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1 Introduction

We recall basic notions and facts related to Q-logic, mostly based on | |. In
particular, we define Fq and =g and present the proof of soundness of {2-logic.

Proposition 1.1. Suppose
1. there exists a proper class of Woodin cardinals,
2. T is a theory,
3. ¢ is a sentence.
If T kq ¢, then T Eq ¢.
Proof. See Proposition 4.6. O

Woodin conjectured that Q-logic is complete. This is usually called -
conjecture.

Conjecture 1.2. Suppose
1. there exists a proper class of Woodin cardinals,
2. ¢ is a sentence.

Then Fq ¢ if and only if Eq ¢. O



2 Semantics for (2-logic

Definition 2.1. Suppose

1. B is a complete boolean algebra,

2. « is an ordinal.
Then V" is defined by recursion on « as follows:

a. if & =0, then VB := (),

b. if a is successor, then V2 := {f: X — B: X CVE |}

c. if o is limit, then V2 := Ue<a Ve, O
Proposition 2.2. Suppose

1. B is a complete boolean algebra,

2. « s an ordinal,

3. a is a B-name.

Then? )
D lla=bllys = lla € Rallys.
beVE
O
Definition 2.3. Suppose
1. B is a complete boolean algebra,
2. « is an ordinal.
The boolean-valued model V" is defined by asserting that for all a,b e Ve
la € bllvs == [l € bllys,
lé = bllvz == lla = bys.
O

Lemma 2.4. Leg B be a complete boolean algebra and let o be an ordinal. Then
VE is a well-defined boolean-valued model.? O

Proposition 2.5. Suppose

1. B is a complete boolean algebra,

ICt. | , Proposition 1.1].
2Cf. | , Chapter 14, Sections “Boolean-Valued Models” and “The Boolean-Valued
Model VB”|.



2. « is an ordinal,

3. d(xo,...,xn_1) is a formula in the language of set theory,
4. Ggy...,0n_1 are B-names.
Then?
6lao, - énalllve = | Ra b= 6o, - dn-a]llve:
O
Notation 2.6. Suppose
1. B is a complete boolean algebra,
2. « is an ordinal,
3. ¢(xo,...,xn—1) is a formula in the language of set theory,
4. ag,...,a,_1 are B-names.
Then V2 |= ¢lag, ..., a, 1] iff ||@ao, - - s ap—1]llys = 1. O
Notation 2.7. Suppose
1. B is a complete boolean algebra,
2. « is an ordinal,
3. T is a theory.
Then VP = T iff for all p € T, V2 |= 6. O

Definition 2.8. Suppose
1. T is a theory,
2. ¢ is a sentence.

Then T = ¢ iff for all complete boolean algebras B, for all ordinals «, if
VB =T, then VE | ¢. O

Lemma 2.9. Suppose
1. T is a theory,
2. ¢ is a sentence.

Then the following are equivalent:*

3Ct. [ , Corollary 1.2].
4We want to express the intuition that 7' Eq ¢ is equivalent to

/\T=>¢

being valid for all models of the form V2.



a. T )ZQ (b,'

b. for all complete boolean algebras B and all ordinals c,

LT 16lvz < liellve.

0eT

Theorem 2.10. Suppose
1. there exists a proper class of Woodin cardinals,
2. T is a theory,
3. ¢ is a sentence,
4. G is a V-generic filter.
Then V = (T =q ¢) if and only if V[G] = (T Eq ¢).
Proof. See | , Theorem 1.8].



3 Some Auxiliary Notions and Facts

Definition 3.1. Let A be a universally Baire set and let M be a transitive
model. Then M is A-closed iff for all posets P € M,

VE = (Ag N M[g) € M[g]).

Lemma 3.2. Suppose
1. A is a universally Baire set,
2. k is an inaccessible cardinal,
8. M is countable and transitive,
4. m: (M, e, A) — (Hy,, €, A) is elementary.
Then M is A-closed.
Proof. See | , Proposition 2.18]. O
Lemma 3.3. Suppose
1. A is a universally Baire set,
2. M is an A-closed transitive model of ZFC,
3. P is a poset in M,
4. g is V-generic for P.
Then in V]g], M[g] is Ag4-closed.

Proof. Let h be a V[g]-generic filter and let us show that (A,), N M[g][h] €
MTg][h]. Since M is A-closed in V and g * h is a V-generic filter, we have that

Agin N Mg h] € M[g * h],
which is clearly equivalent to what we need. O

Lemma 3.4 (Woodin). Suppose there exists a proper class of Woodin cardinals
and A is a universally Baire set. Then (R, A)* is universally Baire and for every
V-generic filter g, (R, A)%)y = (Ry, 44)F.5 O

Lemma 3.5. Suppose
1. there exists a proper class of Woodin cardinals,

2. 6 is a Woodin cardinal,

5This is an unpublished result, but cf. | , Theorem 3.3.9].



8. G is a V-generic filter for Qs.
Then UBVI s q Wadge-initial segment of uBYt(v:&),
Proof. See | , Corollary 4.6]. O
Lemma 3.6. Suppose

1. there exists a proper class of Woodin cardinals,

2. A is a universally Baire set,

3. § is a Woodin cardinal,

4. G is a V-generic filter for Qs.
Then j&(A) = Ag.
Proof. See | , Lemma 6.6.2]. O
Proposition 3.7. Suppose

1. there exists a proper class of Woodin cardinals,

2. A is a universally Baire set,

3. ¢(va,vx) is a formula in the language of set theory,

4. there exists a poset that forces “AX € UB, L(Ry, Ay, X) = ¢[A44, X]7
Then there exists a universally Baire set X so that L(R, A, X) | ¢[A, X].°
Proof.

1° Let g be a V-generic and let X € UB, be such that L(R,, A4y, X) =
¢[A9,X]

2° Let § be a sufficiently large Woodin cardinal in V' and let h be a V[g]-
generic filter such that for some V-generic filter G for Qs, V]g][h] = V[G].
By Lemma 3.4, L(Rg*h, Ag*}“Xh) ': ¢[Ag*h; Xh].

3° Lemma 3.5 now implies that Ult(V,G) = 3Y € UB,L(Rg,4¢,Y) E
9lAq,Y].

4° By Lemma 3.6 and the elementarity of j¥%, it follows that V = 3Y €
UB,L(R, A,Y) = 6|4, Y].

O

6Ct. | , Theorem 5.1].



4 Syntax for (2-logic

Definition 4.1. Suppose

1. A is a universally Baire set,
2. T is a theory,

3. ¢ is a sentence.

Then A : T b ¢ iff for all A-closed, countable, transitive M = ZFC and for all
a < o(M),if RM =T, then RM = ¢. O

Lemma 4.2. Suppose

1. A is a universally Baire set,

2. M is a countable transitive model of ZFC.

Then M is A-closed if and only if for every poset P € M, there exists a countable
collection D of dense subsets of P such that every D-generic filter g for P is M-
generic and satisfies AN Mlg] € M|g].

Proof. See | , Proposition 2.11]. O

Lemma 4.3. Suppose

1. there exists a proper class of Woodin cardinals,
2. A is a universally Baire set,
3. T is a theory,
4. @ is a sentence,
5. g is a V-generic filter.
Then A:Ttq ¢ inV if and only if Ay : T kg ¢ in Vig].

Proof. Let ®(vps,v4) be the formula expressing: “For every poset P € vy, there
exists a countable collection D of dense subsets of PP such that every D-generic
filter g for P is vps-generic and satisfies v4 Nvar[g] € varlg].” Furthermore, let
U(v4,vr,vs) be the formula expressing: “For every countable transitive model
M of ZFC, if ®(M,v4), then for all @ < o(M), if RM | vy, then RY = v,
Now, by Lemma 3.4, there exists an elementary embedding

.j : L(Ra A) — L(RgvAg)
such that j(A) = Ay, which means that

VEM@A:Troad) < VEVAT/J (1)
e L(R,A) =V[AT, ¢ (2)

=  L(HR),j5(A) B ¥[i(A),i(T), ()] (3)

< LRy, Ay) = V[A,, T, 4] (4)

= Vgl E (A4g: T Fa ¢). (5)

O



Definition 4.4. Let T be a theory and let ¢ be a sentence. Then 7" ¢ ¢ iff
there exists a universally Baire set A such that A : T tq ¢. O

Proposition 4.5. Suppose
1. there exists a proper class of Woodin cardinals,
2. T is a theory,
3. ¢ is a sentence,
4. g is a V-generic filter.
Then T tq ¢ inV if and only if T Fq ¢ in V]g].
Proof.
1° The implication (=) is immediate from Lemma 4.3. Let us verify («<).
2° We are working in V[g] and assuming that T g ¢.

3° Let W(va,vr,ve) be as in the proof of Lemma 4.3. Since V[g] = 3A €
UB,A: T tq ¢, it follows that V[g] = 3A € UB,L(Ry, A) = Y[A, T, ¢].

4° By Proposition 3.7, it holds in V' that for some universally Baire set A,
L(R,A) EU[A,T,¢|. Hence, V = (T kFq ¢).

O

Proposition 4.6. Suppose

1. there exists a proper class of Woodin cardinals,

2. T is a theory,

3. ¢ is a sentence,

4. ThEq ¢.
Then T f=q ¢.
Proof.

1° Let B be a complete boolean algebra and let o be an ordinal so that
VE = T. We want to see that V2 |= ¢.

2° Let A be a universally Baire set such that A : T kg ¢, let A be an
inaccessible cardinal such that B, o € V), and let

7: (M, e, T,B,a,A) — (Hy,€,T,B,a, A)

be elementary, with M countable and transitive. By Lemma 3.2, M is
A-closed.



3° Claim. ME = ¢
Proof.
1’ Let us assume otherwise. Then there exists b € B such that
bIFY Rs | .

2" Since VP |= T, it follows by elementarity that I Rs = T.

3’ Now, let g be V-generic for B that contains b and let us work in V[g].
Observe that R = T 4 .

4" Lemma 4.3 implies that A, : T Fq ¢.
5" Lemma 3.3 implies that M|g] is A4-closed.

6' Thus, it R = T, then RY¥) & 4. This is a contradiction.

4° By elementarity, V.2 = ¢, as required.

10
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