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Abstract

We introduce the countable stationary tower forcing and show that,
under suitable large cardinal assumptions, a small forcing cannot change
the theory of Chang’s model. These notes are based on [2].
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1 Exposition

1.1 Ultrapowers

I. Let M be a model of set theory and let U be an M-ultrafilter, i.e. an ultrafilter
in P(X) N M for some X € M. The ultrapower Ult(M,U) is defined by

(Ui(M,U),eY) .= (M¥ n M, =Y, eY)/ =Y,

where
f=Vg:ie= {zeX: fla)=gx)}el,

feVlgie—= {zeX:f(x)cgx)ecl.
II. Theorem. Ult(M,U) = ¢([f]...) < {z € X : M E=o¢(f(z)...)} €U

III. jy : M — Ult(M,U) is defined by j(a) := (a : z € X)/U. We have j : M <
Ult(M,U).
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Ult(M, U) may or may not be well-founded.

In these notes, we will be primarily interested in M-ultrafilters that can be
found in some generic extension M[G] of M.

Suppose that:

a. P is a poset;
b. VF ="U is a V-ultrafilter™.

Then U is called a generic ultrafilter and UIt(V, U) is called a generic ultrapower
of V.

Suppose that:
a. PP is a poset;
b. VP =5V < M.
Then j is called a generic embedding.
An example of a generic embedding is the ultrapower embedding j; : V <

Ult(V, U) coming from a generic ultrafilter U.

1.2 Non-stationary Ideals
We will be interested in the non-stationary ideal on
(A" :={BC A:|B| <w},
where A is some set.
Definition. An algebra on A is a mapping f : A<¥ — A.

Definition. The set of closure points of an algebra f is defined by

Cr:={a€[A”: fla=¥] Ca}.

Definition. The club filter clubs on [A]* is the filter on [A]¥ generated by
{Cp:f:AY — A}

The non-stationary ideal NS 4 on [A]“ is the ideal club’ dual to the filter cluby.
A set is said to be club if it belongs to clubs and it is said to be stationary if it
is not in NS 4.

NS4 (or equivalently, cluby) is wy-complete.

Proof.

1° We may assume that A # (.



2° We first verify completeness.
3° Let (fn :n <w) be algebras on A. We want to show that

() Cy. €cluba.

n<w
4° Let (fst,snd) : w = w X w be some standard coding.
5° We define f : A<%¥ — A by setting
f(-rO e -Tn—l) = ffst(n) (xO s xsnd(n)fl)'

6° We are done after noting that

CcrC () Cy,-

n<w

O

VI. Proposition. Let A # () and let a C [A]“. Then the following are equivalent.

a. a € NS}

b. For every countable language £ and every L-structure A on A, there is
M € a with M < A.

Proof.

1° We first show a=-b.

2° Given A, let f: A<¥ — A code a system of Skolem functions for A.

3° Thereis M € anCy.

4° This M is as required.

5° Let us now show b=-a.

6° Let f be an arbitrary algebra on A. We need to show that a N Cy # 0.
7° There is M € a such that

M< (A fTA" :n<w).

8° We have M € anN Cy.

VII. Remark. In particular, since
{M <A:|M|=w}
intersects all the stationary sets, it is club. Also, given any X € [A]“, the set
{MelAY: X C M}

is club. This follows by considering the structure (4, z : z € X).



VIII. Remark. A consequence is that if a is stationary in [A]*, then A = Ua. Thus,
we will simply say “a is stationary” and we shall mean by that “a is stationary
in [Ua]®.

IX. Proposition. Let A C B.

a.

b.

If a € NS, then
atB:={M¢c[B]*:MnNAEca}cNSE.
Ifbe NSE, then
blA:={MnNA:Mcbh}cNS}.

Proof.
1° We first show a.
2° Let B be a structure on B of a countable language.
3° We may assume w.l.o.g. that that the language of B contains some system
of Skolem functions for B.
4° We may treat all the symbols of the language of B as relational symbols.
5° Thus, A is a domain of a substructure A of B.
6° There is M € a with M < A.
7° Let N be the definable closure of M in B.
8 NNA=M
Proof.
1" Let z € NN A.
2" Since # € N, we have that z = f(7) for a Skolem function f and a
tuple y C M.
3’ Since x € A, it is defined by the formula z = f(¥) in A with parameters
from M.
4" Since M < A, we have x € M.
O
9° This means N € a T B.
10° We now prove b.
11° We may assume w.l.o.g. that A # (.
12° Let f be an algebra on A.
13° Let us fix 2¢ € A.
14° Let g be an algebra on B defined by setting

F(3) = {g(x), Te AW

Zo, otherwise.



15° Let M € b be closed for g.
16° Then M NAe€bl Ais closed for f.

O
X. The non-stationary ideals have an additional important property, namely nor-
mality.

XI. Definition. Let M be a model of set theory and let I be an M-ideal on ([A]*~)M.
Then I is said to be M -normal if for every f, the conditions:

a. S € (P([A“))M — I,
b. f:85— A

c. feM,

d. Va € 9)(f(a) € a);

imply
(3T € P(S)M — I)(f | T = const.).

XII. Remark. By simply “normal”, we shall mean V-normal.

XIII. Definition. For f: A — P([A]¥), we define
A fla):={be[4]*:be (] f(a)} C A,

acA ach

V fla):={be[A]:be (] fla)} c[A).

A
@€ a€b

XIV. Proposition. An M-ideal I on ([A]*)M is M-normal if and only if it is closed
for VM ie. if for every f: A — I with f € M, we have Vf € I. This is also
equivalent to I* being closed for AM .

XV. Proposition. NS, is normal.

Proof.

1° We check the closure for A.
2° Let (fy : x € A) be algebras on A. We want to show that

A Cfa € cluby.
z€A

3° Let f be an algebra on A defined by

flzo...xpn) == foo(x1...Tpn)
(f(0) can be anything).
4° We are done after noting that

Cr C Cy,.
f_aréA T



2 Stationary Tower

I. Definition. Let 6 > w be a limit ordinal. The (countable) stationary tower Qs
is defined as follows.

a. Its domain is the set of all stationary a € V.
b. a <g, b if and only if

i. Ua D UD,

ii. @ C b1 Ua.

II. Proposition. Let G ~ V@ and let
Ga:={a€G:Ua= A} C PY(A)
for A € V5. Then:

a. G4 is a V-ultrafilter;

b. G4 extends cluby.

Proof.

Part a.

1° We only need to verify that for every a € (P([A]*))Y, either a € G4 or
C
a”’ € GA.

2° For this, it suffices to show that {a, ac} is predense in Q5.
3° Let b € Qs be arbitrary.
4° Let C := (Ua) U (Ub). We have

b1C=(@atC)n(G1TO)NU (@ +C)N(B10),
5° Since b 1 C is stationary, at least one of the sets
(atC)N®1C)), ((1C)n(b10)

is stationary, witnessing either a || b or ab 1 b.
Part b.
6° This follows from the fact that every club set in Qs is equal to 1 in B(Qs).

O

III. Thus, G can be understood as a family (G4 : A € V) of generic! ultrafilters.
This system is coherent in the following sense.

IV. Let G~ V@ and let A C B € V.

L«Generic” in the sense of definition 1.1-VI.



a.

b.

If a € Ga, then a1 B € Gp.
Ifbe Gp,thenb| A€ Gy4.

Proof.
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We first show a.

Let a € GN P([A]*) be arbitrary. We want to show that that a T B € G.
It suffices to show that {a 1 B} is predense below a.

Let ¢ < a be arbitrary.

UcD A

cCatUc

¢t ((U)UB) C (atUQ) T ((U)UB) = at (U)UB) = (at B) 1
((Uc) U B)

Thus, ¢ 1 ((Uc) U B) witnesses ¢ || a T B.

Regarding b, it is obvious since b < b | A.

V. Let G ~» V@ and let A € V5. Then G4 is V-normal.

Proof.

1° Let a € G4 and let f: a — A be a choice function in V. We want to find
a’ € G4 with @’ C a such that f [ a’ is constant.

2° For B D A, let us denote fZ:a1 B — A :/M — f(M N A). Tt suffices to
find some a’ € G with o’ < a such that fY | a’ = const.

3° For this, in turn, it suffices to show that D := {b < a: f“° | b = const.} is
predense below a.

4° Let a’ < a be arbitrary.

5° fY9 1a’ 1 a’ — A C Ud is a choice function on a stationary set a’.

6° Since NSu, is normal in V, there is b € NS7_, with b C o’ and fY% | b=
(fY“ 1 a’) | b= const.

7° Thus, b < a' and b€ D.

VI. For AC B e Vs, if f:[A]Y - V, we define its lifting

fB:[BlY -V :Nw f(NNA).

We then define

35 5 1 U(V,Ga) < UI(V,Gp) : [flaa = [fPlas-

Of course, one needs to verify that jf’ g is correctly defined and indeed elemen-
tary, but this simply follows from 1.1-IT and 2-1V.



VII.

VIII.

IX.

XI.

It is a matter of routine to verify that
(Ut(V.Ga), j5 5+ AC B € Vp)

is a directed system of models and embeddings. We denote its direct limit
by (Ult(V,G),€%) and the corresponding embeddings by jﬁoo (AeVs). In
particular, we have jg := jgfoo V< UIt(V, G).

We also have (Ult(V,G), €9) = (D, =P,eP)/ =P where
D:={f:[A*=>V:AcVs feV}
while for A,B € Vs and f:[A]* -V and g : [B]* =V,
f=Pg:= {f(PNA)=g(PNB): Pc|[AUB]*} €@,
fePg: = {f(PNA) cg(PNB):Pc|AUB]*} €q.

Theorem. For A; € Vi, f; : [A]Y — V with f € V, and C € V with
CDAyU---UA,_1, we have

U(V,G) = o([fo] - - - [fa1]) =
{P S [C]w Vv ': (b(fo(PﬁAo) . ..fn,1(PﬂAn,1))} e G.

Proof. Routine. O

Remark. When considering models (B, E) of set theory, we say that u € B
is in its well-founded part (denoted by wfp (B, E)) if ({x € B : xE*u},E) is a
well-founded structure. We have that (wfp (B, E), E) is it self a well-founded
structure, so it is identified with its transitive collapse. Thus, « := wfp (B, E)N
Ord is an ordinal and o C B. Moreover, for u € B, we have

u € wip (B, E) <= rank B:E)(4) < a.

Proposition. Let § > w; be a limit ordinal. Let G ~ V& let M := Ult(V, G),
and let j := jg : V < M. Then the following holds.

a. For every A € V;, we have j[A]“ € ”M, in the sense that: there is a € M
such that {z € M: z €% a} = j[A]. In fact, a = [id4}«].

b. For every a € Vj, we have that a € G if and only if j[Ua] €% j(a).

c. 0 Cwfp(M)

d. crit (j) = wy

e. j(w))“>"4, in the sense that?: for every a < 6, we have j(w})) > a.

2Note that we do not know if 6 € M.
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We first show a.

Let x € A be arbitrary. We have j(x) € [id 4], since {M € [A]* :x € M}
is a club and hence {M € [A]¥ :x € M} € G.

Thus, j[A]*“ C "[id[a}«].

On the other hand, let [f] € [id(4j~] be arbitrary.
We may assume that f : [B]* — V for some B D A.
We have

G>{Me[B]*: f(M)cidf. (M)} = {M € [B]*: f(M) e M A} =:b.

The normality of G now implies the existence of some V' € G with b’ C b
and some x € A such that

(VM € ¥)(f(M) = ).

This means [f] = [(z : M € [B]¥)] = j(x) € j[A].
b follows immediately from a.

Let us now consider c¢. Let a < § be arbitrary.
We have jla]“ € ”M.

Since « is computed as the order type of (j[a], €%), both in V[G] and in
M, we conclude a € wfp (M).

We will now show critj > w}. Property d will then follows once we
establish e.

Let o < w}. We want to show j(a) = a.

We have o = ot M(j[a]) = ot M([id[o)«]) = [(ot (M) : M € [a]*)].
Since |a|V < w}’, we have that {a} = {M € [a]* : M D

This means o = [(ot (M) : M € [a]¥)] = [(a: M € [a])¥)] = j ().

‘We now show e.

a} is club in [a]¥.

Let a < §. We want to show that a < j(w}’).
We again have o = [(ot (M) : M € [a]*)].

Hence, the conclusion follows from
{M €[a]” ot (M) <w/}=[a]€q.

O

XII. We obtain additional properties of js by imposing large cardinal properties on
§. We start by obtaining j(w}) = 4.



XIII. Definition. An uncountable cardinal s is HEP? if for every a € Q,, and every
f:a— wq, the set

M €atVeiot(Mnw) > f(MnN (Ua)))
is stationary in [V]*
XIV. If § is a limit of HEP cardinals, then
Ve jgwl) =6

(where G is the canonical name for the generic).

Proof.

1° Keeping in mind 2-Xl.e, it suffices to show that for every A € Vs and
f: [A]¥ — w1, we have

Ve | (Ba < 0)([f] < a).

2° Suppose that:
a. AeVs
b. f:[A]Y = w
c. a € Qy.
We want to find b < a and « < § such that b IF [f] < a.
3° Up to passing to fAY(“%) and a 1 (AU (Ua)), we may assume that Ua = A.
4° Let o < 6 be a HEP cardinal such that A € V,.

5° Since a € Q,, we have
b:={MecatVy:ot(MNa)>f(MNA)} € Qs.

6° Obviously, b < a and b IF [f] < a.
O
XV. A natural question is, of course, which cardinals are limits of HEP cardinals.

We will show that measurable and Woodin cardinals are two examples of such
cardinals.

XVI. Proposition. The following holds.

a. Every measurable cardinal is HEP.
b. Every measurable cardinal is a limit of HEP cardinals.

c. Every Woodin cardinal is a limit of HEP cardinals.

3This is not a standard notion. The acronym stands for “height extension property”.

10
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Let k be measurable and let us show that x is HEP.
Let a € Q. and F : V=¥ — V,, be arbitrary. We want to find N such that
a. N € [V,]¥
b. F[N<¥]C N
c. NN (Ua) €a
d. ot (NNk)> f(NN(Ua)).
Let u be a normal measure on  and let \ := (227)*,

Since a is stationary, there is a countable
M' < (Hy, €, u, F,a)

such that M’ N (Ua) € a.
Let M be the collapse of M’ and let

ko : (M,G,E7ﬁ) < (H)\,E,/i,/i)

be the inverse of the collapsing map.
Let

(Mo, jap:a<p<w)
be the wi-iteration of M via .

This iteration is realizable in H), in the following sense. There are k, :
M, < Hy (o < wq) such that

Hy
SN
M, ﬁ Mg
commutes for every a < < ws.
Setting « := f(M’' N (Ua)), we have N := k,[M,] and N := N'NV,.
Let us show that N is as required in 2°.

N is countable, since M, is countable.

Since ' € M’ C N’, we have that N’, and consequently N, are closed for
F.

Since crit jo, = %, we have that ko[My] = M’ and k,[M,] = N’ agree up
to sup(k N Mp).

In particular, N N (Ua) = N’ N (Ua) = M' N (Ua) € a.

Finally,
ot (NNk)=ot(N' Nk)=ot(M,Njoa(R) >

ot ({jo.s(F) : B < a}) = a = f(M'N(Ua)) = f(N'N (Ua)).

11



15° Let us now consider the part b.

16° Since k is HEP, it is easily seen that

UIt(V, u) [= "k is HEP™.

17° By normality, the set of HEP cardinals below x has p measure 1.
18° Thus, « is a limit of HEP cardinals.
19° Part c¢ is immediate from a and the fact that a Woodin cardinal is a limit

of measurable cardinals.

O

3 The Case of a Woodin Cardinal

I. We introduce an auxiliary property that we call “semi-proper reflection”. We
show that Woodin cardinals have this property. We use that property to deduce
some consequences, in particular that the stationary tower ultrapower is well-
founded and closed for countable sequences.

II. Definition. Suppose that & is inaccessible and D C Q,. Then the set?
capt_ext(D) C [H(k™)]¥ consists exactly of all countable M < (H(x%), €, D)
for which there exists a countable N < H (k™) satisfying:

a. M CN
b. NNV, end-extends® M N V,;
c. there is d € N N D such that N N (Ud) € d.

ITI. Definition. D C Q, is semi-proper if it is predense and capt_ext(D) is club in
[H ()]

IV. Lemma. Let D C Q. be predense and let § > 2" be regular. The the following
are equivalent:

a. D is semi-proper;
b. for every® countable M < (Hg, €, D, k), there is a countable N < Hy such
that
i MCN
ii. NNV, end-extends M NV,;
iii. N captures D.

Proof. We first prove a pre-lemma that we need and then we give a proof of the
proposition in 3-VL. O

4We want to say “the set of all M that can be extended to capture D”.

5This means that N NV, and M NV, agree up to sup(M N k).

SWhat we get by passing to larger Hy is the possibility to extend all submodels M, instead
of just club-many of them.

12



V. Pre-lemma. Suppose that:

a. 6 > w is regular;

b. M < Hy

c. Ae M

d XCA

MX):={f@):f: A¥ > Hy, fe M, T € X<¥}.
Then:

o

i M[X] < Hy
i (VN < Hg)(MUX CN = M[X]<N)
i [M[X]] = max{| M|, |X|}.

Proof.
1° For i, we apply Tarski-Vaught test. Suppose that Hy = Jyo(f(z),y), for
somefEHé“ﬂM and x € X.

2° Y :={s€ A:yo(f(s),y)}e ={s € A: Jyo(f(s),y)}M e M
3° Let g : Y — Hy satisfy g € M and

M = (Vs € Y)o(f(s), 9(s)).

4° Hy = (Vs € Y)o(f(s), 9(s))
5° Since z € Y, we have Hy = ¢(f(x), g(x)), while g(z) € M[X].

6° il and iii are obvious.

VI. Proof of 3-1V.

Implication (a=b)
1° Let M < (Hy, €, D, k) be arbitrary countable.
2° Since
Hy = capt_ext(D) € clubg(,.+),
we have
M |= capt_ext(D) € clubg(,+).
3° Thus, thereis F: H(kT)<% — H(xk™") with F € M and Cp C capt_ext(D).

4° Since F' € M, we have that M N H(kT) € Cp and consequently, M N
H(k™) € capt_ext(D).

5° Thus, there is a countable M’ < H (k™) such that:
a. MNH(kT)C M

13
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b. M’ NV, end-extends M NV,;
c. M’ captures D.

Since M'NV,, CV, € M, we have
N = M[M'NV,] < H,.

M CN
Claim. NNV, =M'NV,

Proof.

1" Let f:V, — Hyp with f € M and x € M’ NV, be such that f(z) € V.
We want to show that f(z) € M’.
2" Let g : V,, — Vi be defined by

o) = {f(y), 1) € Vi

0, otherwise.

3’ We have ge M NH(kt) C M'.
4" Thus, f(z) =g(x) € M'.

Then NNV, = M’ NV, end-extends M NV,..
Since capt(M’, D), there is d € M’ N D such that M’ N (Ud) € d.
MnND=MnV,)NnD=(NNV,)ND=NnND
Similarly, N N (Ud) = M’ N (Ud).
Thus, d witnesses capt(N, D).
Implication (b=-a)
Assume towards contradiction that capt_ext(D) C [H(x7)]* is not club.
This means that capt_ext(D)C is stationary.
So capt,ext(D)B 1 Hy is stationary.
Hence, there is a countable M < (Hy, €, D, k) with MNH (k") ¢ capt_ext(D).
By b, there is a countable N < Hy such that
e M CN,
e NNV, end-extends M NV,
e N captures D.

Then, N N H(k") witnesses that M N H(k") € capt_ext(D), which is a
contradiction.

O

14



VII.

VIII.

IX.

Definition. ¢ is said to have semi-proper reflection property if it is inaccessible
and for every sequence (D¢ : £ < §) of predense subsets of Qs, there is some
inaccessible k < § satisfying

(V€ < k)semi_proper(De N Q).

Remark. A witness x for the above property can be chosen to be arbitrarily
large. Indeed, given some vy < 4, one can consider an additional predense set
D_; := Qs — V, and apply the property. A witness obtained this way satisfies
K> .

Theorem. If § is Woodin, it satisfies the semi-proper reflection property.

Proof.

1° Let (D4 : « < ) be an arbitrary family of predense subsets of Qj.

2° Since all D,’s are predense, there is an increasing f : § — § satisfying
(VO& < 5)(Va € Qs N Va)(Vﬂ < Oz)(ﬂb € DgnN Vf(a))(a || b).

3° Note that if k < J is inaccessible and closed for f, then D,NQy is predense
in Q.
4° Claim. There are x, A\, E such that:

a. A is inaccessible;
b. E is a strong (k, \)-extender;
c. K, A are closed for f;

d. je(f) TA=FfTA
Proof.

1" Let < ¢ satisfy: for every X € (k, ), there is a strong (k, \)-extender
E such that je(f)NVy= fNV,.

2" Let A € (k,0) be closed for f and inaccessible.

3’ Let E be a strong (k, \)-extender such that je(f)NVy = fNVi.

4" g, )\, E are as required.

O
5° We want to show that x has the property that for every a < k, the set
D, N Q, is semi-proper.

6° To that end, fix some o < x and assume towards contradiction that D,NQ,
is not semi-proper.

7° Since f[k] C k, we have that D, N Q, is predense in Q,, meaning that
capt_ext(D, N Q) fails to be club in H(x™)

8° Thus, a := capt_ext(D, N Q,{)B € Qs NVy.
9° Let us denote j := jg and M := Ult(V, E).

15



10° Keeping in mind that M | A = V), and that j is elementary, we reason in

M.
1/
2/
3/
4/

J(HIA S A

Thus, j(D,) NQ, is predense in Q).

a € QsNVy = Qy, so there is some b € j(D,)NQ, compatible with a.
There is ¢ € Q) = Qs NV, such that ¢ < a,b.

11° In V, we also have: a,b,c € Qs NV, and ¢ < a,b.
12° Let H < (Hs, €, K, E, Dy, b) be countable with H N (Uc) € c.
13° Claim. M E j(HN H (k")) € j(capt_ext(D, N Qy))

Proof.

1/

10’
11’

In other words, we need to show that
M & j(H N H(x")) € capt-ext(j(Da) N Qji).

Since F € H, we have j(HNH (k")) =j[HNH(k')] C H.
Since M is w-closed, we have H N H(j(x)")M € M.

We argue that H N H(j(x)*T)M witnesses 13°1".
JHNH(KY)) C HNH(j(k)T)M follows from 13°2'.

Since

JHNH (KT)N(M 1 (k) = JIHNH (57N (Vi) = jIHNV,] = HNOV,,

we conclude that H N H(j(k)T) end-extends j(H N H(kT)).
Since H N (Uc) € ¢ and ¢ < b, we have H N (Ub) € b.
Since b € M | A\, we conclude

(HNH((r)M)M) N (Ub) € b.
By 10°3’ and 12°, we have
b€ (j(Da) N Qjiyy) N (H NV H((r)T)M).

Thus, b witnesses that H N H(j(x)")M captures j(Dy) N Q%ﬁ).
13°5/, 13°6’, and 13°10’ are what is required.

14° The claim and the elementarity of j imply

HNH(k') € capt_ext(D, N Q) = aC.

15° However, HN(Uc) € c and ¢ < a imply HNH (k™) € a, so we have reached
contradiction.

O
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X.

XI.

XII.

Definition. Let ¢ be inaccessible and 6 > § regular. Model M < (Hy, €,0) is
said to be self-generic if it captures every predense subset of Qs that it contains.

Remark. Instead of considering M < (Hy, €,9), we can consider the corre-
sponding anti-collapse k : (M, €,%) < (Hy, €, k). We can derive from it a filter
G on QY by setting

a € Gy : < k[Ud] € k(a)

for a € Qﬁﬁ. Self-genericity now amounts to saying that Gy, is Qﬁﬁ—generic over

M.
Lemma. Suppose that:

a. 0 is Woodin;

b. a<éd

c. 0> ¢ is regular;

d. M < (Hp,€,0,a) and |M| = w.

Then there is a countable N < Hy such that

i. M CN,
i MNV,=NnV,,

iii. N is self-generic.

Proof.

1° Let (mp, ) : w — w X w be the usual pairing function.
2° Objects M;,d;, (D; : J < w) are defined by recursion on i < w, satisfying:
a. My:=M
b. M; < Hy and |M;| = w;
c. M; C Miqq;
d. M; and M, agree up to a UlJ,,; rank (d;);
e. (D; : j < w) enumerates predense subsets of Q; that are in M;;

Fo(i)

f. d; witnesses that M;; captures Dm(i).

3° Recursion.

1" The condition 2°a settles the base case.

2’ Assuming that the recursion has been completed up to stage i, we
proceed to settle the stage ¢ + 1.

3" Since ¢ is Woodin, there is an inaccessible & € (o UJ,; rank (d;), d)

such that D:?g; NQ, is semi-proper. By elementarity, x can be chosen
in M1

4" Since D:?Eg N Q) is semi-proper, lemma 3-1V yields M;; and d; such
that

17



a. Mi+1 < Hy and |Mi+1| = w,
b. M; € M4,
c. M;+1 NV, end-extends M; NV,
d. d; € D:?EZ)) NQ. N Mi+1 and Mi+1 n Udz € d;.
5" Since k > anlU;,
M, 11 agree up to a U

rank (d;) € M;, property 3°4’c implies that M; and
;< rank (d;).

6’ Let (D;Jrl : j < w) enumerate predense subsets of Qs that are in M.
7' This completes the recursion.

O

4° Let N :=J, ., M;.

5° N is as required.

XIII. Lemma. Let 6 be Woodin and let
as:={M < H(67): |[M| =w A M is self-generic}.

Then ag is stationary. Moreover, as is projectively stationary, i.e. for every
b € Qs, the intersection as N (b 1+ H(6T)) is stationary.

Proof.
1° Let F: H(6T)<% — H(6%) and let b € Qs be arbitrary. We want to find
N € as with N N (Ub) € b and closed for F.
2° Let 6 := (2°)* and let
M { (H07 6767 F)
be countable with M N (Ub) € b.

3° By lemma 3-XII, there is a countable N < Hy extending M and capturing
all the predense subsets of Qs that it contains.

4° Then N N H(d%1) is as required.

XIV. Proposition. If § is Woodin and G ~ V@ then Ult(V,G) is well-founded.

Proof.

1° We will only use the fact that as is projectively stationary.
2° Assume otherwise.

3° Then there is a € Qs such that a IF "UIt(V,T) is ill-founded.” (where T is
the canoncial name for the generic).
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10°

11°

Then for some large enough regular 6, we have
alF TUIt(HY ,T) is ill-founded.™.
Since as is projectively stationary, there is a countable M’ < (Hy, €, 4, a)
with M N H(6%) € as and M’ N (Ua) € a.
Let k: (M, €,6,a) < (Hy, €,9,a) be the anti-collapse mapping for M’.
k is self-generic.
Thus, Gy ~ MY and G > a.

Since by elementarity
a |- "Ult(Ground, generic) is ill-founded™,

we have that Ult(M, Gy) is ill-founded.
On the other hand, the diagram

~
k .

M 2 UM, Gy

can be completed by setting I([f]g,) := k(f)(k[Udom f]).
(NB. It is a matter of routine to verify that [ is correctly defined, elemen-
tary, and that [ o jg, = k.)

This is a contradiction.

O

XV. Proposition. Let § be Woodin and let G ~» V@. Then Ult(V, Q) is closed for
w-sequences.

Proof.
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20

30

40

50

Suppose that IF f : w — Ult(V,gen). For a given ag € Qs, we will find
a < apand g : a = V such that a IF f = [g]. By a density argument, this
will yield the conclusion.

For every n < w, there is a maximal anti-chain A,, such that
(Vbe Ay)(3h:b— V)b f=][h]).

For n < w and b € A,, let us fix a function h,; witnessing the above
statement.

By semi-proper reflection, there is an inaccessible k < § with ag € V; such
that every A, N Q, is semi-proper in Q.

Let a consist of all countable M < H(x™) such that
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a.
b.

C.

M N (Uao) € ap
(A, NQr:n<w)eM
M captures A, N Qy for every n < w.

6° Claim. a € Qs

Proof.

1/
2/

3/
4/

5/
6/

7/
8/

Let F be an algebra on H(xT). We want to find M € a closed for F.
Let My < (Hs, €,k, F, (A, NQ, : n < w),ag) be countable with M N
(Uao) € ag.

Suppose that M,, < (Hs, €,k, (A, NQy : n < w)) has been defined.

Since A, N Qy is semi-proper, by lemma 3-IV, we can choose M, ;1 <
Hjs such that:

a. M, C M,

b. M, +1 NV, end-extends M, NV,;

c. M,41 captures A, N Q.
Let N:=J M, < Hs.
We have

a. NN (Uag) = My N (Uag) € ag,

b. (A, NQx:n<w)eEN

c. N captures A,, N Q, for every n < w.
Thus, M := NN H(k") € a.
Since F' € N, model M is closed for F', so it is as required.

nw

7° Obviously, a < ag.

8° We now work towards defining ¢ : @ — V such that a IF f = [g].

9° Claim. For every M € a and every n < w, there is a unique bas,, such

that
bM,n eMnA,N QH, MnN (UbM’n) S bM,n~
Proof.
1" There is at least one such by, since M € a captures A, N Q, by the

2/
3/

4/
5/
6/
7/

definition of a.

Suppose that there are two distinct such objects by and b;.

Then by Lby, so we can set C := (Ubp) U (Uby) and find F : C<% — C
such that for every N € [C]¥ closed for F, either N N (Uby) & by or
NN (Ubl) ¢ bl.

Since bg, by € M, function F' can be chosen in M.

N:=MnNC e [C]¥ is closed for F.

NN (Ubi) =Mn (sz) €b; for 1 = 0,1.

Thus, this object N contradicts 9°3'.
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O

10° We will achieve condition a IF [g] : w — V by defining g to of type a —
(w— V).

11° Given M € a and n < w, we set g(M)(n) := hp py,,, (M N (Ubag,n)) (where
hnp was chosen in 3°).

12° Claim. For every n < w, a I [g](n) = f(n).

Proof.
1" Let G ~ V® with a € G and set f := f¢. We want to check that
[9](n) = f(n).
2" For every M € a, it holds by, € M N A, N Q,; this means that

3/

4/
5/

M — byr,y, is a choice function on a.

Thus, there is @’ € G with @’ C a and b € A, N Q, such that for every
M € a, we have by, = b.

There is a unique ¥’ € GN A,,.

Subclaim. b =¥V

Proof.

1//
2//

3//
4//
5//
6//

7//
8//

Assume otherwise, i.e. b_Ld'.

Let C := (Ub) U (UV') and let F' : C<¥ — C such that for every
M € [C]¥ closed for F', either M N (Ub) € b or M N (UY) €.

Since a/, b’ € G, there is ¢ € G with ¢ < d’, V.

Let M < (Hs, €, F) be countable with M N (Uc) € c.

Since ¢ < a’, we have M N H(k') € d'.

Then by (n+),n = b, 50 MN(Ub) = (M NH(kT))N (Ub) € b (cf.
9°).

Since ¢ < b/, we have M N (UY') € b'.

Since F' € M, we see that M N C' is closed for F'; by the previous
two points, it contradicts the choice of F.

6’ We now have

O
fn) = [hnp] (1)
= [hn] (2)
= [(hnp(M): M € d)] (3)
= [(hnppa (M) : M € d')] (4)
= [(hnpnn (M) : M € a)] (5)
= [(g(M)(n): M € a)] (6)
= [gl(n), (7)

for the following reasons:
(1) since b € A, we have b’ I f(n) = h,, 4; we also know that b’ € G;
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(2) b="0
(4) for M € o/, we have b, ps = b by the choice of b;
(6) by the definition of g.

XVI. Corollary. Let § be Woodin and let G ~ V. Then wY[G] = wf't(V’G) =J.

Proof.

1° By c of 2-XVI and 2-XIV, we have § = jg(w} ).

2° This means § = wijlt(v’c).

3° By the previous proposition, we have wijlt(v’G) = wY[G].

4° This concludes the argument.

O

4 Fixing the Theory of Chang’s Model

I. Lemma. Let 6 < A be inaccessible, let as consist of all countable self-generic
M < H(6%), and let G ~ V@, Then G N Qs ~ VO if and only if as € G.

Proof.
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10°
11°

We first prove (<).
Assume a := a5 € G and let us show that G N Qg ~» V@ .

To that end, consider arbitrary predense D C GN Qs and let us show that
DNGNQs # 0.

b:=anN{Me[H(N¥:De M} eG

For M € b, choose f(M) as to witness the fact that M captures D, i.e.
such that
f(M)yeDnM, Mnl]Jf(M)e f(M).

f:b— H(dT) is a choice function, so normality yields ¢ € G with ¢ C b
and d € D such that for all M € ¢, we have f(M) = d.

This means that for every M € ¢, we have M N (Ud) € d, while Ud C
H(6T) = Ue.

In conclusion, ¢ < d.

Since ¢ € G, we have d € G.

Thus, d € DN GNQs.

Let us now prove (=).
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12°
13°
14°

15°

16°
17°
18°
19°
20°

21°

To show a € G, it suffices to show j[H(61)] € j(a).

Obviously, j[H(6T)] < j(H(6T)).

GHEVD = [[(M = M e [H(3+)]<)]|"* VD = [(|M]: M € [H(5)])]
=[(w: M e [H(5)])] = jw) =w

It remains to verify, in UIt(V,G), that j[H(6T)] captures every predense
D C j(Qs) with D € j[H(6)].

Let D be one such set and let D" witness D € j[H(61)], i.e. D = j(D’).
D' is predense in Q.

Thus, there is b € D' NG N Q.

J(b) € (D) NGIH(6)] = D j[H(0")]

Also, j[H(6)]N(Uj(b)) = F[H(61)]Nj(Ub) = j[Ub] € j(b) (the last equality
being due to the fact that b € G).

Thus, j(b) is as required.

II. Lemma. Let § be a Woodin limit of Woodins and let G ~» V@ . Then:

a.

b.

Every z € Ord” N V[G] is <d-generic” over V;
§ = sup{w) " : x € Ord” N V[G]}.

Proof.

10

o0
50
e
5o
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70
g°
9°

10°

11°

Part Il.a.

Recall that, in V, for every A < § Woodin, set ay is projectively stationary
(see 3-XIII).

Thus, (Yo < §)(¥b € Qs)(3\ € (a,0))(ax || b).
We now work in V[G].

By 2°,set A:={X < d:ay € G} is cofinal in ¢.
Let x : w — Ord be arbitrary, named by some .

For each ¢ < w, there is a maximal anti-chain A; C Qs such that each
element of A; decides (7).

Let b; be the unique element of A; NG (i < w).

rank (b;) < 0 = wY[G] for every i < w.

Thus, there is A € A such that b; € Qf\/ for every i < w.
In other words, A; NG N QY #  for every i < w.

Then x € V[G NQ,], as it can be defined there by

z(i)=n < (I HNGNQY)(ply, ©(i) = n).

"This means that there is some P € V with [P|Y < 6 and g ~ VT such that V[z] = V[g].
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12°
13°

14°
15°

16°
17°

Since ay € G, the previous lemma implies that G N Qy ~» VO,
We can now conclude that x is <d-generic over V.
Part ILb.

d= wy[G] > wY['x] for every z € Ord” N V[G].

On the other hand, for every a < § = wY[G]

well-order on w of order-type «.
Thus, a < wY[I].

We conclude § = sup{w) ™ : # € Ord” N V[G]}.

, there is a real = coding a

O

III. Main Lemma. Let us work in V(@ where Q is large enough. Suppose
that ¢ is a Woodin limit of Woodins in V. Then for every H ~» V0« <9) there
is some G ~ V& such that

Ord* NV[G] = Ord” N V[H].

Proof.

10
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We first show that there are some G ~ V& and Hj ~» V(@<
such that Ord” N V[Go] = Ord™” N V[Hy].

Let Go ~» V@ be arbitrary.

Let S be the set of all g ~» V(<) o < § that belong to some V[z],
x € Ord” N V[Gp]. Let this set be ordered by the reverse inclusion.

Let K ~ V[Go]® and let Hy := |J K.
Claim. Hy ~» VCol(w,<d)

Proof.

1’ It is clear that Hy is a filter, so we show that it is V-generic.
2" Let D C Col(w, < 4) be arbitrary dense set. We want to show that
Hyn D # 0.
3 Let D' :={g€eS:gnD+#0}.
4" Subclaim. D’ is dense in S.
Proof.
1" Let g € S be arbitrary. We want to find h < g with h € D'.
2" Let a < ¢ and z € Ord” N V[Gy] be such that g ~ V<!(w:<e) and
g € Vix].
3" Since D is dense in Col(w, < §) and g ~» V!(«:<®) there is p € D
such that p | (w x @) € g.
4" Let B € («,d) be such that p € Col(w, < 3).
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5" Since § is inaccessible and x is <d-generic, we have
|P(B(Col(w, < B))V) |Vl < 6.
6" By ILb, there is y € Ord” N V[Gy] such that
|P(B(Col(w, < 8)")V17) < wy ).

7" Let z :=x &y € Ord” N V[Gy).
8" Let @ be the canonical poset such that

Col(w, < B) = Col(w, < ) x Q.

9” In V2], we have that P(Q)"[*] is countable (cf. 4°4'6").
10” Thus, in V[z], there is ¢’ ~ V[z]% such ¢’ 2 p — (p | (w x @)).
11" Let h:= g x ¢ ~ VClw.<B),
12" We have h € V[z], so h € S and h < g.
13" Also, h 3 p, so hN D # () and consequently, h € D'.

5 Let g€ D'N K. Then gN D # 0, while g C |JK = Hy.

5° Claim. Ord“ NV[Gy] C Ord” N V[Hy]

Proof.

1" Let = € Ord” N V[Gy] be arbitrary.
2 Let D, :={g€P:2z eV}
3’ Subclaim. D, is dense in S.
Proof.
1” Let g € S be arbitrary. We want to find h € D, with h D g.

2" Let a < § and y € Ord” N V[Gy] be such that g ~ V¢! <®) and
g€Vl
3" For h, we need to know:
i. B € (a,6) such that h ~ Vol <h).
ii. w € Ord” NV[Gy] such that h € V]w];
and we need to ensure:
ii. o€ VI[A]
iv. hNCol(w, < a) =g.
4" Let z := 2 @y € Ord” N V[Goy]. We will ensure z € V[h], which
will suffice for 5°3'3"iii.
5" Note also that g € V[z].

6" Since z is <d-generic over V, it is <d-generic over V[g] as well.
More precisely, there are Q € V!« <) and ¢’ such that:
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Y Collw,<a) = rQ is a poset™;
rank (Q) < 0
g €V
g~ V[g¥
e. V[z] = Vigllg'].
7" Now, there is 8 < 6 and a complete embedding

e o T

k: Col(w, < a) * Q = B(Col(w, < B))

such that k(p) = p for p € Col(w, < «). (Existence of such k follows
from lemma 26.9. of [1].)

8" Note that |P(B(Col(w, < )|V < 4.
9” By ILb, there is some w’ € Ord” N V[Gy] such that

|P(B(Col(w, < 8)))|V1*) < w) ™.

10" Let w:=z® w' € Ord* N V[Go].
11” Then in V[w], there is h ~» V!(©:<B) guch that k~'[h] = g * ¢'.
12" h is as required in 5°3'3".

U
4" Thus, there is g € K N D,.
5" This means x € V[g].
6’ Since g € K, there is a < § such that g = Hp | a.
7" Then z € V[g] C V[Hy].
U

6° Claim. Ord” N V[Go] 2 Ord“ N V[Hy]

Proof.

1" Let z € Ord” N V[Hy| be arbitrary.

2" Since ¢ is inaccessible in V and z is an w-sequence of ordinals, there
is @ < 0 such that x € V[Hy [ a.

3’ Then g := Hy | a € S, so there is y € Ord” NV [Gy] such that g € V[y].
4" We now have z € V[g] C V]y] C V[Gy).

O

7° Thus, we have verified that Ord” N V[Gy] = Ord“ N V[Hy].

We now show that for a given H, we can find G ~ V% such that
Ord“ NVI[G] = Ord” N V[H].

8° Let T~ V@D be arbitrary. We work in V[I].

9° Let H ~» V(@< be arbitrary. We want to find G ~» V@ such that
Ord“ NV[G] = Ord“ N V[H].
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10°

11°

12°

13°

14°

15°

16°

17°

18°

Consider the sentence ¢(d, H): “there is a generic G ~ V@ such that
Ord“ N V]G] = Ord” N V[H]”. We need to show V[I'| = ¢(d, H).

Let Go, Hy € V(I be as above. There is some A ~ V[Hp]“'«@) such
that V'] = V[H][A].

VI[Hol[A] = ¢(6, Ho)
There is some p € Col(w, 2) such that

VI[Ho| = (p - ¢(6, Ho)).
Since Col(w, ) is homogeneous, we have

V[Hy] = (Col(w, Q) IF ¢(5, Hp))-

This means that for some ¢ € Col(w, < ¢) and the canonical name gen for
the Col(w, < §)-generic, we have

V = (q1F (Col(w, Q) I ¢(6, gen))).
However, in V', we have
Col(w, < 9) I ¢(0, gen) < ¢(, m.gen)

for every m € Aut(B(Col(w, < §))), so the homogeneity of Col(w, < J) im-
plies
Col(w, < §) IF (Col(w, Q) I ¢(d, gen)).

Thus,
V[H] E (Col(w, Q) Ik ¢(d, H)).

There is A’ ~ V[H]'«@) such that V[T = V[H][A’]. We have

which was to be proved.

O

IV. Definition. Chang’s model C is the smallest inner model for ZF that is closed
for w-sequences. Equivalently, it is the smallest inner model for ZF that contains
all w-sequences of ordinals, i.e. C:= L(Ord®).

V. Theorem. Let us work in V!« where Q is large enough. Suppose that &
is a Woodin limit of Woodins in V' and let g ~» V(@< Then there is an
elementary embedding j : CV < CV9,

Proof.
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1° By 3-XIII yields a generic G ~ V& such that

Ord“ NV[G] = Ord“ N Vg].

2° Let jo : V < Ult(V,G) =: M be the generic embedding.
3° We have

ji=joCV:CV <M,

4° Since M is w-closed in V[G], we have Ord” N M = Ord“ NV[G], i.e. CM =

50
60

cviel,
By 1°, we also have CVI6] = cVldl,
Thus, j : CV < CVldl,
O

VI. Theorem. Let § be a Woodin limit of Woodins and let G be <J-generic over
V. Then CV =pv CVIC],

Proof.
1° Formally, we need to prove that for every P € Vy, we have
CE¢(a) <= V' E(CE ¢(a)
for all formulas ¢ and all reals a.
2° Let Q be large enough and let T ~» V@) We work in V[T].
3° For the conclusion, it suffices to show
CV =v CVIE
for every G ~ V.
4° Fix some G ~ VP and let g ~ V[G]Cl(w:<9),
5° By the previous theorem, there is an embedding j : CVI¢ < CVIGlldl,
6° Since forcings P x Col(w, < §) and Col(w, < §) are equivalent in V', there is
h ~s V@ <9) guch that V[G][g] = V[h)].
7° By the previous theorem, there is an embedding k : CV < CVIM = CVIGlldl,
8° After noting that both j and k fix reals, we come to the conclusion by
referencing 5° and 7°.
O
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