = g(Oé, 8)

4" By 4°, we have ig(dg) C io(BS) = X.

5" By 13°, we have a club C such that A, N C C ig(dg) C X, yielding
that X is J-positive.

IX. Theorem. Assume V = L(R) = AD and let g ~» VFmax. Then inside V[g], we
have that NS,,, is saturated.

Proof.
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10°

Let 7 € VPmax he such that IF "7 C NS:f1 is dense open'. We want to show
that |- "there is A C 7 such that |A| = w; and VA contains a club™

This is done by a density argument. Let p € P, be arbitrary and let us
find p’ < p forcing the required statement.

Let us fix the standard (partial) recursive coding f : R — H,, . Let A
denote the following set:

{z €R: (3¢ € Pmax)(Fe € P(w1)?)(q - igcle) € TA f(z) 1= (gq,€))}.

Let (M,I) be an A-iterable pre-condition containing a real coding p and
satisfying
(HM e, ANM) < (H,,, €, A).

w1i?

We reason inside M. By 5-VIII applied to
D:={(g.€) : (Fr € ANM)(f(x) I= (g, €))},

there exist an iteration i : p < p*, sequence (p, : & < wy) of conditions,
iterations i, g : pa < P2 (0 < B < wi), and a sequence (d,, : @ < wq) such
that:
a. po = p and pg < p, for a < ;
. iq, is the iteration of p, given by pg (for a < 8 < w1);
. 10, is an initial segment of ¢;
. (Pat1,da) € D for a < wr;
- V{iat1,w,(do) 1 @ < wq} contains a club;
f. 1P = Jnp*.
Let p’' := (M, €,1,i(aP)) € Prax. We have p’ < p.
Let E = {iqq1um(da) 1 < wM}y.
By 5°, we have p’ = "VE belongs to the filter dual to v, By elemen-
tarity and 2-IX, we conclude p’ IF "Vi, g(E) contains a club™.
Claim. p' IF Viy 4(E) C 7.

Proof.

1" Let g ~ VFmax with g 3 p’ and let (€4 : @ < wy) 1= ip 4((do : @ <
wM)). We want to show that for every a < wy, we have e, € 79.

2" Let (qo @ <wi) =iy ¢((pa 1 @ < wi)).

3" We have p’ = (Va <wi)(3x € ANM)(f(z) = (Pa+t1,da))-

4" By elementarity and A-iterability, for every o < wy, there is x € A
such that f(x) }= (¢a+1,€a)-

5" In other words, for every a < wi, we have go11 IF eq € 7.

6’ By 4.3-VII, we have {q, : @ < w1} C g, yielding {e, : @ < wi} C 79.

O

o & T

Thus, p’ is as required.
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