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1 Regularity Properties

1.1 Precipitousness

I. An ideal I on a regular cardinal & is always assumed to be uniform®.

II. Definition. The poset P; is defined as the set It = P(x) — I, ordered by the
inclusion.

III. Proposition. Let G ~ VFr.
a. GG is a V-ultrafilter on k extending the filter I* dual to I.

b. If I is k-complete, then G is V-k-complete.

c. If I is normal, then G is V-normal.

Proof.

Part a.
1° Routine.
Part b.

IThis means that for all X C & with |X| < , we have X € I.




2° Let A< randlet f € GMNV.
3% X = (eor f(6) € 1F
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Assume otherwise, i.e. X € I.

We want to show that {f(€)C: & < A} is predense.
Let Z € I'" be arbitrary.

We have that

U@ni©® |/1=2z/1>0.

E<A

By the k-completeness of I, we conclude that there is £ < A such that

(Zn f&Y/1>0.
This shows the pre-density.

This implies that there is a £ < A with f(£)¢ € G - a contradiction.
O

We now have that {X} U {f(€)C: & < A} is predense in I*. This is shown
analogously to 3°2'.

Since G N {f(€)%: & < A} =0, we conclude X € G.
Part c.
Let S€ G and let f: S — k with f € V and

Va € 9)(f(a) < a).

Claim. D:={T €P;: T CSAf|T=const.} is dense below S.

Proof.

1/
2[

3/
4/

Let T € ]P’Y : T C S be arbitrary.
Then f | T satisfies
Va e T)(f(a) < a).
This implies existence of a 7" € P} such that f | T’ = const.
We now have T/ € D and T" C T.

8° This claim and the fact that S € G implies that

T e GND.

9° In other words, T' € G with T'C S and f | T = const.

IV. In particular, we can form the ultrapower Ult(V, G).



V. Proposition. Suppose k is a regular cardinal, I is an ideal on k, and G is
V-generic for P;. Then the following holds.

a. If I is k-complete in V, then
critjo = k and k C wip Ult(V, G).
b. If I is normal in V| then

k = [id] and k € wip Ult(V, G).

Proof.
1° Let j := jg.
2° For a, we need to establish critj = k.

3° First we show that im (j | %) is an initial segment of Ord"* V") which will
have for a consequence that j [ x = id.

4° Let a < k and [f] < j(a) be arbitrary, with f € (k = V)NV.
5° {€<k: f(§) <a}eq.
6° Since G is V-k-complete V-ultrafilter, there is 8 < a such that

{<r:f(E)=predC.
Le. [f] = j(B)-

7° To conclude a, it now suffices to note j(k) > [id] > j(«) for all a < k.
8° For b, it suffices to show that for all [f] < [id], there is o < & such that
[f] = j(@); but this is simply V-normality of G.

O

VI. Definition. An ideal I on & is precipitous if for every G ~» V1 ultrapower
Ult(V, G) is well-founded.

VII. Definition. Given an ideal I on k, we define the precipitousness game PrecGame(I)
as follows. A play is of the form

I | S, Ss
m| 5 S

where S; € I'T and S; D S;41 for i < w. Player I wins if (,__, S; = 0), otherwise

1T wins.

i<w

VIII. Proposition. Ideal I is precipitous if and only if player I does not have a
winning strategy in PrecGame([).

Proof.
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Implication (<)

Assume that I is not precipitous and let us describe a winning strategy
o for I. While producing the strategy, we also produce auxiliary functions
(fan : m < w) (which depend on the play).

Let So € Py and fp : £ — Ord be such that Sy I+ "Ult(V, G) is ill-founded
below [fo]. We set o(f) := Sp.

Suppose that moves (S; : ¢ < 2n + 2) have been played and that functions
(f2i : i < m+ 1) have been produced so to satisfy fo; : K — Ord and
Sa; IF TUIL(V, G) is ill-founded below [fo;]" (i < n + 1).

Let S5,,0 € Py with S3, .5 € Sanq1 and foni2 : & — Ord be such that
St I [font2] < [fon] ATUR(V, G) is ill-founded below [fa, 2]

We set o((S; 11 <2n+2)) = Sopyo :={€ € 9,40 1 fons2(§) < fon(§)} €
P;.

This concludes the construction.

A play (S, : n < w) according to o is won by I: otherwise, there would be
£ € Npew Sn, Witnessing fon12(&) < fon(§) for every n < w.

Implication (=)

Suppose that I is precipitous and assume towards contradiction that there
is a winning strategy o for I.

Let poset P be the tree of all partial plays of PrecGame(I) according to o
and let g be a V-generic branch for P. We work in V[g].

Let G be the filter on PY generated by {g(n) : n < w}.

Claim. G ~ VP1

Proof.

1" Let D C IP; be an arbitrary dense set.

2" Let D' :=={peP:(3i<|p|)(p(i) € D)}. We want to show that D’ is
dense in P.

3’ Let po € P be arbitrary. We want to find p € D’ with p < pg.

4" 1f |po| is even, set S := o(p) and choose T' C S such that S € D. Then
p:=p5 STT is as required.

5" If |po| is odd, choose S € D such that S C po(|po| —1). Then p := pg S
is as required.

6’ Thus, D’ is dense. Consequently, there is n < w such that g(n) € D'.

7" g(n) witnesses D NG # 0.

O
Thus, M := Ul(V, G) is well-founded. Let j : V < 91 be the ultrapower
embedding.
Let « := [id] € Ord. We have v € {J,_, j(g()).
Let Q :={p € j(P) : v € U;p p(i)}. We have Q € M and it is a tree.



15° (j(g(?)) : i < w) is a branch through Q in V]g]. By absoluteness of well-
foundedness, there is a branch h € [Q] N M.

16° Inside M, we have h € [Q] C [j(PP)], implying that h is a play of j(PrecGame(I))
played according to j(o). In particular, (), h(i) = 0.

17° On the other hand, v € (1, ., h(i), which is a contradiction.

1.2 Pre-saturation

I. Definition. A normal ideal I on x is pre-saturated if for every G ~» V1 model
Ult(V, G) is <k-closed.

II. Proposition. Every pre-saturated ideal is precipitous.
Proof. Obvious. O

III. Let I be ideal on k and let D C Py be pre-dense. For S € P, we define
DS:={T'nS:TeD, T| S}
this set is clearly pre-dense below S.

IV. Proposition. A normal ideal on I on & is pre-saturated if and only if for every
family (A, : « < A) of anti-chains in Py, with A < &, and every Sy € Py, there
exists S <p, Sy such that |A, [ S| < k for every o < A.

Proof.

Implication (=)
1° Let (Aq : o < A) be a family of maximal anti-chains in P; (A < ) and let
Sy € Py.

2° Let f: A — V in VT such that: for every G ~ VF1, fG(a) = jo(T) where
T is the unique element of G N A, (a < ).

3° There is S < Sy and g : & — (A — V) such that S I f = [g]. Let us show
that S is as required.

4° Suppose that T € A, such that T' || S. Let G ~ V7 such that G > TN S.
5% Then [g](e) = ja(T), so {§ < r: g(§)(e) =T} € G.
6° In particular, T € {g(§)(a) : £ < K, a < A}.

7° Thus, we have verified
{TeAa: T[S} {g9()() : € <, a <A},

yielding |A, [ S| < |k X A| < k, for every a < A.
Implication (<)
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Suppose that |- f : A — V for some X\ < . For every Sy € Py, we want to
find some S < Sy and a function g : S — V such that

Sk [g]: A = Ult(V, G),

(Va < A)(IF [g)(@) = f(a)).

9° Let A, be a maximal anti-chain whose elements decide the value of &
(v < A).
10° Let S < Sy be such that |A, [ S| < k.
11° Let us enumerate A, [ S = {T¢ : £ <k} (@ <A).
12° Up to replacing T¢* with T¢ — U, . T)y', we may assume that T¢ N T = 0
for £ # C.
13° Let us define g : Kk — (A — V) by setting
z, E€T TSI f(a)==
o(6)(a) = {0 o )
) f € - U77<I<a n-
14° F[g]: A=V
15° For every a < A, we have T;* I [g](a) = fla) (n < k), s0 S IF [g](a) =
fla).
U
V. Lemma. Let I be a normal ideal on a successor x. Then P; collapses k.
Proof.
1° Suppose that x = \T.
2° Let G ~» VFI be arbitrary.
3° Then \ < Kk < jG(ﬂ) = jG()\+V) — jG(A)JrUIt(V,G) — \tu(V.G)
4° This shows that there is a surjection f: A — & in Ult(V, G).
5° Since f € wfp Ult(V, G), we conclude that V[G] |= |s| < A < k.
O

VI. Proposition. Let I be a pre-saturated ideal on x. Then P; preserves x*V as
a cardinal.

Proof.

10
20

Assume otherwise.
Let G ~ VT be such that |x+V|VIC] < x+V,



VII.

II.
I11.

3° Since & is not a cardinal in V[G], there is A < s and a surjection f: A —
+V
KTV,

4° Let f be a name for this function and let A, be a maximal anti-chain
whose each element T decide f(a) as some v, 17 < 7V (a < A).

5° Let Sy € Py be arbitrary.

6° There is S < Sp such that |A, [ S| < & for every a < A

7° Let n:=sup{yar:a <\ T €A, T| As} <rtV.

8 SIFimfCn+1<rktV,

9° Since we have established density, we conclude IF im f # x+V, which is a
contradiction.

O
Proposition. Let I be a pre-saturated ideal on successor x and let G ~ VFr,
Then jg(k) = &Y.
Proof.

1° Let X be such that k = ATV.
2° Then jg(k) = ATUVG),

3° Since there are no cardinals between A and k™" in V[G], since Ult(V, G)

is A-closed, and Since kT is a cardinal in V[G], we conclude A*Vt(V:&)
KTV,

4° Thus, jg(k) = kY.

1.3 Saturation

Remark. It is well known that for a normal ideal I on &, the poset P; is not
k-c.c. (use Ulam’s matrix).

Definition. A normal ideal I on & is saturated if P; is kt-c.c.

Remark. If I is k-complete, we have that P(x)/I is k-complete. If I is also
normal, P(x)/I is in fact xT-complete:

Z[Aa] = [aZn Aal, H [Aa] =[ A Ad].

a<k a<k <k

In the case of saturation, we additionally have that P(k)/I is kT-c.c, so it is
complete. In particular, B(P;) = P(x)/1.



IV. Proposition. Let I be a normal ideal on x. Then I is saturated if and only if
for every 7 € VPI such that

Fr:k—=>VATEV,

there exists f : kK — V such that
k7] = [f]-
Proof.

Implication (=)

1° Let D be the set of all S € P; such that S decides the value of T as some
fsiw — V.

2° D is dense and open.

3° Let A C D be a maximal anti-chain. |A| < ws.

4° Let (S, : @ <) be an injective enumeration of A (v < wy).

5° T, := S, — U,B<a Sz € Py are disjoint and predense, for a < 7.

6° Let f:w; — V be defined by

N

0, otherwise.

7 To b [f] = [fs.] = [7]

8° Since T,’s are predense, we have I [7] = [f].
Implication (<)

9° Let A C Py be a maximal anti-chain. Let 7 be a name for a function xk — V'
in VP such that for every T € A,

TFr=T.

10° Since IF 7 € V| there is f : kK — V such that IF [7] = [f].
11° For every T € A, we have T IF [f] = T. In particular, T € im f.
12° Thus, A Cim f, and consequently |A| < k.

V. Proposition. A saturated ideal is pre-saturated.

Proof.

1° Let I be a saturated ideal on x and let (74 : @ < A) be an arbitrary
sequence of names such that

Fra€(k—=>V)NV

for every a < A < k.



VI

II.

I11.

2° We want to find 7 such that
Frek—>WA—=V))NV,
(Va < N (IF [7)(a) = 74).
3° For a < A, there is f, : kK — V such that IF [7,] = [fa]-
4° Let f: k — (A — V) be defined by
F&)(a) == fal§) (£ <k, a <)
5° For a < A,
= [f1(e) = [(£(€)(a) : £ <m)] = [(fal(§) : § <R)] = [fal-

O

Remark. We could have proved the previous proposition more readily by
simply referencing 1-IV.

2 The Non-stationary Ideal

2.1 Precipitousness

In this section, we study the regularity properties in the case of the non-
stationary ideal NS = NS, on w;. We study with the well-foundedness of
the generic ultrapower.

Definition. Let 8 > 2“! be regular, let D C Pys be pre-dense, and let M <
(Hy, €, D) be countable. M is said to capture D if there is S € DN M such that
MnN w1 € S

Notation. If £ : M < N is an elementary embedding between models of set
theory, we denote by Uy the M-ultrafilter derived from k at k := crit k:

(VX e P(k)NM)(X € U, < k € k(X)).

Recall that there is a canonical realizability embedding &* defined by k*([f]v, ) =
k(f)(k) (for f € (k — M)NM).

M —— Ult(M, Uy)

Juy,



Iv.

VI

VIL

VIII.

Remark. Let 6 > 2“1 be regular, let D C Pns be pre-dense, let M < (Hy, €, D)
be countable, and let k : M = M < Hy be the anti-collapse. We see that M
captures D if and only if D N Uy # 0.

Definition. Let 6 > 2“1 be regular and let M < Hy be countable. Model M is
self-generic if it captures every pre-dense D C Pys that it contains.

Remark. If k : M = M < Hjy is the anti-collapse, we see that M is self-generic

—7Pns

if and only if Uy ~ M ™.

Definition. selfGen C [H((2¥1)"]“ is defined as the set of all self-generic M <
H((2)F).

Theorem. NS, is precipitous if and only if selfGen is projectively satationary?

Proof.

Implication (=)
1° Let us denote 6 := (2“1)" and let S € Pys be arbitrary. We want to show
that
a:={M € [Hg]” : M Nwy € SA M self-generic}
is stationary.

2° Let A = (Hy, €, R,...) be an arbitrary structure on a countable language,
where R is a well-order. We want to find M < A such that M € a.

3° Let G > S be VF¥s_generic.

4° ji=jo: V < Uk(V,G) =M

5° We will be done if in 9%, we find a countable M such that:
a. M < j(A)
b. M Nw € j(S)
c. M is self-generic.

6° Let (fst,snd) € 2 be a surjection from w onto pairs (h,s) where h is a
Skolem function for j(A) and s € w*". We can make sure that for every
n < w, we have maxsnd(n) < 3n.

7° Let list : w — w} be a bijection, with list € 9.

8° Let T be the tree on j(H} ) of attempts to construct a sequence z satisfying
for every n < w:

a. x(3n) = list(n)

w

2T.e. it is stationary and it is compatible (in the poset of stationary subsets of [H ((2+1)71)]
ordered by inclusion) with all the sets of the form

{M C[H(2*)N)]¥: MNw €8},

where S is stationary in w;

10
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denote h := fst(n);

denote s :=snd(n);

denote k :=|s| = arh;

z(3n + 1) := h(z(s(0)),...,z(s(k — 1))) if this is not in wM — w},
otherwise halt;

e o0 T

f. for (3n + 2), we have three cases:

i. if 2(3n + 1) is a predense subset of PNs and there is some B €
2(3n + 1) with w} € B, we take one such B for (3n + 2);

ii. if 2(3n+1) is a predense subset of PNs and there is no B € z(3n+1)
with w}” € B, we halt;
iii. if 2(3n+1) is not a predense subset of PN, we take z(3n+2) := 0.
Note that T' € 9.
A branch through T enumerates a countable model M with the following
properties:
a. M < j(A);
b. M Nuw =w;
c. for every D € M predense in ]P’f,)\,j;, we have B € DN M with w} € B.

Property b ensures M Nwi* € 5(S), while b and c ensure that M is self-
generic.

In other words, we are done if we show that T has a branch in M.
Claim. T has a branch in VI[G].

Proof.

1" j[HY] < j(A). Let B denote the induced structure.
2’ Subclaim. For every D € j[H)] predense in PR, there is some B € D
with B € j[H)] and w}" € B.
Proof.
1" D = j(D') for some predense D' C Pys.
2" There is some B’ € D' NG.
3" Let B := j(B').
4" B is as required.
U
3 Let f:4[H)] — jH} ] satisfy: if D € j{H)] is predense in P}g, then
f(D) € DN j[HY] and w} € f(D); otherwise, f(D) = 0.
4" Let N := Hull(wy’, (B, f)).
5" We have N < B < j(A) and N is closed for f.
6’ By enumerating N in the appropriate manner, we get a branch through
T.

O

The absoluteness of well-foundedness now yields the conclusion.

11
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III.

Implication (<)
14° Assume otherwise, that NS is not precipitous.

15° Then there is regular 6 large enough and S € Pys so that S I+ "UIt(H) , G)
is ill-founded™.

16° Then there is a countable hull k : (M,€,S) < (Hp, €,S) which is self-
generic and such that critk € S.

17° S € Uy, and Uy, ~ M.
18° Thus, Ult(M, Uy) is ill-founded.

19° This is a contradiction, since the diagram

can be completed.

2.2 Saturation

Definition. Let 8 > 2%t be regular and let D C Pys be pre-dense. Set
capt(D,0) C [Hy]* is defined as the set of all countable M < Hy that cap-
ture D.

Remark. Family (S, : @ < wp) of stationary sets is pre-dense if and only if
Va<w, Sa contains a club.

Proposition. Let 6 > 2“! be regular. A pre-dense set D C Pys contains a
pre-dense subset of cardinality < w; if and only if capt(D,8) is club.

Proof.

Implication (=)

1° Let j : (M,€,D) < (Hg,€,D) be an arbitrary countable hull. We will
show that im j € capt(D, 6). This will suffice for the conclusion.

2° We aim to show that there is S € S such that wi! € j(9).
3° Hy = (3f : w1 — D)(V € club)

4° Thus, M = (3f : w1 — D)(Vf € club).

5° Let f:wM — D with f € M and Vf € club™.

6° Then j(f) : wi — D, with Vj(f) € club and j(f) | wi = f.
7° Vi(f)NwM = Vf is unbounded in w}’.

8° Since Vj(f) is a club, we conclude wiM € Vj(f).

12
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Thus, there is o < w}M such that w}M € j(f)(a) = j(f(a)).

In other words, S := f(a) € D is as required.

Implication (<)

Let D be a predense. We will find (S,)a € D% such that Vacu, Sa
contains a club, which will suffice for the conclusion.

Claim. For every regular €’ large enough, there exists a parameter p € Hy
such that for every countable N < (Hy/, €,p), we have N € capt(D, ).

Proof.
1" Since capt(D, ) is a club, there is F' : H5* — Hy such that Cp C
capt(D, 0).
2’ Let 0 > 2% be arbitrary regular cardinal.
3 p:=(F,0) € Hy
4" For every countable N < (Hy/, €, p), we have that N N H(0) < H(0)
and it is closed for F' (since F' € N).
5" Thus, N N H(0) € capt(D,0).
6’ But then also N € capt(D, ¢’).
O
We may assume w.l.o.g. that 6§ witnesses the claim. Let p € Hy be the
appropriate parameter.
Let ko : (Mo, €,P, D, ko) < (Hg, €,p, D,w1) be arbitrary.

By induction, we define models M,, embeddings jo,g : My, < Mg, and
embeddings k. : M, < Hy such that diagrams

commute, for o < g <y < w;.

The base step is handled, while the limit step is done by passing to the
direct limits.

At the successor step, we first derive the measure Uy, from k, at k, :=
Jo,a(ko) = w{”“. Then we set My41 := Ult(M,, Uy, ) and take jo a1 to
be the ultrapower embedding. Embedding k1 is the canonical realizabil-
ity embedding (kay1([f]v,,) = ka(f)(Ka)). Other embeddings are now

unambiguous.

We note that {k, : @ < w;} is a club in wy.

13
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Let (S, : @ < wq) have the property that jo.(D) = {k5*(S¢) : £ < wa}.
C:={a<w;:ky=wa=a}isaclub.

Let us verify that C' C Vycw, Sa-

Let o € C be arbitrary.

Since p € imkg C im k,, we have imk,, € capt(D,6).

Then there is S € k(D) such that r, € ko (S).

Hence, there is £ < wa = a such that ko € S¢.

This means o = ko € S¢ for this £ < a.

We conclude o € Vo, Se.

O

IV. Proposition. Pys is saturated if and only if for every regular 6 large enough,
there are club many M < Hy that are self-generic.

Proof.

10

20
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40

3

Implication (=)

If Pns is saturated, then by 2-111, for every predense D C Pys, set capt(D, 6)
is club.

By enlarging 6 if necessary, we can find pp € Hp such that
M < Hg, |[M| =w, pp € M = M € capt(D,0).

We then have p := (pp : D C Pys predense) € Hy and for every countable
M < Hy with p € M, we have that M is self-generic.
Implication (<)

If there are club many self-generic, that club is contained in capt(D, 6) for
every predense D C Pygs.

O

Models for the Regularity Properties

I. Lemma. Let M be an inner model, let P be a poset, let p € P, let & € MF,
and let ¢(4) be a formula. Suppose that (M,P,p) - ¢(&). Then (V,P,p) IF
oMUl ().

Proof.

10
20

Let g ~ VT with p € g be arbitrary. We want to show that M[g] = ¢[29].
It holds g ~» MT.

14



II.

I11.

IV.

3° Consequently, M|[g] = ¢[29].
O

Lemma. Let M be an inner model, let P be a poset, let p € P, let & € MF,
and let ¢(z) be a formula. Then

(M,P,p) IF ¢() <= (V,P,p) - oMl (i),
Proof.

1° Implication (=) is verified in the previous lemma.

2° Assume now (M, P,p) I ¢(z) and let us verify (V,P,p) I} ¢MU9l(%).
3° There is ¢ < p such that (M, P, q) I+ ¢(&).

4° By the previous lemma, it holds that (V, P, q) I- M9 (i),

5° Thus, (V,P, p) I ¢M19)().

O

Proposition. Let k be a regular cardinal, I be a normal ideal on &, let P be
a k-c.c. poset, let g ~» V¥ and let J be the ideal on k in V[g] generated by I.
Then J is normal in V[G].

Proof. This follows by the proof of [2, Proposition 2-VI]. O

Theorem. Let x be measurable and let p be a normal measure on x. Let
g ~» V@ <#) and let I be the ideal dual to the filter generated by p in V[G].
Then I is normal and precipitous.

Proof.

1° Normality follows from the previous lemma. We verify precipitousness.

2° Tt suffices to show that for every S € Py, there exists G ~ V[g]®T such that
Ult(V]g], G) is well-founded.

3° Note that S € I if and only if there exists Z € p such that SN Z = 0.

4° Let j:=j,: V <Ul(V,pn) =M.

5° Let § € VCl(«@.<r) he an arbitrary name for a subset of x and let us denote
Ty = j(S) c mCol(w,<j(n)).

S9el

(1)
— (3Z e Nz =0 )
— (@Zecuw@pecg)plFSnz=0) (3)
— (Fpeg(FZecp(VaecZ)(plagbs) (4)
— (pega<r:plFadgs}enpn) (5)
= (Gp e g)((M Col(w, < j(r)),p) -k & 7g) (6)
= (@ egME P Feow<n) O Fcouimgwn £ €75 (7)
— ( (8)

M[g] = (Fcol(w,[.5(x))) & ¢T§Xh)-
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10°

11°

12°

Let Sy € P; be arbitrary. We want to find G ~ V[g]<®'(@:[%i(%)) such that
G 3 Sy and that Ult(V]g], G) is well-founded.

Let Sy € VC!(«@:<#) be such that SJ = Sp. Since S & I, it holds

Mg) = Feoltw i) & E 8-
Hence, there exists h ~ V[g]®«:[%3(%))) such that M[g][h] = (k € ngh).
Mapping

k: Vgl < Mglh] : 79 = j(r) 7"
is correctly defined, elementary, and satisfies K [ V' = j. In particular,
crit(k) = k = w}/[g] and k(S9) = Tth for § € VCl«.<K) a name for a
subset of k.

Let G be the measure on k derived from k at . In other words, for a name

S e VClw.<r) for a subset of &, we have
$9eG — KETSth.

Since diagram

\’\\\
g
Vgl TN~

Vig] —%— Ut(V[g],G)

can be completed by the canonical realizability embedding, we conclude
that Ult(V[g], G) is well-founded. By 8°, we also have Sy € G, so we will
be done if we show G ~~ V[g]F".

Claim. G ~ V[g]r

Proof.
1’ Subclaim. G C P;
Proof.
1” Let S € G be arbitrary and let us verify that S & I.
2" Since k € k(S), we have M[g][h] E k € Tth.
3" By 5°, we have S & I.
U

2" Let D be dense in P;. We want to show that D NG # ).

3’ Assume otherwise. We will reach a contradiction by showing that D
is not dense.

4" There exists p € g x h such that

(V, Col(w, < j(k)),p) F DN G = 0.

5 Let f € (k — Col(w, < k)) NV be such that p = [f],.
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6’ Let T:={a < r: f(a) € g}

7/

8/

9/
10/

11’

12/

13’
14/

Subclaim. T € P;
Proof.
1" For every a < k, it holds that

(V, Col(w, < k), f(a)) Fa e T.

2" Hence,
(M, Col(w, < j(K)),p) IF Kk € 7.

3" Seeing that p € g x h, we conclude Mg|[h] =k € T;Xh.

4" By 5°, we obtain T' ¢ I.
O

We will show that there is no S € D with S C T, reaching the contra-
diction.

Let S € D be arbitrary. It suffices to verify that SNT € I.
By 12°4’, we have

(V. Col(w, < j(1)).p) I S & G,
which is equivalent to

(V7 COl(w7 < ](’%))7]7) I- K ¢ Tg-
Lemma 3-II implies

(S):nv CO|(0J, < j(’i))ap) I-r & TS

Recalling that 7¢ = j(S), we conclude by Lo§’s theorem that
U:={a<k:(V,Colw,< r), f(a)IFa¢gS}ecp.

We will be done with the argument if we show SNTNU = .
Subclaim. SNTNU =0

Proof.

1" Assume otherwise. Then there exists « € SNT NU.

2" Since a € U, we have

(V, Col(w, < k), f(a)) IFa & 8.

3" Since a € T, we have f(a) € g.

4" These two statements together imply o ¢ §9 = S. This is a
contradiction.

OJ

17



O

V. Theorem (Shelah). Suppose ¢ is a Woodin cardinal. Then there exists a poset
P C § such that

a. P is semi-proper,
b. Pis d-c.c.,

c. NS, is saturated in V.
Proof. See [3, Corollary [3.3.7]]. Its proof shows that we can find P C 4. O
VI. Theorem. Suppose MM holds. Then NS, is saturated.

Proof. See [1, Theorem 12]. O
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