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1 Basics

1.1 Introducing Properness

We will assume that every poset PP is defined on |P).

Definition. Let 6 > 2IPl be regular and let M < (Hy, €,P) be countable. We
say that p € P is M®-generic if

plk (VD € M)(D pre-dense in P = GNDNM#0).

Remark. In other words, if k : M = M < Hy is the anti-collapse, with
P := k=1 (PP), we require

pl- kLG ~ BT
Remark. For M < (Hp, €,P) and G ~ V¥ we use the following notation:
M[G] := {% : & € MT},

where M¥ = (VEYM = VP M.

. Proposition. Let 6 > 2/"! be regular, let M < (Hy, €,P) be countable, and let

p € P. Then the following are equivalent.

a. pis MPF-generic.
b. For every D € M pre-dense in P, we have (Vg <p)(Ir€e DN M)(q | r).

c. pl- M[GINV =M
d. plF M[G]NOrd = M N Ord
Proof.

Equivalence (a=b)
1° Let D € M be pre-dense in P. We need to verify

plFGNDNM < (Vg<p)BFreDnM)(q]|r).

2° This is obvious since the right hand side is equivalent to stating that
(DNM)U{reP:rlp}

is pre-dense in P.
Implication (a=-c)
3° Let G ~ VP such that G 3 p.
4° M C MIG] is clear.
5° Let & € MP such that £ € V. We want to show ¢ € M.
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Let ¢ be a name such that:
glF2eV = qlFy=2a,

qlF2 ¢V = qlFgy=0.
1 can be chosen in M.

Since ¢ € V, there is ¢ € G such that ¢ I- & € V. This implies q IF & = 5

and consequently, 7¢ = ©.

D:={r:r| 9} € M is dense, so thereisr € DN M NG.

9 is then definable as that value of ¢ decided by r, so §¢ € M.
Implication (c=d)

Obvious.

Implication (d=-a)

Let A € M be an arbitrary maximal anti-chain.

Let (¢o : o <) be an enumeration of A in M.

Let & € M¥ be such that ¢, IF & = a for every o < .

Suppose that there is G > p such that GN AN M = ().

Then o := #% € M[G], while ¢, € GN A.

On the other hand, we have g, ¢ M, which has for a consequence that
ad M.

This contradicts d.

O

VI. Proposition. Let § > 2/Fl and let M < (Hy, €,P) be countable. Then IF
MI[G] < HY[G] = H) .

Proof.
1° Let G ~ VF. We want to show M[G] < H, ;/ 1] We apply Tarski-Vaught
test.
2° Suppose that H(;/[G] E Jyo (2%, y), where & € MF. We want to find g € M
G . .
such that H;/[ ] E (29, 99).
3° We have
Hy | (F 3y(320(2,2) = 6(&,1)))-
4° By maximality,
Hy' |3k 320(2,2) = 6(,9)).
5° By elementarity, there is §y € M such that

HY = (F 326(i, 2) = ¢(,7)).
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6° Thus, Hy ¥ = HY [G] = (i€, §€), with §¢ € M[G].
O

Remark. For G ~ VZ, model M[G] < H)'“) computes M[G]NV < HY as
its ground. In general, we only have M C M[G] N V. The equality holds if and
only if G contains an MF-generic condition. For example, if P := Col(w,w{ ),
then w} € M[G], so M[G]NV 2w} cannot be contained in the countable M.

IP]

Proposition. Let P be a poset and let p € P. For every regular > 22
following are equivalent.

, the

a. {M < (H(2PY*t),e,P,p) : IM| = w A (3¢ < p)(q is MP-generic)} is club
in [H((27) "))

b. {M < (Hg, €,P,p) : |M| =wA (3q < p)(q is MF-generic)} is club in [Hy]“.
c. For every countable M < (Hy, €,P,p), there is ¢ < p that is M"-generic.

Proof.

Implication (a=-c)
1° Let M < (Hyp, €,P,p) be arbitrary countable.

2° Inside Hy, set C = {M < (H((2")*),e,P,p) : M| = wA (3¢ <
p)(q is MF-generic)} is club.

3° Since C' € M, it is also club in M; let F' € M be an algebra on H((2/F1)*)
witnessing this fact.

4° Since F' € M, model M is closed for F'; consequently, M N H((2/F)*) € C.
5° Thus there is ¢ < p which is (M N H((2"1)*))P-generic.
6° Then q is clearly MP-generic, as required.
Implication (c=b)
7° Obvious.
Implication (b=-a)

8° Suppose that S := {M < (H((2")*),€,P,p) : |M| = wA (¥g < p)(q is not
MP-generic)} is stationary.

9° Since C := {M < (Hp,€,P,p) : |M| = w A (Ig < p)(q is MF-generic)} is
club, we have (S 1 Hy) N C # 0.

10° This is obviously a contradiction.

Definition. A condition p € P is proper if
{M < (H((2")"),&,P,p) : [M| = w A (3g < p)(q is M"-generic)}

is club. Poset P is proper if for every regular every p € P is proper.



X. Proposition. Let P be a poset and let 8 > 22" pe regular. The P is proper
if and only if for every countable M < (Hy, €,P) and every p € M NP, there
exists an MP-generic condition ¢ < p.

Proof. Clear. O

XI. Proposition. Let P be proper and let G ~» VF. For every X C V with
|X|VIE) = w, there is Y € V with X C Y and Y| = w.

Proof.
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We work in V.

Suppose that I+ f :w — V and let p be arbitrary. We want to find ¢ < p
and M € [V]“ such that ¢ IFim f C M.

Let 0 be large enough regular.

Since P is proper, there is a countable M < (Hy, €,P, p, f) such that there
exists ¢ < p which is MP-generic.

Claim. ¢IFimfC M

Proof.
1" Let n < w be arbitrary.
2" There is & € M such that ¢ - & = f(n).
3’ Since g is MF-generic, we have ¢ IF & € M.
4" Thus, ¢ IF f(n) € M.

XII. Corollary. A proper forcing does not collapse wy.

XIII. Proposition. Let P be a poset. Then the following are equivalent.

a.

b.

P is proper.

For every X and every stationary S C [X]“, we have P I- 7S is stationary .

Proof.
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Implication (a=b)
Let |- F: X< — X. We want to show IF (3M € S)(F[M<¥] C M).

Let p € P be arbitrary. We want to find ¢ < p and M € S such that
ql- FIM<*] C M.

Let 6 be regular large enough. There are club many countable N < (Hyg, €
,P,p) for which there exists an NF-generic ¢ < p.
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1.2

Since S 1 Hy is stationary, there is a countable N < (Hy, €, P, p, F') with
NN X €8 and an NP-generic condition ¢ < p.

We will show that M := N N X and ¢ are as required.
Let € M<* and let us show that ¢ I+ F'(z) € M.
Let 7 € M® be such that ¢ -5 = F(x)

qIF v € M since ¢ is M"-generic.
Thus, ¢ - F(z) € M.

Implication (b=-a)

Let 6 > 2l be regular and p € P. Let us assume towards a contradiction
that the set S of all countable M < (Hp,€,P,p) for which there is no
MP_generic ¢ < p, is stationary.

Let G ~ V¥ be arbitrary containing p and let us work in V[G].

S remains stationary. In particular, there is a countable N < (H) [G], €
,P,G) such that M := NN H) € S.

By elementarity, N = M|[G], while obviously N N Ord = M N Ord.

By the forcing theorem, there is ¢ < p in G such that ¢ IF M[G] N Ord =
M N Ord.

In other words, ¢ < p is MP-generic, which is a contradiction.

Examples

. Proposition. Let P be a poset and let > 2/Fl be regular. Then P is c.c.c.
if and only if for every countable M < (Hy, €,P), every condition in P is M-
generic. In particular, every c.c.c. poset is proper.

Proof.
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Implication (=)

Let P be c.c.c. and let M < (Hy, €,P) be arbitrary countable. We want
to show that for every anti-chain A € M, we have

IFGNANM #0.

Since P is c.c.c, we have that A is countable.

Since A € M is countable, we have A C M.

Since IF GN A # (), we conclude IF GN AN M # (.

Implication (<)

Let A be an arbitrary anti-chain in P. We want to show |A| = w.

Let M < (Hy, €,P, A) be arbitrary countable. It suffices to show A C M.



7° Assume otherwise and let p € A — M.
8° Let G ~ V¥ be such that G > p. Then GN A = {p}.
9° This means GNANM = 0, so p € G cannot be MF-generic. This a

contradiction with the assumption.

O
II. Proposition. Every o-closed poset is proper.

Proof.
1° Let p € P be arbitrary. Let 6 be large enough regular and let M < (Hy, €
,P,p) be arbitrary. We want to find M"-generic q < p.

2° Let (D, : n < w) enumerate all dense sets in M. We define a decreasing
sequence (p, : n < w) of conditions in M by recursion.

3 pp:=peM

4° ppt1 € D, N M is chosen such that p,+1 < p,. This is possible since
M < Hy.

5° Let q satisfy ¢ < p, for every n < w.
6° qIF GN D, NM #{ for every n < w, implying that q is M"-generic.

O

III. Definition. Let P be a proper poset and let p := (2|P‘)+. Poset P* defined in
the following manner.
e The conditions are of the form g = (py, ), where:
a. pg €P
b. N, is finite and linearly ordered by €;
c. for every N € N, we have that N < (H,, €,P) and it is countable;
d. p, is NF-generic for every N € N.
e Order r < ¢ holds if p, < p, and N, D N,.
IV. Lemma. Let P be a poset, let 0 be large enough regular, let M < (Hy, €,P),
and let p € P. Suppose that for every D € M which is dense in P and every

q € D with g < p, there exists r € D N M which is compatible with q. Then p
is MT-generic.

Proof.

1° Let D € M be arbitrary dense. We need to show that pI- GN DN M # (.
2° For every qo < p, there is ¢ € D with ¢ < qp.
3° Then there is r € DN M with r || ¢. Consequently, r || go-
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Since every condition below p is compatible with an element in D N M, we
have plF GN DN M # 0.

O

V. Lemma. If P is proper, then so is P*.

Proof.
1° Let 6 be large enough, let M < (Hy, €,P), and let ¢ € P* N M.
2° There is pg, < pg which is M P_generic. Then clearly
Q0 = (pgo, Ng U{M N H,}) € P*

and g < ¢. Let us verify that gy is M® -generic.

3° We will apply lemma 1-1V: let D € M be dense in P*, let » € D be such
that < qo, and let us find s € D N M such that s || r.

4° Let D' :={peP:(3s€ D)(3P e Ny)(ps =pAN;NP =N, NM)} € M.
Let D" :={peP: (Vp' € D')(pLlp)} € M.

5° Since D' U D" € M is pre-dense in P and since p, is MF-generic, we have
pr IFGN((D'UD"YN M) # 0. There are p < p, and p’ € (D'UD"YNM
such that p IF p’ € G.

6° We have p’ || p,. Since p, € D', we have p’ ¢ D".

7° Thus, p’ € D'. This means that (3s € D)(3P € Ns)(ps =p' ANs NP =
N,.NM). By elementarity, since p’, N;: " M € M, such an s can be chosen
in M.

8° We now have s || r. To witness this, take any p” < p/,p, and consider

condition (p”, Ns UN,.).
O



2 Proper Forcing Axiom

I. Definition. PFA is the following statement: for every proper poset P and
every family (D, : @ < wi) of dense sets, there is a filter F C P such that
(Va < w1)(F N D, #0).

II. Proposition. PFA — MA,,
Proof. Immediately from 1-I. O

III. Theorem. Suppose that x is supercompact. Then there is a proper poset P
such that V¥ = PFA + k = w.
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3 Open Coloring Axiom

Notation. A graph on set X is a symmetric irreflexive binary relation on X.
The complete graph on X is [X]? := {(z,y) € X?: z # y}. A graph on metric
space X is open if it is an open subset of X2.

Definition. Open Coloring Aziom OCA is the following statement: for every
separable metric space X and every graph G on X, either

BYn n<w)(X = U Y, A (Vn < w)([Y,]? NG = 0))

(B3ZC X)(|1Z] >wA[Z)? CG).

Theorem. PFA — OCA
Proof. The rest of the section is devoted to the proof. O

Remark. If X is a separable metric space, then |X| < ¢. We shall always
assume that X is defined on an ordinal o < ¢.

Definition. Suppose that X is a separable metric space and that G is an open
graph on X. Then poset Qx ¢ is defined as follows.

e Conditions are pairs ¢ = (Hy, N;), such that:

. H, € [X]<% and [H,]? C G;

N, if finite and linearly ordered by €;

every N € N is countable and N < (H(¢%), €, X, G);

ey € H)EN € Np)(w £y = INA {5} = 1)

. (VN e N))(Vz € H,—N)(VE C X)([E]’NG=0ANE € N = x € E).
e Order is defined such that p < ¢ if and only if H, O H, and N, 2 N,.

o

oo

Remark. For z € Hy, let #x := {N € N, : © ¢ N}. By V.d, we have that
#: H, — |[Ny|+ 1 is an injection. Let z,(i) denote the i'" element in the order
on H, pulled back by #.

Lemma. Let X be a separable metric space, let S C X be dense countable,
let G be an open graph on X, and let P < (H(¢"), €, X, G, S) be countable.
Suppose that:

a. ACX"and A € P;
b.ze€Aand x| (n—1) € P;
c. VECX)([EPPNG=0AE€eP = z(n—1) ¢ E).

Then there is an open set O such that:

i. O is a ball with the center in S and a rational radius;

10



ii. z(n—1)€ 0O
iii. (Vy e O)((z(n—1),y) € G)
iv.el(n=1e{yln=-1):yeA yn-1) €0}

Proof.
1° Let (W; : i < w) € P be a local base for the topological space X"~ ! at
xz [ (n—1).
2° Let By := ), fy(n—1):yc Ayl (n—-1)c W;} € P.
3° Let E:={z€ Ey: (Yy € Ey)((y,2) €G)} € P.
4° Clearly, z(n — 1) € Ej.
5° Byc,z(n—1) ¢ E.
6° Consequently, there is y € Ey such that (y,z(n —1)) € G.

7° Since y # x(n—1) and G is open, there is a ball O with the center in S and
a rational radius such that y € O, z(n —1) € O and {z(n — 1)} x O C G.

8 Claim. z [ (n—1)e{yl (n—-1):y€e A yn—1) € O}

Proof.
1" Let i < w be arbitrary and let us show that

Win{yl(n—-1):y€ A yn—1) € O} #0. (1)

2" Sincey € Eg, wehavey € {z(n—1):2€ A, z [ (n—1) € W;}.

3’ Since O > y is open, there is z € A with z [ (n — 1) € W; such that
z(n—1) € O.

4" 2 witnesses (1).

VIII. Lemma. Let 6 be large enough regular and let M < (Hy, €, Qx ) be count-
able. For every ¢ € Qx,¢ N M, we have qo := (Hy, N;U{M N H(c")}) € Qx .,
g0 < ¢, and qq is M@X.G_generic.

Proof.
1° ¢ € Qx,¢ and gy < g is readily verifiable. (For V.e, note that since H, € M,
then every subset of this finite set belongs to and is contained in M.)
2° We will show that g is M®x.¢-generic by applying lemma 1-IV.

3° Let D € M be dense containing gy and let » € D be arbitrary. We want
to find s € D N M compatible with 7.

4° Let N := M N H(¢") < H(ch), let 7o := (H,. N N,N, N N), and let
ig := |Hp,|. We have ro € N.

11



5° Let n:= |H,| and let S € N be be a countable dense subset of X.

6° Claim. There are open disjoint sets (U; : 4 < n) € N such that z,(i) € U;
and U; x U; C G (4,5 <mn, i # j).

Proof.

1/

2/

3/
4/

Since G is open, there are disjoint open sets (U; : i < n) such that
z,(1) €Uy and U; x U; C G (4,5 <mn, i # 7).

There are (z; : i < n) € S" and rationals (y; : @ < n) such that
xr (i) € B(xi,y:) CU; (3 < n).

Since S C N, we have B(z;,y;) € N.

Thus, U; := B(x;,y;) are as required.

7° Let D’ consist of all s < rg satisfying:

a.
b.

C.

(FPeNs)(H;NP=H,, ANsNP=NMN,,)
|Hs| =n
xs(i1) € U; for all i <n

Note that D’ € N.
8° Claim. There are open sets (O; : ig < i < n) € N such that:

a. (¥ € [io,m)(% € 0)((2,(0),9) € )
b. (3s € D')(Vi € [ig,n))(zs(i) € O;).
Proof.
1" We proceed by reverse recursion on i € [ig,n] to define sets 4; C X"
and open sets O; (when i < n).
2" Let A, :={x,:s5€ D'}. We have 4, € N and z,, € A,,.
3’ Assume recursively that A; (i € (0,n]) has been defined and that it
satisfies A; C X™, A; € N, and
zolie{yliye Al
4" Let P € N, be the last model with z,.(i — 1) ¢ P. Note that P = N
or P> N.
5 Since A; € N, we have A4; € P.
6 2, [(i—1)eP
7" Forevery E € P such that E C X and [E]>NG = 0, we have z,.(i—1) ¢
E. (This follows from V.e and the fact that z.(i — 1) € P.)
8" By lemma 3-VII, there is O;_; such that:

a. O;_1 is a ball with the center in S and a rational radius;

b. l’r(i - 1) ¢ Oi—l
c. Vye0;_1)(z-i—1),y) €G)
d o (i-1) e TG-1) e A g0

12



9/
10/
11’
12/

Since O;—1 € N, we have A; 1 :={y€ A;:y(i—1) € O0;_1} € N.
This concludes the recursion. Property 8°a is obvious.

For 8°b, it suffices to verify A;, # 0.

Note that by 8'd, we have z, [ io € {y [0 :y € Aig+1, y(io) € Oy, } =
{y i :y € Aj, }. This means A4;, # 0.

O

9° By 8°b and elementarity, there is s € D'N M C D N M such that (Vi €
[io,n))(zs(3) € O;).
10° Claim. s || r

Proof.

1" Tt suffices to show that (H, U H,, N;. UNj) is a condition.

2’ Let us verify that [H, U Hs]? C G.

3’ For i # j, we have (z,(i),zs(j)) € U; x U; C G.

4" For i = j and (i) # x5(j), we have i € [ig,n). This follows from the
fact that x, [ ig = x5 | ig.

5" Since x4 (i) € O, property 8°a implies (z,(i),zs(i)) € G.

6’ To see that N, UN, is linearly ordered by €, note that N, consists of
the interval of models A, followed by the interval of models that are
equal or contain N. On the other hand, since s € M, set N, consists
of the interval A, followed by another interval of models, all which
are contained in N.

7' It remains to verify that for every z,y € H, U H, with = # y, there
exists P € N, UN; such that |P N {z,y}| = 1.

8 We only need to consider the case z € H, — H,, and y € Hy, — H,,.

9" We have z ¢ N, while y € H, C N, which suffices considering that

N e N,.

IX. Corollary. Qx ¢ is proper.

X. Proof of 3-III.

1° Assume

GYn n<w)(X = [ Ya A (¥n <w)([Ya]* NG =0)). (2)

n<w

2° Let 0 be large enough regular and let M < (Hp, €,Qx,¢) be countable.
By (2), there is # € X such that x ¢ E for every E C X with [E]?NG =0
and x € M.

3° Let ¢ := ({z},{M N H(c*)}). By 3-VIII, condition ¢ is M®x.¢_generic.

13



4° Claim. q - |G| > w.

Proof.
1’ Assume otherwise and let H ~» V@x.¢ be such that H > g and |H| < w.
2" Since g is M@X.G-generic, we have M[H|NV = M and M[H] < H;/[H].
3’ Since H € M[H] and it is countable, we conclude H C M[H|NV = M.
4’ This is a contradiction, since x € H — M.

O

5° There is a name f such that ¢ IF f : w; LG

6° For a < wi, let A, be a maximal anti-chain below g, such that for every
r € Aq, there is z,, € X such that r IF f(a) = zqa.r.

7° By PFA, there is a filter F C Qx ¢ such that (Vo < wi)(F N A, #0).
8° For o < wy, we denote 7 € FN Ay and yo 1= Tar,, -
9° Let Z :={yo:a<wi} CX.
10° For o # 3, there is sq4,8 < ro,7g such that s € F. Then sog IF yo =
f(a) # f(B) = ys and consequently, yo # ys-
11° In particular, we have |Z| = w;.

12° Since IF [G]?> C G, for a # B, we have sq.5 IF (ya,ys) = (f(@), f(B)) €
[G]? C G and consequently, (ya,y5) € G.

13° Thus, [Z]? C G.

14
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4 P-ideal Dichotomy

Notation. A C, B means |A — B| < w.

Definition. An ideal I on a set S is a p-ideal if [S]<* C I C [S]¥ and every
countable subset of I has an upper C,-bound inside I.

Definition. P-ideal Dichotomy PID is the following statement: for every p-ideal
I on a set S, either

(3(Sy :n<w))(S = U Sn A (Yn < w)([Sn]Y NI C [S,]5¥))

n<w

> (32 C 8)(|Z] > wA [Z]* C I).

Theorem. PFA — PID
Proof. The remainder of the section is devoted to the proof of this theorem. [

Definition. If I is a p-ideal on S, then we define its orthogonal ideal as

It ={XCS: (VW eD(|XNY|<w)}.

Remark. In what follows, we will always assume that S is an infinite cardinal.
Once it is fixed, we will denote s := (S*)*. Once a p-ideal I has been fixed, we
also fix an assignment M — I,;, where M < H; is countable and Ij; € I is an
upper C,-bound for I N M.

Definition. For a p-ideal I on S, we define poset Q; as follows.

e Conditions are pairs ¢ = (Z,,N,) satisfying:

a. Zy € [S]<v
b. N, is finite and linearly ordered by €;
c. (VN eN)(N|=wAN < (Hs,€,1))
d. (Vz,y € Z))(3N e Ny)(z #y = |INN{z,y} =1)
e. (VNeN,)(VzeZ,—N)(VX € I[*NN)(z ¢ X).
e Order p < ¢ holds if:
t. 72,2 Z,
g. N, DN

h. (VN € N)((Z, — Zs) NN C Iy).

Remark. For z € Z,, let #xz := {N € N, : 2 ¢ N}. By VILd, we have that
#: Z, — |Ny| + 1 is an injection. Let t,(7) denote the i*" element in the order
on Z, pulled back by #.

15



IX. Proposition. Let 6 be large enough regular, let M < (Hy, €,Q;) be countable,
let ¢ € Q; N M be arbitrary. Then qg := (Z,, Ny U{M NH}) € Qr, qo < ¢, and
qo is M@ -generic.

Proof.

1° qo € Q; and ¢y < ¢ is obvious. Let us verify MF-genericity.
2° Let r < qop and let D € M be dense such that r € D. We want to find
s € DN M such that r || s.
3° Let n:=|Z,|.
4° Let N := M N Hg, let ro := (Z, N N,N,. N N), and let iy := | Z,,]-
5° Let D’ be the set of all s < ry such that (3P € Ny)(ro = (Zs N P,N;N P))
and |Z| = n. Note that D' € M.
6° Notation. We denote m; : S — S*:t — ¢ [ 4 for i < n.
7° Claim. There is a set U C S™ with the following properties:
a. UC{ts:s€ D'} and U € N;
b. t,eU
c. for every i € [ig,n) and every z € m;[U], we have

{zreS: 2z zcmuU]}e(dTHT.
Proof.
1" By reverse recursion on i € [ig,n|, we define sets T; C S™.
2" Weset T, :={t; : s € D'} € N.

3’ Assume recursively that 7; € S™ with 7; € N (i € (ig,n]) has been
defined.

4" We define set T/_; C S*~! by setting
2€T = zem [T A{zeS: 27z em[T]}e ().

5" Then we define T;_1 :={y € T; :y [ (i—1) € T/_,} € N.
6’ This concludes the recursion. Let U := Tj,.
7 Clearly U C{ts:s€ D'} and U € N.
8 Claim. t, €U
Proof.
1” By reverse induction on i € [ig, n], we show t, € T;.
2" t,. €T, is clear.
3" Suppose inductively that ¢, € T; and let us show ¢, € T;_;. We
need to verify ¢, [ (i — 1) € T]_;.
4" In other words, we need to verify

{zeS:(t,|(i—1)"zemnTi)} ¢ I
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9/

10

5" Let P € N be largest such that ¢.(i —1) € P. We have P = N or
P> N.

6" Since t, € T;, we conclude t, | i € m;[T;].

7" Consequently, t,(i —1) e {z € S: (¢t | (i — 1))~z € m[T;]}

8" By property VIl.e applied to model P, we have {z € S : (¢, |
(i — 1))/—\.%' € WZ[TZ]} ¢ I+,

O

Claim. For every i € [ig,n), {y € Tix1:y [ i € m[T3,]} C Ty

Proof.

1” We reason by induction on 1.

2" By 7°5', we have 7y, [T;,] C T, .

3" Stage i = iy follows now from 7°9’2” and 7°5'.

4" Let us consider inductive step i + 1.

5" Let y € Ty 4o be arbitrary with y | (i + 1) € mi1[T},]-

6" It suffices to show y € T;, 1, for then we may apply the IH directly
to y.

7" We need to verify y [ (i 4+ 1) € T/, (cf. 7°5).

8" By 7°5', we have m;11[T;,] € mig1[Tit1) € T4 -

9” Thus, y | (i +1) € m1[Ti,) € T/, -

(2

Claim. For every i € [ig,n) and every z € m;[U], we have
{zeS: 2z zema|U]}edTHT.

Proof.
1" z e mU] Cm[T;] CTY.
2" By 7°4', we have

{.’IJ €eS:zxe€ 7Ti+1[Ti+1]} S (IL)J’_.

3" By 7°9, if 272 € mi11[Ti41] and 2z € m;[U], then 27z € w11 [U].
4" Consequently,

{reS:zxemu[Ti]}C{zeS:z7xem[U]}
5" By 7°10'2”, we conclude

{reS: 2 zemu[U]}e(IH)T.

11’ Thus, U is as required.
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8° Claim. There is t € U N M such that t [ ig = ¢, [ 79 and

imt g ﬂ Ip.
PeN,—N

Proof.

1/
2/
3/
4/
5/

6/
7/

8/

We define ¢ [ i € m;[U] N M by recursion on i € [ig, n].

tlig:=t, 1o €m[UNM

Assume recursively that ¢ [ ¢ € m;[U] N M has been defined.

By 7°c, we have {x € S: (t [ i)z € mi1[U]} € (IH)T N M.
Consequently, there is an infinite H € INM such that for every x € H,
we have (¢t [ i)"x € mi1[U].

For every P € N, — N, we have H € P. Consequently, H C, Ip.

We have HN({P: P €N, — N} # . Let t(¢) be an element of this
set.

Note that ¢(i) € H C M. Thus, t(i) is as required.

9° There is s € D’ N M such that t = t,.
10° Claim. s || r

Proof.

1/

2/

3/

4/
5[
6/

7/

It is easily seen that (Z, U Zs, N; UN5) is a condition. Let us verify
that it is <7, s.
We need to establish that:

a. (VP S Nr)(((Z’l" U Zs) - Zr) npec IP)

b. VP e N)(((Z, U Zs) — Zs)N P C Ip).
Equivalently, we need to establish:

a. VP eN)(Zs —Z.,)NP C Ip)

b. (VP S N@)((Zr - Zro) NnPC IP)'

(The reason for this equivalence is that Z, C N, while Z, NN = Z,,.)
Let us first verify 10°3a.
If P e N,,, we have (Zs — Z.,) N P = .
If Pe N, —N,, =N, — N, we have

(Zy — Zy,) NP Cimt C Ip.

To verify 10°3’b, we observe that (Z, — Z,,) N P = () for every P € N.
O

11° Thus, s is as required in 2°.
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X. Corollary. Poset Q; is proper.

XI. Proof of 4-1V.

1° Let Z be such that IF Z = (J{Z, : p € G}.

2° Claim. IF [Z]* C I

30

40

50

60

Proof.

1/
2/
3/
4/

5/
6[
7/

8/
9/

We work in V[G] for a generic G. Let Z := ZC.

Let X € [Z] be arbitrary. We want to show that X € I.
There is Y € V such that X C Y and |Y|V = w.

Subclaim. Set D :={p € Q;: (AN € N,)(Y € N)} is dense.
Proof.

1" Let ¢ € Q; be arbitrary and let us find ¢ € D with g < p.

2" Let 0 be large enough regular and let M < (Hy, €,Qy,Y’) be count-
able.

3" By 4-IX, p := (Z4, NqU{M N H,}) € Q7 and p < q.
4" Since Y € M N Hy, € N, we conclude p € D.

Thus, there is p € GN D.
We have N € N, such that Y € N. Thus, X CY C N.

We are done if we verify X C Z,UIy € I. Let x € X — Z, be arbitrary
and let us show x € Iy.

Since X C Z, there is ¢ € G such that ¢ < p and z € Z,.
Since ¢ < p, we have x € (Z, — Z,) NN C In.

Let us assume that

—(3(Sp :n < w))(S = U S A (Vn < w)([Sp]® NI C[S,]<Y)).

n<w

Observe that for X C S, we have

Xelt — (Welh(XnY|<w)
— PX)NIC[X]<¥ (
— [X]*NICI[X]<v.

—~ —
Ut o~ W
= =

Thus,

(@3S in<w))(S = Sn A (V0 <w)(S, € TM)).

Let 6 be large enough regular and let M < (Hy, €,Q;) be countable. By
5°, thereisx € S — (J{X : X € It N M}.
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7° By 4-1X, q := ({z},{M N H,}) is M@ -generic.
8° Claim. g+ |Z| > w

90
10°

11°

12°

13°

Proof.

1/

2/
3/
4/
5/

Assume otherwise and let G ~ V@ be such that G 5 ¢ and inside
V[G], we have |Z%| < w. Let us denote Z := Z¢.

Since ¢ is M@ -generic, we have M|[G] < HX[G] and M[G]NV = M.
Z={Z,:pe G} e M[G.

Since |Z| < w, we have Z C M[G]NV = M.

This is a contradiction since z € Z — M.

Let f be such that ¢ IF f tw Rty
By 2°, there is ¢ such that

glFg:w = IANMa<wi)(fla] Cg(a)).

For a < wy, let A, be a maximal anti-chain below ¢ such that for every
r € Ay, there are z,, € S and X, € I such that

rlk f(a) =Zar Ngla) =X

By PFA, there is a filter F C Q; such that (Vo < wy)(F N A, # 0).
For a < wy, let rq € FNAq, let yo := 24, and Y, 1= X, -, , and let
Wi={ya:a <wi}.

Claim. |[W|=w; and [W]¥ C I.

Proof.

1/

2/
3/

4/

5/

For ae # B, there is s < r4,75. Then s Ik y, = f(a) # f(ﬁ) = yp and
consequently, y, # yg.

We conclude |W| = w;.

Suppose U € [W]“. Then there is o < wy such that U C {yg : 8 <
a}=:U".

For f < a, let s < rq,r3. We have s IF yg = f(ﬁ) € g(a) =Y, and
consequently, y3 € Y.

Thus, U’ C Y, € I and consequently, U € I.
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