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Abstract

We prove the (game-theoretic) determinacy of projective sets of reals,
under suitable large cardinal assumptions. In addition, we develop the
necessary theory of tree-like iterations of the ultrapower construction.
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0 Introduction

This paper is my Master’s Thesis (mémoire de stage). It was done in the
academic year 2020/2021 at the University of Paris, as a part of the Logique
Mathématique et Fondements de l’Informatique master’s program. The work
was jointly supervised by Boban Velickovi¢ (University of Paris) and Grigor
Sargsyan (Rutgers University, USA). The content of this thesis was inspired
by the lectures given by Sargsyan at the Baltic Set Theory Seminar, hosted
by Rutgers in Spring 2021. The Seminar, and consequently the thesis as well,
refer to Neeman [7] as their primary source (at least as far as the proof itself is
concerned).

The outline of the paper is as follows. We want to prove that projective sets
are determined; this is a result of Martin & Steel published in [5]. We show
in the section 8 that homogeneously Suslin sets are determined, hence reducing
the problem to showing that projective sets are homogeneously Suslin. This is
done in the section 9, where we need iteration trees in order to show that a
certain set is homogeneously Suslin. The iteration trees themselves are studied
in the first seven sections, in the following conceptual order.

1. We briefly describe the notion of iterating ultrapowers in the simplest
possible case.

2. We then introduce (short) extenders. They are families of measures which
provide for a more sophisticated ultrapower construction.

3. We go on to demonstrate how one uses these extenders to capture large
cardinal notions between a measurable and a superstrong cardinal. We
also intorduce the crucial notion of a Woodin cardinal, which is used to
formulate the large cardinal assumption in our proof of the projective
determinacy.

4. In this section, we prove technical propositions that provide a basic toolkit
for approaching iteration trees.

5. Then we introduce the iteration trees themselves.

6. Here, we prove that every iteration tree on V of length w has a cofinal
branch whose direct limit is well-founded. This will be used for the final
conclusion in the section 8.

7. In the proof of the projective determinacy, we will need to actually con-
struct some non-linear iteration trees. This section describes a construc-
tion of the simplest such iteration tree. This construction will need to be
technically improved, but it is conceptually sufficient.

Throughout the paper, we will use the following conventions.

e By a k-model, we shall mean a transitive class which satisfies

Z + Tevery set can be well-ordered™,



which contains k, and which is closed for definable k-sequences. This
closure is expressible as a first-order axiom schema (it is a weakening of
the replacement).

e By a small k-model, we shall mean a transitive set which is x-model.

e {0:Vy <1000 V}is aclub class. {0 :cof @ > XA Vy <1900 V} is a cofinal
class. For a large enough A, any large enough element 6 of the previous
class shall be referred to simply as large enough. For such a 6, Vj is a
small A-model (and it is in fact closed for all A-sequences, not only the
definable ones).

e By a countable hull of a model (N, €,...), we mean an elementary em-
bedding j : (M, €,...) < (N,€,...), with M transitive and countable.

e All well-founded, extensional, set-like structures are implicitly identified
with their transitive collapses.

1 Linear Iterability

The purpose of this section is to introduce the notion of iterability in the sim-
plest case, i.e. that of a linear iteration via single measure. Starting from any
(B,E,U) = ZFC + U is an ultrafilter, working within it, we may construct the
ultrapower Ult (B, U), with corresponding E* and U*, as well as the canoni-
cal embedding j : (B, E,U) < (Ult(B,U), E*,U*). This construction can be
iterated in the obvious manner, while at the limit steps, we take direct limit
of the previously constructed models and embeddings. The model obtained in
the atP-step is denoted by Ult *(B, U). The case of a transitive model B = M
is of the particular interest. We are interested weather the iterates of M are
well-founded /transitive.

Definition 1.1. (M, €,p) is a-iterable if every Mg := Ult?(M, ) is well-
founded (8 < «). M is iterable if it is a-iterable for every a.

We consider the case when g is countably complete! ultrafilter in M and
give an iterability criterion for countable M. Afterwards, we will deduce the
iterability in the case M = V', which then can be relativized to any transitive
model M = ZFC, yielding its Ord™ -iterability. We start with the following two
lemmas.

Lemma 1.2. A countable transitive M = ZFC is iterable via p € M if and
only if it is a-iterable, for every a < wy.

Proof. For the non-trivial direction, assume that M is not iterable. This fact
can be expressed as a Xp-statement in the parameter M. Since M € H,, and
H,, <1V, we have non-iterablity of M in H,, . This is then witnessed by some
ordinal o < wy, thus ensuring non-a-iterability. O

I'Note that if y is not countably complete in M, then the ultrapower Ult (M, u) (which can
be computed in M) is not well-founded, thus witnessing the failure of 2-iterability.



Lemma 1.3 (1-step lemma). Let N |= ZFC be a transitive set, N C N, and
v a countably complete ultrafilter in N. Let o : (M, €,u) < (N, €,v), where M
is transitive and countable. Let w: M < Ult (M, ) be the canonical embedding.
Then there is k : Ult (M, u) < N such that the following diagram commutes.

N
“k
o N
M — Ult (M, p)

We say that Ult (M, ) is realizable in N.

Proof. o[u] C v is countable, thus o[u] € N and (o[u] € v. Let s € (o[y]
and define k([f],) = o(f)(s). We need to show that k is well defined and
elementary, which will follow once we verify that for every ¢(z...),

Ult (M, 1) E 6(f]...) = N E (o(f)(s)...).

To see this, assume that Ult (M,u) = ¢([f]...). This implies A = {s :
o(f(s)...)} € p. Thus, 0(A) € o[u|, ensuring s € o(A), which translates
to N E 6((f)(s)..).

To check the commutativity of the diagram, let x € M be arbitrary. We
compute the following:
k(m(z)) = k([ca]) = 0(ca)(5) = Co(a)(s) = o ().
O

Theorem 1.4. Let N = ZFC be a transitive set, N C N, v a countably
complete ultrafilter in N. Let o : (M, €, u) < (N, €,v), where M is transitive
and countable. Then M is iterable (via ).

Proof. By recursion, we can construct embeddings o, : (M4, €, 1) < (N, €,v)

such that all the diagrams
N
IS
Oa
M

a— Mg

Ja,B

(o < B). The embedding o, ensures the well-foundedness of M,. The con-
struction is done in the obvious manner: o := 0, 0441 is obtained from o, by
applying the 1-step lemma, while o for limit A is obtained from the universal
property of the direct limit. O

Theorem 1.5. If i is a countably complete ultrafilter, then V is iterable via .



Proof. Assume otherwise. Then there is a minimal A for which M), is ill-founded.
The countable completeness of p ensures that well-foundedness is preserved
at successor steps, so A is limit. The ill-foundedness of M) is witnessed by
sequences (ay,), € A and (§,)n such that (ja, A(£n))n is strictly decreasing.
There is a large enough 6 such that

Vy = V is Miterable via p A Ult *(V, ) is ill-founded.
Let o : (M,€,v,p) < (Vy, €, u, A) be a transitive hull. We have
My =V is p-iterable via v A Ult ?(V,v) is ill-founded.

However, we have sufficient conditions for reasoning of the previous theorem
to go through, starting from the embedding o : M < Vp and for p + 1 steps.
In other words, we obtain o, : M, < Vj, implying that M, = Ult?(M,v) is
well-founded, which is a contradiction. O

We shall now apply the theorem 1.4 to obtain X1 generic absoluteness. Be-
fore we do so, let us recall two well known absoluteness theorems (see Intro-
duction of [6]). Mostowski’s absoluteness theorem states that arithmetical 31
sentences (with parameters in RM) are absolute between M and V. Shoenfield’s
absoluteness theorem states that every 3 sentence (with parameters in RM) is
absolute between M and V', provided that wY C M.

Theorem 1.6 (3} generic absoluteness). Assume that there is a proper class
of measurable cardinals. Let ¢ be a X} sentence (with parameters in RY ), let
P be a forcing poset and let g C P be V-generic. Then ¢ is absolute between V
and Vg].

Proof. ¢ is of the form Jz¢)(x), for I3 formula ¢(x). If V |= ¢, then V = (a)
for some a € RV, so we may apply Shoenfield’s theorem, yielding V[g] |= ¥ (a).
This of course means V[g] = ¢.

Let us now assume that V[g] = ¢. This means that for some p € g, V |
(pIFp ¢). Choose a measurable A such that P € V), an ultrafilter v witnessing
this measurability, and an inaccessible 8 > . Let

g (M7€7/’[/’ H7Q7Q) —< (‘/0767V’ A?p’]P))7

where M is countable and transitive. In particular, M = (q IFg ¢).

By the theorem 1.4, we have the transitive iterate M, of M and the embed-
ding j = jow, : M < M., . Since p is a measure on &, the rank VM remains fixed
throughout the iteration. This means that j(Q) = Q, j(¢) = ¢, M., = (¢ kg )
and P(Q)NM,, = P(Q)NV"™* = P(Q)NVM. Thus, P(Q)NM,, is countable,
so there is an M, -generic filter h C Q, h > q.

We can now conclude that M, [h] &= ¢, i.e. M, [h] & ¥(a), for some
a € RN M, [h]. Since wy C M, C M,, [h], we can apply Shoenfield’s theorem
once again. This yields V = ¢(a), i.e. V = ¢. O



2 Extenders 1

Extenders are generalization of measures which provide for more sophisticated
ultrapower construction. The extenders that we study are also called short
extenders and they will play crucial rule throughout this thesis. Notation-wise,
[A]<¢ denotes the set of all finite subsets of A and for s € [\]<“ and i < |s]|, we
denote by s; the i" element of s (in the ordinal ordering).

Definition 2.1. Let M be a x-model. An M -pre-extender on x of length A
(k < X limit ordinals) is a family E = (E, : a € [\|<%) satisfying the following
properties.

e Every F, is an M-ultrafilter on [/@]'“‘, i.e. an ultrafilter in the algebra
P([x]!lyn M. We define projections 7, , for a C b € [A]<“ in the following
manner: if b={0y <--- < fBp_1}and a={B;, <--- < Bi,_, ) then

Toa : [,ﬂlb\ N [,i]lal e < <Ena} = {&iy < <&, )
For f : [x]l*l — Kk, we also define a function
o (K] = ks f(mha(s)).
e Every E, is M-k-complete, i.e. ﬂa<‘A‘ A, € E, for every A€ EX"N M.

e F is M-normal, i.e. for every a € [\|<¥, f € kA M, and i < |a| with
{s € [x]lel: f(s) < s;}, there is B < A with b:= a U {8} and j witnessing
B = bj, such that {t € [k]l’l: f>(t) = t;} € E,.

e F is coherent, i.e. for a C b € [\]<¥,

(VA € Eb)m,’a[A} e FE,.

Let E be an M-pre-extender. We want to define the ultrapower Ult (M, E)
of M via E. For every a € [A\]<%, we can construct the ultrapower Ult (M, E,).
We naturally identify Ult (M, Fy) and M. For a C b, we define mappings

JoiT ULt (M, Ey) — Ul (M, Ey) = [f13, — [f*°]3 .

This mapping is correctly defined and elementary. For otherwise, there would
be a formula ¢(z...) and a function f such that

Ult (M, Ea) b 6(1f]..), Ult (M, By) = —([f>]..);
applying Lo$’s theorem would yield
{s: M Eo(f(s)..)} € Eay {t: M ~0(f(malt)...))} € By,

which is in contradiction with the coherence property, since acting with m , on
the second set produces exactly the complement of the first one.



Furthermore, for a C b C ¢ in [\]<¥, it is a straightforward matter to verify
Th,a © Te,b = Te,q, SO WE Can compute

Joe(Gap(f18.)) = Jo.e([f o malp,) = [f 0 M0 0 Teplp, = [f o Mealm,
(for f: ["i]‘al — k with f € M). Thus, we have constructed a system
(Ult (M7 Ea), ja,b :aCbe [)\]<w).

of models and elementary embeddings. We define Ult (M, E) as the direct
limit of this system, denoting the obtained embeddings by j, : Ult (M, E,) <
Ult (M, E), and in particular jg := jy : M < Ult (M, E). We proceed to go
through the construction of the direct limit in order to get a more explicit
description of Ult (M, E).

Let D := {(a, f) :a € [\<¥, f: [s]l*l = &, f € M}. If we identify the pairs
of the with the same first coordinate a modulo E,, we obtain exactly the disjoint
union | |, Ult (V, E,). We identify (a, f) and (b, g) exactly when for some/any
¢ 2 ayb, jac([f]) = Jbc(lg]). (We may take, for example, ¢ := aUb.) The relation
obtained in this way is denoted by =”. After unraveling the definitions, we get
the following:

(a,f) =" (b,g) <= {s: f(s) = [*"(s)} € E..

Analogously as for =P, we can define

(a,f) €7 (b.9) : <= Jac(lf]) € doellg]) = {s:f(s) € g°"(5)} € E,

for some/any ¢ D a,b. It is now clear that we can take (Ult (M, E),ef) =
(D,eP)/ =P and j, : [f] = (a, f)/ =P. In particular, jg : M < Ult (M, E) is
defined as jg(x) = [0,0 — z]. We have the following version of Lo§’s theorem.

Theorem 2.2 (Lo$). For a formula ¢(T), finite subsets a; of A, functions f; :
[k]l%! = k and any ¢ D ag, ..., an_1, we have

Ult (M, E) = ¢([ao, fol, - - - [an—1, fn-1])
= {s:0(fg"(s), .., fali 7 (8))} € Ee.

Proof. Noting that [a;, fi] = ja,([fi]) = je(Jas,c([fi])) = Je([fi7*]), we see that
both sides are equivalent to

Ult (M, Ee) = o([fg -, L2,

the one on the left by elementarity of j., while the one on the right by Lo$’s
theorem for ultrafilters. O

Definition 2.3. Let M be a k-model. An M-extender on k is an M-pre-
extender E on « for which Ult (M, E) is well-founded.

An M-extender on & of length \ is referred to as “M-(k, A)-extender” (and
similarly for pre-extenders).



Theorem 2.4. Let M be a k-model and let E be a M-(k,\)-extender. Then
the following holds.

1. {o}, {€} = €] = a for a < A.
2. [a,5— s;] = a; and [a,s — s| = a for a € [\|<%.
3. [a, f] = M (f)(a) for a € [N|<¥ and f : [5]!*l — & with f € M.
4. crit jM =k and ¥ (k) > A

Proof.

1. Let us define a map F : A\ = Ord by setting F(«a) := [{a}, {£} — £]. We
want to verify that F is increasing, i.e. that for every a < 8 < A,

{s € k?: ({&} = O (5) < ({€) = 1M ()} € Eya .-

However, this just reduces to {s: so < s1} = [k]* € E{q,g}.

Furthermore, im F' is an initial segment of Ord, i.e. an ordinal. To see
this, take any o < A and any [b,g] € [{a},{{} — £. W.lo.g. we may
assume that o € b and a = b;, so we have

{s:9(s) € (&} = O™ (9)} € By,

which translates to {s : g(s) < s;} € Ep. M-normality implies existence
of some ¢ D b and k < |c| satisfying {s : ¢g>%(s) = s} € E.. This last
relation translates to {s : g©%(s) € ({¢} — &)o{}(s)} € E., verifying
that [b, 9] = [{ck}, {¢} = &] = Fcx) € im F.

Thus, F' is an order isomorphism between ordinals, implying that F' = id}.
Consequently, « = F(a) = [{a}, {&} — €] for every a < A.

2. Notice that {s : (s = s;)(s) = ({&{} = @ (s)} = {s: 8 = s} € E,,
implying [a,s — s;] = [{a;},{{} — €] = a;. Further, denoting n := |al,
we notice that for every s € [k]™, s = {so,...,Sn-1}, so by Lo$’s theorem

[a,s — s] ={[a,s— so],...,[a,s = sp_1]} = {ao,...,an-1} = a.

3. je(f)la) = [0,0 — fl(la,s — s]) = [a,s = f(s)] = [a, f], where the
second equality follows from Lo$’s theorem.

4. Let o < r and let us verify j¥(a) = a. jM(a) > a is a general fact,
so let us consider the other inequality. Suppose that [a, f] € j¥(a) =
[0,0 — «]. This means that {s : f(s) € a} € E,. It is now implied by
M-k-completeness that {s: f(s) = 8} € E, for some 8 < a, which means
[a, f] = [0,0 — B] = B < a. This shows that jg(a) < a.



It remains to show that j¥ (k) > X. It suffices to verify that j¥ (k) > «
for any a < A.

{o}, {&} = & < 0,0 — x] € Ea

{selr]': (& = &(s) < (0= r)1H0(s)} € B,
{sck':s0 <k} EE,

[x]' € E,

T.

a < (k)

[reey

O

We have established that extenders produce elementary embeddings. Let us
show that one can also obtain extenders starting from an elementary embedding.

Proposition 2.5. Let M be a k-model, let N be transitive, let j : M < N be
an embedding with critj = k, and let A < j(k). Let E = (E, : a € [A\]<¥) be
defined by:

XeE, < acjX)
for a € [\|<¥ and X € P([x]'*lYn M. Then E is an M-extender. Moreover,
there is k such that critk > X\ and the following diagram commutes.

1™

M 2 Ult (M, E)
(Ult (M, E) is said to be j-realizable.)

Proof. 1t is a matter of routine to verify that F is a family of M-ultrafilters
(on the appropriate sets) and that they are M-x-complete. To verify coherence,
assume that a C b are finite subsets of A\ and that A € E,. This means that
b € j(A), so acting by m o yields

a=myq(b) € mpal[j(A)] = j(m.a[A]),

showing that m, 4[A] € E,.

Let us verify normality. Let a € [A]<%, i < |a|, and f : [s]l*l — & with
f e Mand {s: f(s) < s;} € E,. This means that a € j({s : f(s) < s;}),
implying j(f)(a) < a;. We shall take 8 := j(f)(a), b := aU{B}, and k < w
satisfying 8 = bg. It follows that

be {s:j(f)(ma(s)) =si}=i({s: ["*(s) = sx}),

ie. {s: f>%(s) = s} € Ep, as required.
The fact that E is an M-extender will follow from the construction of an
embedding k. We set

k(la, f1i) = j(f)(@) (a€ N, f:[s]l)l =&, f € M).



Let us check that this mapping is well defined and elementary. If Ult (M, E) |=

d([ao, fol, - -+ [an—1, fa_1]), we have {s : ¢M(f0"(s)...)} € E, (for b :=
Ui<n @i). By the definition of E, it follows that

bej({s: o™ ("™ (s),..)1) = {s : SV (G(f) D7 )(s),.. )},

implying N E ¢(j(f)(ag),...). For the commutativity of the diagram, we
simply have

(kojp)(@) = k(0,0 — z]) = j(0 = 2)(0) = (0= j(2))(0) = j(z).

We also have

k(o) = k({a},s = s0]) = j(s = so)({a}) = a
for every a < A. O

The extender from the previous proposition is said to be derived from j at
A

Proposition 2.6. Let E be an M-(k,\)-extender. Then E is the extender
derived from jM at \.

Proof. Let a € [A\|<¥, n:= |a|, and X C [x]".

a€jp(X) <= [a,s—s]€(d,d— X]

— {se[u": (s> s)(s)e @~ X)) e E,
— {selk|":s€eX}€E,

<~

X ek,

Note that V-(pre-)extenders are referred to simply as (pre-)extenders.

Definition 2.7. A pre-extender E is complete if for every family (a; : i < w)
of elements of [A\]<“ and every family (A; : i < w) € [[,.,, Fa,, there exists an
increasing function f : J, ., a; — # such that

(Vi < w) flas] € A;.
Theorem 2.8. A pre-extender E is an extender if and only if it is complete.

Proof. Let us assume that E is not complete and show that Ult (V, E) is ill-
founded. There are finite subsets (a;)i<, of A and sets 4; € E,, (i < w) such
that

(Vf: Uai—>/<a)(3i<w)(f[ai] g A). (1)

i<w

Z‘ . o [As], we may assume that
J<i 737
the sequence (a;); is increasing. Now, if we consider the set S := {o : (Fi <

Up to replacing a; by Ujgi a; and A; by ’/TL_J

10



w)(o :a; = Kk Ao is increasing A imo € A;)}, ordered by the reverse inclusion,
then (1) is equivalent to the well-foundedness of this order. Let p : S — Ord be
the rank function.

Let us describe a decreasing sequence of ordinals in Ult (V, E). First, we
note that, up to replacing A; by ﬂjgi 7ot [A;], we may assume that

i, aj
1<) = Waj,ai[Aj] C A;.

Fix a natural i. For s € []l%], let oy : (a;, <) = (s,<); 50, 05 € S whenever
s € A;. Let g; : [8]!%] — Ord satisfy g;(s) = p(0s) for s € A;. Then ([ai, gi])i<w
is a sequence of ordinals in Ult (V, E), and it is decreasing since

lais1, giv1] <laig] < {se[s]*:gipi(s) < g/ (s)} € Earyy
= {s€Aip1:9i11(s5) < g7 " (s)} € Eayy
— {3 € Ai+1 : p(as) < p(o—ﬂ'ai_'_l,ai(s))} € Eai+1

<~ Ai+1 S Eai+1.

Let us now suppose that E is complete and show that Ult (V, E) is well-
founded. Assume otherwise, that there is a €-decreasing sequence ([a;, g:])i<w-
We have A1 := {s € [g]l“+1] 1 giy1(s) € ¢/ (s)} € E,,,,. By complete-
ness, there is an increasing f : (J,., .., 4i — & such that fla;] € A;. However,
this yields gi+1(flait1]) € g; " (flai+1]) = gi(fla;]) for every i < w, which is
a contradiction. O

We can also obtain linear iterability analogous to that in the case of ultrafil-
ters. We do not repeat the definition of iterability and we note that arguments
for the following theorem are almost identical to those in the previous section.
There is a difference in the proof of the 1-step lemma, so we will write it down
here.

Lemma 2.9 (1-step lemma). Suppose that
a. N is a pu-model;
b. F is a (u,v)-pre-extender N;
c. j:(M,€,E,k,\) < (N,€,F,u,v) is a countable hull;
d. j € N and |j|N = .

Then F is an extender in N if and only if there is k : (Ult (M, E), eVt (M:E)y <
N such that the following diagram commutes.

Ult (M, E)

JE

11



This is another example of realizability. The condition d. is satisfied if e.g.
N« C N.

Proof. If there is such a k, then Ult (M, E) is well-founded, impying that F is an
extender in M, and by elementarity, F' is an extender in N. Let us now assume
that F' is an extender in N. In particular, all of its coordinates are countably
complete. Let A, := (j[Ea] € Fj(q). Enumerating [A\|<“ = {a, : n < w},
let f:U,<yd(@n) — Ord be an increasing function satisfying f[j(a,)] € Aq,

(n <w). We define k([b, g]) := j(g)(f[5(b)])-
Let us verify that & is correctly defined and elementary. To that end, assume

that Ult (M, E) = ¢([bo, go, - - -, [bn—1,gn-1])- By Lo§’s theorem, we have A :=
{s: oM (g5 (s),. .. ,gfL’f’i‘l(s))} € E., where ¢ := |J,_,, bi- By the choice of f,
we have f[j(c)] € j(A), implying

N = 6(j(g0)" 7 (f5(0)]),- .-, 5 (gn-1)? DT =D (f[j (0)])),

where j(c) = UU,,, j(b;). This exactly means that
N = ¢(5(90) (f13 (bo)]); - -5 (gn—1) (f 5 (bn-1)]))-

To see that the diagram commutes, we compute

k(ie(@)) = k(0,0 — z]) = §(0 = 2)(f[0]) = (0 = j(2))(0) = j(2).
O

Lemma 2.10. Let M be a countable k-model and let E be an extender on k in
M. Then M is iterable via E if and only if it is a-iterable for every a < w;.

Theorem 2.11. Let N be an w-closed p-model, let F be an extender on p in
N, andlet j: (M,e,E) < (N,€,F) be a countable hull. Then M is iterable via
E.

Theorem 2.12. Let E be an extender. Then V is iterable via E.

3 Large Cardinals

In this section, we elaborate on how extenders are used to capture large cardinal
notions between a measurable and a superstrong cardinal. We also introduce
the notion of a Woodin cardinal which plays a crucial role in the study of
determinacy.

Proposition 3.1. A cardinal k is measurable if and only if for every A\ > k
there is a (k, \)-extender.

Proof. If k is measurable, as witnessed by some U, then V is iterable via U, so
we can take the A" iterate of M and the corresponding embedding j : V < M.
It is now clear that crit j = k and j(k) > A, so we can derive a (k, \)-extender
from j. On the other hand, if there is a (k, A)-extender E, then there is a
non-trivial jg : V < Ult (V, E) with crit jg = &, so & is measurable. O
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Stronger large cardinal notions are obtained by imposing additional condi-
tions on extenders.

Definition 3.2.
e An embedding j: V < M is a-strong if V,, C M.
e An extender E is a-strong if jg: V < Ult (V, E) is a-strong.
o A (k,\)-extender is strong if it is A-strong.

e A cardinal k is A-strong if there is a A-strong embedding j : V < M with
critj = k and j(k) > A

e A cardinal k is strong if it is A-strong for every A > k.
Definition 3.3.
e An embedding j : V' < M with crit j = & is superstrong if Vj() € M.
e An extender E on k is superstrong if jg : V < Ult (V, E) is superstrong.

e A cardinal k is superstrong if there is a superstrong embedding with the
critical point k.

Theorem 3.4. A cardinal k is A strong if and only if there is a strong (K, \)-
extender. A cardinal k is superstrong if and only if there is a superstrong ex-
tender on K.

Proof. If k is A-strong, then, for j : V < M witnessing this fact, we may
derive the (k, A)-extender E. Since Ult (V, E) and M agree up to A, we have
V= VAM = VAUlt (V’E), so F is strong. On the other hand, if some F is a strong
(k, A)-extender, then j : V < Ult (V, E) witnesses A-strongness of x. The case
of a superstrong cardinal is completely analogous. O

Definition 3.5. The strength of an embedding j : V' < M is the supremum/ma-
ximum of all the A for which j is A-strong. The strength of an extender F is the
strength of the embedding jg which it defines.

Let  be the critical point of an embedding j and let A := sup,, ., 7" (k). By
Kunen’s Inconsistency, Viio € M, implying that

strength j < sup j"(k) + 1.

n<w

However, for the embeddings coming from (short) extenders, this boundary is
much lower: namely, the length of the extender. This means that the greatest
possible strength of an extender is achieved when that extender is strong.

Lemma 3.6. If E is a (k,\)-extender, then jg is (k + 1)-strong.

Proof. We know that jg | Vi, = idy,, which implies jg(X) NV, = X for all
X € V41 and concludes the proof. O
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Proposition 3.7. If E is a (k, \)-extender, then E & Ult (V, E). In particular,
JE is not (A + 1)-strong.

Proof. Functions k — k% can be coded as elements of V.1, implying that
(H(K+))Ult(V,E) _ “(/{+).

If it were the case that F € Ult (V, E), it would follow that jg(x*) can be
correctly computed in Ult (V, E) as the order type of

U fapx ") /=

a€[A]<w

ordered by <¥. Working in Ult (V, E), we can then bound the cardinality of
Je(k1) by |27, Since k < jg(k) and jr(k) is a strong limit in Ult (V, E), we
conclude that [jg (k1) V-E) < |jp(k)|V (VE) | which is a contradiction.
Thus, E ¢ Ult(V,E). Since E can be coded by an element of Vi1, we
conclude that Vi1 € Ult (V, E) and that jg is not (A 4 1)-strong. O

We now proceed to study Woodin cardinals.

Definition 3.8. A cardinal ¢ is Woodin for f : § — § if there is an embedding
J:V <M with s := critj <6, f[x] C &, and Vj(f)x) € M. 0 is Woodin if it is
Woodin for every f:d — 4.

In the definition, we quantify over a class-sized object j. To rectify this,
notice that j[x] C x implies A := j(f)(k) + w < j(x), which allows us to derive
a (K, \)-extender E from j. We may apply proposition 2.5, obtaining k with
crit k > X which completes the diagram.

J
\% M

/7
N ok

Ult (V, E)

We have V() € Ult (V, E) and

k((f)(r) = J(f) (k) = k(Ge(f)(k(k) = k(ie(f)(k),

ie. j(f)(k) = je(f)(x). This means that we may have assumed that j = jg, so
the quantification should be considered to be over extenders E with the critical
point < 4.

We first establish the upper bound for this new large cardinal notion. We
require the following lemma.

Lemma 3.9. Let Ny, N1 be k-models agreeing up to k + 1 and let F' be both
No-extender and Ny-extender on k. Then jn° (k) = jn' (k) and Ult (No, F) and
Ult (N1, F) agree up to jn, r(k)+ 1.
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Proof. Let v([a, f]ng.r) := [a, f]3* for a € [\]<* and f € ([&]l%l = V,11)N Ny =
([5]'*l = Vi11) NNy (these sets being equal since such function can be coded
as elements of V.4 1). It is a matter of routine to verify that

v Ny | (jng,r(k) +1) = Ny | (5B (8) + 1)

is a correctly defined bijection agreeing with €, which is then necessarily the
identity. Thus, No | (jng.r(k) +1) = Ny | (j&* () 4 1), as required. O

Proposition 3.10. A superstrong cardinal is Woodin. Moreover, Woodin car-
dinals are stationary below a superstrong cardinal.

Proof.
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10°

11°

Let § be superstrong and let j : V' < M witness this fact.

Let f: 6 — & be arbitrary. We want to show that there is k < § closed
for f and an embedding k : V' < N with crit k = x and Vi(y(.) € N.

It suffices to show that there is k < j(0) closed for j(f) and an embedding
k:M < N in M satisfying crit (k) = k and M | k(j(f))(k) C N.

We will show that x := ¢ is as required.

For o < 6, we have j(f)(a) = j(f)(J(a)) = j(f(a)) = f(a) < 6. In other
words, ¢ is closed for j(f).

Let A :=j(f)(0) + 0 + w.
We have A < j(9), since j(f) : j(6) — 7(9).

Let E be the (d, A)-extender derived from j and let [ : Ut (V,E) < M
with critl > A complete the diagram

T

Vv —£, Ult(V,E)

We have £ € Vji) = M | j(0). We will show that k := JM M <
Ult (M, E) is as required.

k(G (£))O) = (K(G(f)) 1 K(6))(8) = k(G(f) I 8)(8) = k(£)(8) = j& (f)(8) =
Je(f)(9). The last equality is due to lemma 3.9.

We have [(jg(f)(6)) = (lojr)(f)(1(8)) = j(f)(6) < A, implying jg(f)(6) <
A < j(9).
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12° N [ k(j(£))(8) = Ult (M, E) | jg (f)(0) = Ukt (V. E) [ je(f)(8) = M |
Je(f)(0) = M T k(j(f))(0). The first equality is due to 10°, the second
one is due to lemma 3.9, the third one is due to critl > X > jg(f)(4), and
the fourth one is again 10°.

13° It remains to verify that Woodin cardinals are stationary below 6.

14° Since ¢ is Woodin and Vi3 = M [ (6 4+ 1), we have M = ¢ is Woodin™
This implies that the set of Woodin cardinals below 4 is measure-one with
respect to the normal measure on ¢ derived from j.

O
Let us now give lower bounds for Woodinness.

Proposition 3.11. A Woodin cardinal § is inaccessible and measurable cardi-
nals are cofinal below it.

Proof. To show that J is regular, assume that there are A < § and a cofinal
f: A — 6. We may assume f(0) > A\. Let us extend f to f : § — § by 0’s
and apply the definition of a Woodin cardinal. This yields k < § such that
f[x] € K. Since f(0) > A, we have x > A, but then x > sup f[\] = d, which is a
contradiction.

To show that § is a strong limit, it suffices to show that measurable cardinals
are cofinal below it. Given a < 6, let j witness that ¢ is Woodin for § 5 £ —
a+1 €. Then k := critj is a measurable cardinal closed for this function,
implying k > a. U

Proposition 3.12. If § is Woodin, then
Vs |= "strong cardinals are cofinal in Ord™.

Proof. Suppose not, i.e. that there is an o < ¢ such that for every g > « there
is the least ng € (8, 9) such that § is not ng-strong. Let us define

f(ﬁ):{a+17 B<a

g tw, a<fB<9i

and let j: V < M, crit j =: K, witness that § is Woodin for f.
We have Vj(p)(w) € M, where j(f)(x) = n +w and

M ="k is not n-strong .

Let E be (k,n)-extender derived from j; Ut (V,E) [n=M [n=1V, and E €
M. By applying proposition 3.9, we get j¥ (k) = j¥ (k) > n and Ult (M, E) |
n=Ult(V,E) | n = M | n. This means that x is n-strong in M, which is a
contradiction. 0

In the remainder of the section, we describe reformulations of Woodinness.
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Definition 3.13. Let ¢ be inaccessible and let A be a set of ordinals. We say
that kK < § is A-reflecting up to ¢ if for every A < § thereis a j : V < M with
critj =k, j(k) > A, and jJ(ANK)NA=ANA.

In other words, we can reconstruct A Nd from A N k using the appropriate
embeddings.

Proposition 3.14. Let 6 be inaccessible. Then § is Woodin if and only if for
every A C § there is a k < § which is A-reflecting up to §.

Proof. Let us first consider the direction (=). Assume that there is an A C §
such that

(Ve <0)(BA<0)~(Fi: V < N)(criti = Ni(k) > ANI(ANK)NA=ANN).

For every k < ¢ choose A(k) > x minimal witnessing the previous fact and set
f(k) :== A(k) +w2. Since ¢ is Woodin, thereis a j: V < M with x := critj < 4,
FlR] S Vigpw) © M.

We now have that A (k) < j(§) is the minimal A witnessing

ME-(Ji:V<<N)criti = Ai(k) >AANIGA)NK)NA=35(A)NA)  (2)

and that j(f)(k) = A (k) + w2. Let us denote A\ := AM(k) and let E be
(K, A + w)-extender derived from j. There is k : V < Ult (V, E) such that the
following diagram commutes and critk > A + w.

Ult (V, E)

We have E € Va2 = Vi) © M, so, working in M, we have JM M <
Ult (M, E) with crit j& =k and j¥ (k) > A+ w > A\. We now have

FMGAYNE) N A=MANK) NA=j(ANK) N, (3)

which is a contradiction with (2).
Let us elaborate (3) further. The first equation follows from crit j = x. For
the second one, notice first that for B € PM (k) = P(k) and o < A,

aci¥M(B) = [{a}l,s—=s0)¥ c[d,0— BY — {se [KJ]IZSOGB}GE{@}

— [{a},s+— s0]p € [0,0 — By <= acjn(B).

This means that j& (B)NA = j%(B). In particular, & (ANk)NA = j % (ANK)NA.
Now, since crit k > A+ w, we have j% [ Vii1 = j | Vir1, implying jL(ANkK) =
Jj(AN k) and concluding the argument.
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We now consider the direction («<). First, inaccessible cardinals are cofinal
in §. For, given a < 4, we there is a a-reflecting x < §. This is witnessed by
some j: V <M for \:=a+1,s0 j(ank)NA={a}NX+#0, implying x > «
and it is measurable.

Let f: 0 — § be arbitrary. Let us denote by I' = (-,-) : Ord x Ord — Ord
the Godel’s pairing function. For given o < 4, choose a binary relation E,, on
Jf(a) such that (Jyiay, Ba) = (Vg fia), €)- Let

A= {(i,{0,8): (i=0Aa<SABET[ELV(i=1Aa<dAB=f(a))}

and let x be A-reflecting. For o < 4§, let A\, > max{ca,sup{f(8) : 8 < a}} be
the minimal inaccessible and fix j, : V' < M, satisfying crit j, = K, jao(K) > Aa,
and jo(ANK)N A, = AN A,

For a < § and (8,v) € E,, we have

0,{c, (B,7))) € AN Ao = Ja(ANK) N Ay
This means that

Eo ={(8,7) : (0,{e, (8,7))) € ja(ANK)} € Mq

and consequently its transitive collapse is also in M,. We conclude that Vi, C
Vw+f(a) C M,.

If we set j := j. : V < M, =: M, we have critj = x and Vj(,) € M, so we
are done if we show that (1) j(f)(x) = f(x) and (2) f[k] C k. For a < K, we
have

(L{a, fla))) e AN X =J(ANK)N Ay,
(

ie. (1,{a, f(a))) € j(A), so the elementarity of j applied to the definition of A
implies f(a) = j(f)(«). For (1), simply set o := k. For (2), we have

Aw > f(@) = 3(F)(@) = 5()(G(@)) = 5(f ()

for a < k. Since there are no fixed points of j in the interval [k, As), we have
fla) < k. O

Proposition 3.15. Ifd is Woodin, then for every f : § — 6 there is an extender
E € Vs such that k := crit E < 0, f[k] C &, and V;, () C Ult(V, E).

Proof. We continue the previous proof. Let E be the (k, A;)-extender derived
from j and k the factor embedding. We need only to show that Vj, () €
Ult (V, E). Since we know that Vi) € M, M | A\, = Ut (V,E) [ A, and
f(k) < Mg, it suffices to verify je(f)(k) = f(k). We have

f(6) = 3(N) (k) = k(ie()(k(K) = k([je(f)(K)).

Since the left side is < A, the same must be true for jg(f)(x), but then f(x) =
k(ie(f)(K) = je(f)(K). .
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Proposition 3.16. The statement “§ is Woodin for f” is absolute for transitive
models containing VsU{f}. In particular, “§ is Woodin” is downwards absolute
for such models.

Proof. Immediately from the previous proposition. O

In the proposition 3.14, in order to show that the cardinal is Woodin, we
assumed beforehand that it is inaccessible. This assumption can be omitted
if we strengthen the notion of reflecting by requiring certain strength of the
appropriate embeddings.

Definition 3.17. Let § be a cardinal and A a set of ordinals. k < § is said
to be strong for A up to § if for every A < § there exists j : V' < M such that
critj =k, j(k) > A, Vi C M,and ANA=j(ANK)NA.

Proposition 3.18. ¢ is Woodin if and only if for every A C 0 there is k < §
which is strong for A up to 0.

Proof. The implication (=) is completely analogous to the same direction of
the proposition 3.14. Let us consider the implication (<). Let f : § — §
be arbitrary and set A := I'[f]. Let x be strong for A up to § and let A €
(T(k,sup{f(e) : « < K}),0). We choose j : V < M such that critj = &,
J(k) > A, V€ M, and ANX = j(ANk)NA. In particular, we have Vi) C M,
so we will be done if we show f[x] C k and j(f)(k) = f(k).

For a < k, we have

Dla, fla)) e ANA=4(ANK)NA.

If o < &, we have
j(@) = a € domT (AN k)],

ie. a e I7HANK] = fNK XK, s0 fla) < k. If a:= kK, we have ['(k, f(k)) €
Jj(AN k)N A On the other hand,

(Va < g)Ia, f(a)) € ANk,
implying that
(Voo < j(r))0(a, j(f)(a)) € j(AN k).
Setting « := &, we get I'(k,5(f)(k)) € j(AN k), so we can conclude that
J(f) (k) = k. O

Reasoning similarly as before, we can show that extenders can be picked in
Vs, i.e. that the Woodiness is equivalent to

(VA C0)(3k < §) (VA < §)(IE € V; strong (k, A)-extender) (ANA = j(ANkK)NA).

We also have the following proposition, whose proof is omitted since it does not
contain anything that has not already been seen.

Proposition 3.19. § is Woodin if and only if for every A C Vy there is k < §
satisfying

(VA < 8)(3E € Vs strong (k, A)-extender)(ANVy = j(ANV,) NVy).
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4 Extenders 11

In this section, we study when an extender chosen in one model is an extender
applicable to some other model. Also, we study the closure of Ult for sequences
(of some length).

Proposition 4.1. Suppose that:
a. N; are p-models (i =0,1);
b. j4i: (M;, €,k) < (N;, €, ) are countable hulls (i =0,1);
c. j1 € My and |j1|Mr = Ry;
d. My and M, agree up to k +1;
e JoI (Mol (h+1) =51 [ (M ] (k+1)):
f- E is a (k,\)-extender in M.

Then E is My-extender and there is an embedding k such that the following
diagram commutes.

Ny Ny
Jo So J1
M, Ult (Mg, E) M,

]EO

The condition c. is satisfied if e.g. Ny C w.

Proof. The fact that E is My-pre-extender follows from P(k)N My = P(k)NM;,
while the well-foundedness of Ult (M, E) follows from the realizability (i.e. from
the existence of k). To define k, we first recall the mapping constructed in the
proof of lemma 2.9, as applied to j;. Denoting it by ki, we have ki ([a, f]gfl)
J1(f)(gla]), where g : A — Ord N N; is an increasing function in N; satisfying
gla] € Nj1[Ea] for a € [\]<«.

Ny
. k1
n
M, Ult (M, E)

ie'

Similarly to it, we define k([a, fla.2) = jo(f)(gla]) for a € [A\]< and
f € M§ N My. We note that the value on the right side is well defined, since
gla] € dom (ji(f)) = [r(m)]*) = [o()]!*l = dom (jo(f)). Let us verify that

20



the definition of k£ does not depend on the representative (a, f) and that k is
elementary.
We have the following reasoning.

Ult (Mo, E) = ¢([ao, folro.B5 -+ -5 [@n—1, fa—1]n,E) (4)
= {s: Mo = o(fg(s),-- [0 (5)} € By (5)
= gi({s: Mo | o(f0°(s), -, [ (9))}) € jnlEy) (6)
= jo({s: Mo E o(f2(s), .. b“" (9)}) € 1By (7)
= glb) € jo({s: Mo»=<z><f“°<>... W) (®)
= NoE ¢(io(fo)(glao)),- - Jo(fa-1)(glan-1])) (9)

The formula (3) follows by Lo§’s theorem, where b = |J,_, a;. For (4), we

i<n
notice that the set in (3) is a subset of [x]I®l, so it can be coded as an element
of My | (k+1) =M [ (k+1) and we can apply j;. For (5), we simply use the
previous observation and the fact that jo [ (Mo [ (k+1)) =71 | (M1 | (k+1)).
For (6), we use the choice of g, while (7) follows by elementarity of j, and the
fact that ¢ and jo | Ord™° are order preserving.

Note that the commutativity of the diagram is obvious:

k(o 5(x) = k(0,0 = 2yo,5) = jo(0 = 2)(51(0)) = (0 = jo(2))(0) = jo().
O
We have the following corollary.
Proposition 4.2. Suppose that:
a. No, N1 are small pu-models;
b Nol (i+1) =Ny | (u+1);
c. NY C Ny;
d. F be a (u,v)-extender in Ny.
Then F' is an Ny-extender on k.

Proof. 1t is obvious that F'is an Ny-pre-extender, so let us verify the well-foun-
dedness. Let 6 be large enough and let

j: (I/V?evMOaMlaK7E) < (V97€aN0;N17/’LaF)

be a countable hull. We have that My and M, are transitive countable sets and
we have mappings j; :=j [ M; : M; — N; (i = 0,1). Let us verify that they are
elementary:

M; = ¢(x,...) <= WgEoMi(z,...)
= Volko"i(j),...)
= NiEo(( I Mi)(z),...).
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Obviously My and M; agree up to k + 1, jo [ (Mo [ (k+1)) =41 | (My |
(k + 1)) (since they are restrictions of j), and E is an extender on & in M,
so we may apply the previous proposition. This yields the well-foundedness of
Ult (Mo, E), so we have

W = TUlt (M, E) is well-founded ™,
by elementarity of j, we have
Vo |= TUlt (No, F) is well-founded™,
i.e. Ult (Ny, F) is well-founded. O
Proposition 4.3. Suppose that:
a. No, N1 are transitive models of ZFC (possibly proper classes);
b. w € NoNNy and No | (u+1) =Ny [ (p+1);
c. N¥ C Ny;
d. F is a (u,v)-extender in Ny.
Then F' is an Ny-extender on p.

Proof. We need to verify well-foundedness. We may assume w.l.o.g. that Nj is
a set: otherwise, we can replace it by Ny [ 6; for a large enough 6;. Ordinals
0y € Ord™ which are sufficiently large, of sufficiently large cofinality, and for
which Ny | 6y is sufficiently elementary in Ny are unbounded in Ord™. By
the previous proposition, every Ult (Ng [ g, F') is well-founded, implying that
Ult (N, F) is well-founded as well. O

‘We now describe a situation in which the ultrapower is closed for a-sequences.
Proposition 4.4. Suppose that:

a. No, N1 are either small k-models or transitive models of ZFC;

b. No [ (k+1)=Ny [ (k+1);

c. Ny E T\ is inaccessible™;

d. Ny E="F is a strong (k, \)-extender™;

e. a€ |w,k|;

f- Ng and Ny are a-closed.
Then F is an No-extender and Ult (Ng, F') is a-closed.
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Proof. It has been already established that F' is No-(k, A)-extender. Let ([ae, fe] :
& < ) be a sequence of elements of Ult (N, F'). On one hand, we have

(e : € <a)e NynVy = VP =yt E) — Ut ) i (N, F)

(the last equality being a consequence of lemma 3.9). On the other hand, we
have

(Uno.P(fe) € <) = jne.p((fe - § <)) T a € Ult(No, F).
These two together yield

(lag, fe] : € < a) = (Jno,p(fe)(ag) : § < @) € Ult (No, F).

Next, we describe the copying construction.
Proposition 4.5. Suppose that:
a. No, N1 are small u-models;
b. j4i: (M;, €,k) < (N;, €, ) are countable hulls (i =0,1);
c. Mo | (k+1)=>M [ (k+1);
d. jo I (Mol (k+1))=71[ (M [ (k+1));
. My ETE is a (k,\)-extender™;

[

f- E is My-extender;
g. F := j1(E) is Ny-extender.

Then there is k such that the following diagram commutes and k | [\]<% = jy |
[)\]<w.

ipe
No —£— Ult (N, F) N
Jo 'k J1
M, Ult (Mo, E) M,
Jg°

Proof. Let k([a, f]%°) := [j1(a), jo(f)]R° for a € [N\|<¥, f € M§ N M. First,
the right side makes sense: ji(a) € [j1(A)]<¥ and ji(A) is the length of F;
dom jo(f) = jo([s]l*)) = [jo(k)]!* = [j1(r)]"*(@)|. Let us verify that the defini-
tion of k does not depend on the choice of (a, f) and that k is elementary.
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We have the following reasoning.

Ult (Mo, E) = ¢([ao, folme,E---) (10)
= {s: My |= ¢(f5"°(s)...)} € Ey (11)
= {s: Mol=o(fy™(s)..)}) € ji(E) (12)
= jol{s: Mo E o(fy*(s)...)}) € Fju) (13)
= {s:No F d(jo(fo)lo®dol@)(s). )} € F (14)
= {s: Ny k= o(jo(fo)1®91@0)(s) . >} €F (15)
= Ult(No, F) = é([jr(a), jo(f)]m ) (16)

Equivalence (9) is Lo$’s theorem, with b := |J, a;, while (10) is due to elemen-
tarity of j; and fact that the set is an element of My [ (k +1) = M; | (k + 1).
The equivalence (11) comes from the agreement of jo and j1, (12) is due to ele-
mentarity of jo, while (13) is a consequence of the fact that jo and j; preserve
order of ordinals. The equivalence (14) is again Lo§’s theorem, while keeping in
mind that jl(b) = Uz ]1(&1)

Let us verify commutativity of the diagram:

k(g (2)) = k(0,0 = 2]5") = [j2(0), jo(@ > 2)]3°

= 10,0 — jo(x)] 3> = jr° (jo(x)).

To show the agreement between k and ji, we compute for a € [A]<%:

k(a) = k([a,s = s]5°) = [j1(a), jo(s = 9)I5° = [j1(a), s = s]3° = ji(a).

5 Iteration trees

In this section, we introduce the iteration trees, which play a crucial role in the
proof of projective determinacy. We prove some general facts about them as
well. All the iterations will be normal, i.e. the extenders are applied to the first
model to which they can be applied and the lengths of the extenders increase.
Moreover, we will require that all the extenders are strong and of inaccessible
length in the model in which they are chosen. This is all included in the main
definition.

Definition 5.1. An iteration (or iteration tree) of length a > 0 on M is a
partial order < on « together with a sequence E = (E¢ : £ < «) satisfying
the following properties, for uniquely determined sequences (Mg : § < «) and

(Jen:E<n < a).

1. < C<, initial segments of <1 are linearly ordered, and 0 is the <-minimum.
For limit £ < a, the set {n:n <&} is club in &.
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2. My is a transitive model of (a sufficient fragment of) ZFC.
3. Let £ be such that £+1 < « and let ) be the <-predecessor of £+ 1. Then:

o M¢ |="E; is a strong (ke, A¢)-extender™;
o M ="\ is inaccessible™;

E¢ is an M,-extender;

E¢ is not an M, -extender for ' < n;

Mey1 = Ult (M,, E);

Jn,e+1 is the ultrapower embedding, while j¢ ey1 = Jjye41 © Je,n for
¢<n.

4. de<Afor{<n<n+l<a

5. Let & < « be limit. The direct limit of the system (M, jn.c : n<<¢ <§) is
well-founded, M¢ is equal to its transitive collapse, and (jy.¢ : 7 < &) are
the direct limit embeddings.

Due to condition 1, the structure (o, <1) is a tree with root 0 and without
branching at limit levels. Its order agrees with the order of ordinals. For an
iteration 7, we denote by EZ and Mg— extenders and models of that iteration,
omitting the superscript 7 when it is clear from the context. The similar remark
holds for the lengths and critical points of the extenders.

5.1 TIterability

Tterations are deterministicly constructed relative to (1) the extender sequence
E and (2) the choices of branches at the limit stages. Namely, once E¢ € M is
chosen, <-predecessor n of £+ 1 uniquely computed as the appropriate minimum
(of a non-empty set, since E¢ is an M¢-extender) and M¢1 = Ult (M, E¢). On
the other hand, for a limit £, once we choose a branch through < [ £ x £ which
is cofinal in &, & is put at the top of that branch and Mg is computed as the
appropriate direct limit. Thus, we can formulate the following game for a model
M.

The moves of the game are enumerated by ordinals £ € [1, ). At a successor
step £ < a, player I chooses an extender E¢_; € M¢_; satisfying the point 3
of the definition, whose length is larger than the lengths of all the previous
extenders. If I cannot chose such an extender, he loses. This extender is then
applied to the smallest n < £ where it can be applied to produce a well-founded
model; this model is denoted M := Ult (M,), Ec—1). At a limit step & < a,
player II chooses a branch b through the tree < [ £ x £ thus far constructed,
with the requirement that b is club in £. If such a branch cannot be picked, 11
loses. If a branch is picked, the direct limit (M, j,,c : 7 < ¢ € b) is computed;
if it is ill-founded, II loses; otherwise, its transitive collapse is defined to be M,
and the game continues. If II does not lose at any step ¢ < «, then II wins.
This game is called the a-iteration game on M.
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Definition 5.2. M is a-iterable if II has a winning strategy in the a-iteration
game on M.

It is obvious that if M is a-iterable and 8 < «, then M is also S-iterable.
Since player II cannot loose the iteration game if he is not required to make
a move, we see that every model is a-iterable for @ < w. Since we are inter-
ested in the case when II has a winning strategy, the following questions arise
immediately.

a. Is there always a club branch? (We will also use the term cofinal branch
for a club branch.)

b. Is there always a cofinal branch which leads to a well-founded direct limit?
(We will call such a branch a well-founded branch.)

c. Can there be more than one well-founded branch?

In connection with the first two, we will show in the next section that V is
(w + 1)-iterable, i.e. for iterations of length w on V', there always exist a well-
founded branch. On question c., we say more in the penultimate subsection.

5.2 Properties of Iterations

We will require the following additional constraint on iterations.

Definition 5.3. An iteration tree 7T is said to be non-overlapping if for every
n+1<¢+1<length(7), we have A, < k.

In other words, extenders applied along one branch do not overlap.

Proposition 5.4. Let T be a non-overlapping iteration of length «. Then for
every § < n < «, we have Mg | Ae = My | Ae, while Me [ (A\e +1) D M, |
(/\,5 + 1).

Proof. This is proved by induction on 7. The case n = 1 follows from the
facts that E; is a strong extender in My (for the equality) and that E; ¢
Ult (Mo, E1) = M; (for the inequality). We next consider the successor case
n=¢+1

We have £ < ( < (+1=nand M, = Ult (My, E;), for T-predecessor 8 of
¢ + 1. The following holds:

My [ A¢ = Ult (Mp, E¢) | A¢ = Ult (M, E¢) [ A¢ = Mc | Ac.

The second equality is due to lemma 3.9 and the third one is due to the strength
of E¢. On the other hand,

Me T Ae = Mc | Ae

by IH. Since A¢ < A¢, this concludes the proof of the equality.
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To show the inequality, we consider two cases. The first one is £ = (, in
which we have

My | (¢ +1) = Ult (Mg, Q) | (0 + 1)
= Ult (MC’EC) F ()\C + 1) D) M< [ ()\(: + ].) = Mg [ ()\5 + 1),

where the first equality is trivial, the second one is due to the lemma 3.9, the
inequality is due to E¢ & Ult (M¢, E¢), and the last equality is also trivial. The
second case is £ < (, in which we have

My T (A +1) = (My TA) T (A +1) = (Mc TA) T (A + 1)

=M T (Ae+1) CMe [ (Ae +1),

where the first and the third equality are due to the fact that A\¢ < A¢, the
second one is due to the previous paragraph, while the inequality is due to the
IH.

It remains to verify the case of a limit 5. For this, it suffices to show that
for every (o, (1 such that § <1¢o <1 <Im, we have j¢, ¢, | (Me, [ A¢) = idarg tae-
We proceed by induction on (7, where the cases of (; = (p and (; being a limit
are obvious. Let us suppose that (4 < (; and (; = (o + 1. We first consider the

case of (y being the <-predecessor of (7. Since the iteration is non-overlapping,
we have k¢, > A¢. This implies j¢,.¢, = ji\f:o is the identity on M¢, | A¢. If (1 is
2

not the <-successor of (y, we apply the previous conclusion to the <-predecessor
of ¢; and (7, plus the IH to {p and that predecessor. O

Definition 5.5. If 7 is a non-overlapping iteration, we define

M(T):= | M [ Ae,  0(Z) :=sup{A¢ : £ < a}.
{<a

We now want to show that every iteration on an w-closed model is non-
overlapping.

Lemma 5.6. Let T be a non-overlapping iteration on M, let o < length (T),
and let po, :=sup{Ag: 8 +1<a}. Then

Mo = {jo,a(f)(a) : f € M, a € [pa]™* Ndom jo,a(f)}.
Proof.
1° This is shown by induction on «.
2° The case a = 0 is obvious.
3° Assume that a = + 1 and that the statement holds for ordinals < «.
4° Let v be the <-predecessor of o and let E := Eg.
5° Since M, = Ult (M,, E), we have

Mo ={je(f)(a): f € My, a € Ag}.
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6° For f € M., we have f = jo ,(g)(b) for some g € M and b € [p,]<“.

7° Thus, every x € M, is of the form = = (jo,(9)(jr(b)))(a) for a € Ag, b€
4], g€ M.

8° Since the iteration is non-overlapping, we have crit jg > p,. This means
that jg(b) = b and z = (jo,a(9)(b))(a).

9° Let ¢ € [pa]<® code (b,a) in a Ay manner. Let i be computed in the
following manner: decode ¢ € [p|<* as (V/,a’) and return (g(b'))(a’).
Obviously, = jo.o(h)(c).

10° It remains to consider the case of a being limit.

11° Let # € M, be arbitrary. Then = = jg o(y) for some 8 < a and y € Mjg.
12° By the IH, we have y = jo 3(f)(a) for f € M and a € [pg]=*.

13° This means & = jo,o(f)(js,a(a)).

14° Since the iteration is non-overlapping, we have crit jg o > pg, implying

z = jo,o(f)(a).
O
Lemma 5.7. Suppose that:
a. M is an w-closed model;
b. T is an iteration on M ;
c. a+1 <length (T);
d. T | a is non-overlapping;
e. B is the T -predecessor of o+ 1.

Then 8 = min{y < o : ko < Ay Vv = a}. In particular, T | (o + 1) is
non-overlapping.

Proof.

1° If v < v and Ko > A, then E, is not an M,-extender. This follows from
3.9.

2° It suffices to show that if v is the minimal with v < o and K < A, then
E, is an M,-extender.

3° Let N := Ult (M,, E,). We want to show that N is well-founded.

4° Assume otherwise.
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5° T | v is a non-overlapping iteration. If E, is applied to M., the successor
step of the previous proof is applicable here. Thus,

N ={(Gp i) (@) : f €M, a €M<}

6° Let i := jg/[”jg:v. There are sequences (f, : n < w) € M¥ and (a, : n <
w) € ([Aa]<*)% such that

(Y < w)(i(fas1)(@n41) €Y i fa)(an))-

7° Since M¥ C M, we have (f, : n < w) € M and (i(f,) : n < w)“ =
"i((f)n) € N.

8° Note that Ult (M, Eqo) | (Aa +1) is contained in the well-founded part of
N and it is equal to N | (A, + 1). This is shown in the same manner as
the proposition 3.9.

9° Inside N, let 6 be large enough and let k£ : W < Vj be a transitive hull for
Ao ULi((fr)n)} with [W] = A,.

10° Tt follows that W belongs to the well-founded part of N.

11° On the other hand, (k=1(i(f,))(an) : n < w) witnesses ill-foundedness for
W. This is a contradiction.

O

Theorem 5.8. Let M be an w-closed model and let T be an iteration on M.
Then T is non-overlapping.

Proof. This follows by induction on length (7). The basis is vacuous, the limit
step is obvious, while the successor step follows from the previous lemma. [

We now study the closure for a-sequences for iterates of a given model.

Proposition 5.9. Let T be an iteration on M of length a < w and let w < n <
min{crit (E¢) : § < o). If M" C M, then Mg C Me for every § < a.

Proof. We show this by induction on a. The cases a = 1 and a = w are trivial,
so let us assume that a« = n + 2. Let k be the tree predecessor of n + 1. By
the inductive hypothesis, M} and M, are closed for n-sequences, and by the
proposition 4.4, so is M, 11 = Ult (Mg, E,,). O

Closure for w-sequences of M, need not hold: e.g. if V' is iterated via single
extender E on x, then jo (k) = U, <, Jon(k), while jo . (x) is measurable in
M; ie. (jon(k) :n < w) € MY — M. The previous proposition is directly
applicable in the case 7 := w,while the case n := 2% requires an additional
argument.
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Proposition 5.10. Let T be an iteration on M of length a < w and let 7 := 2%,
If M" C M, then Mg C M¢ for every £ < a.

Proof. We modify the previous proof in at the inductive step o« = n + 2. Since
M,, is n-closed, we have that (2%0)M» = 280 — 5, With &,, be inaccessible in
M,,, we conclude that n < k,,. By the IH, M}, is n-closed as well, so we can apply
propositon 4.4 as before, concluding that M, := Ult (Mg, E,,) is n-closed. O

5.3 Cofinal Branches

If T is an iteration of length a with cof & > w and if b, ¢ are two cofinal branches
through 7, then bNc is a club in a. This means that b and ¢ cannot be different
from some point on, implying that they are equal. This means that the question
c. from above is non-trivial only in the case cof &« = w. In that case, we have
the following.

Theorem 5.11. Let M is an w-closed inner model for ZFC and let T be an
iteration on M of limit length. Suppose that there are two distinct cofinal well-
founded branches through T. Then

L(M(T)) E="6(T) is Woodin™.

Proof. Let a:=sup(bNc) € bN ¢ (the membership is due to b, ¢ being closed).
« is not maximal in neither b nor ¢, since they are distinct. We may assume
w.l.o.g. that min(b — (bN¢)) < min(ec — (bN¢)). Let us define by recursion
ordinals 8, and v, (n < w):

e 5o+ 1:=min(b— (bNc));
e v, +1:=min(c— (B, +2));
e fBhi1+1:=min(b— (7, +2)).

Let us denote by 8 and v;; the T-predecessors of 5, +1 and 7, + 1, respectively.

We introduce the following notation: x, := ’{/73;,7 Ap = /\Z;n, E, = EﬁTn, K=

n
T I \T ' T
KA AL = )\%, El = E%.
We claim that

Kn <A1 <KL <Xy < kpg1 <A

for n > 1. To show k,, < \/,_;, we observe that the definition of 3,, implies that

B < yn—1+1 < Bp+1. Since 8 € b—cand v,_1+1 € ¢, we have 5% # v,_1+1

and consequently 8 < v,_1. Since E,, € MﬂTT1 is applied to Mg;: and Mg; and

M [;a agree exactly up to Xﬂrjy we have K, < )\;% < )\57 . = A, The inequalities

Kl < Ap and kn41 < Al are demonstrated analogously, while the other two are

due to the fact that the extenders along one branch are non-overlapping.
Notice that

U Ba+1) = |J (3 +1) = length (T)

n<w n<w
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(otherwise, this common value would belong to b N ¢). Since we have

Brn+1<Bry <Tat+1< 7m0 < B +1

(the third inequality is showed in the previous paragraph, while the fifth one is
analogous to it), it follows that

U 82 = U 7 = length (7).
n<w n<w
Consequently,

s:=0T)=JMm=UN=Ur=x.

n<w n<w n<w n<w

We want to show that for A € P(§) N M N M, there is x < § which is
strong for A up to J and that this fact can be witnessed by extenders in M (7).
Let n > 1, B € Mpg:, C € M, be such that A = jg- v(B) = jy: (C). We
change the enumeration of the sequences in this argument so that the index n
becomes 0, but we do not change the notation. For i < w, set B; := jg; g (B),

. . Mg iy M
Ci = jyz 42 (C), ji = jp, ', and jj := Jgr " We have

AN =gz o(B) N A = g1 (s +1(B) NN = Jgz pi+1(B) N A

. . Mpgx
= Jgr.i+10s;.6; (B)) N Ai = jig,

Similarly, we have

(Bi) N Ai = 5i(Bi N ki) N A,

AN =ji(C; NK) NN
It now follows that
Cink, =3i(CiNk)NK; = ANk, = ji(Bi N ki) N K,
as well as
Bit1 NEip1 = Jig1(Bix1 NKix1) NRip1 = AN kg1 = Ji(Ci N KL N Kiga.

In other words, if we set

Xo = Bnkg
Y, = ju(X,) Nk,
Xnt1 = Jo(Ya) N ks,
we can conclude that A Nk, = Y;. Furthermore, we can obtain extenders

Fy = Ey | [k, + 0]~ € Mg, | A and Fy := E}, | [Rny1 +w]<% € My, [ A,
(thus, all of them in M (7)) and reformulate the above computation as

Xb = BrTHO
Mg ’
Y, = Jjp (Xn) Nk,
M
Xoy1 = Jp " (Yn) N kg
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Noting that M(T) [ (kn +1) = Mg: [ (kn + 1) and M(T) [ (5, +1) =
M., | (k;, + 1), we can reformulate the computation once more:

XO = BN Ko
Yo = pMD(x) 0k,
Xn+1 = jILr‘iM(T))(Yn) n Rnp+1-

This yields
L(M(T)) ’: AN ’ig =Y = (]F7 OjFi',l OJF,_, 0" OjFo)(B N HO)'

We want to verify that the previous embedding is x}-strong. Once we do this,
we can derive the appropriate extender from the above embedding and this will
conclude the argument. Thus, we need to show that M(T) | k; C N/, where

No = L(M(T))
N! = Ult(N,,F,)
Npy1 = Ul(N., F)).

This follows from the fact that N, [ (k, +w) = M(T) [ (kn + w) and
N} 1 (K], +w)=M(T) | (k, + w) (n < w), which we show by induction. The
basis of the induction is obvious. Let us assume that

Np | (kp +w) = M(T) | (kn +w) = Mga: | (K +w).
We can apply prop 3.9 to the pairs Mpg., Mg, and N,, Mg, and conclude that
Ny | (K, +w) = Mg, 41| (5, +w) =Ult (Mg, , F,) | (), +w)
= Mp, | (5, +w) = M(T) | (5, + ).
The similar reasoning applies to the step from N/ to Ny y. O

It is a major open problem, called Unique Branches Hypothesis, which asks
if there is always a unique cofinal branch. If cofinal branches are unique, the
construction of an iteration is deterministic relative to the extender sequence.

5.4 Countable Hulls
Lemma 5.12. Suppose that:
a. N is an w-closed transitive model;
b. U is an iteration of length « < w on N, with extenders (Fp)n<a;
c. ko=k:(M,€,E, :n<w)<(N,€,F, :n<w) is a countable hull;

Then T = (<Y, (Ey)n<a) is an iteration on M of length o and there are em-

beddings kn, (n < a) such that for all m < n, the following diagram commutes
and kp, [ (Mo, [ X)) =k | (M, [ A]).
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Proof. The conclusion follows by inductive application of proposition 4.5. This
proposition yields k,, [ AT = k,, [ AT, for m<in. However, M,, [ A\]. = M, | \],
and A/ is inaccessible in M,,, providing the agreement on the whole rank initial
segments. O

Under the conditions of the previous lemma, we denote k*U := T and call
this tree a copy of the tree U by k.

Lemma 5.13. Suppose that:
a. N is an w-closed transitive model;
b. k=ko: M < N is a countable hull;
c. T is an iteration on M of length o < w;

ThenU = (<7, (k(E]))n<w) is an iteration on N and there are embeddings ki,
(n < a) such that the following diagram commutes and ky, | (M, [ A1) =k, |
(M, [ AL) for all m <in.

m - > n
Jmom
Proof. The proof is analogous to the previous one. O

Under the conditions of the previous lemma, we denote k.7 := U and call
this tree a copy of the tree T by k.

Proposition 4.1 yields the realizability of one-step iterations. Below we im-
prove this result by passing to the case of an arbitrary finite iteration.

Lemma 5.14. Let N be a transitive model of ZFC, NY C N, letk : M < N
be a countable hull, and let T be an iteration on M of length n+ 1. Then there
is an embedding | : M,, < N such that the following diagram commutes.
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N

| N

M

A

M,
3

Proof. Let k*T be the copy of T and k; (i < n+ 1) the corresponding embed-
dings. We have the following diagram.

N — N,
k [kn

M

|

M,

33
Since N“ C N, it follows that M, M,,, k, k, € N, as well as that cof Ord™ > w
and consequently {§ < Ord" : N | § < N} is a club in Ord". Choose an
element @ of this club which is above M, M, k., k,,k*T and denote by k : M <
N | 0 the “restriction” of k. Let %'T be the copy tree on N [ 0, with the
embeddings k; (i <n+1).

KT

JO,n
NI§—— N, [0
1
M ——— M,

Let us enumerate M,, = {e; : i« < w} and denote by R the set of partial
elementary embeddings o : {e; : i <u} < N | 6 satisfying

(Vi <u)(Vz € M)(]g—n(x) =e; = o(e;) = k(x)),

ordered by the inclusion. We are attempting to embed M,, into N | 6 such that
the triangle commutes.
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Notice that R € N, so we can act on the whole situation by j(]f;f and get

the poset j(’fnT(R) of attempts to embed M,, into N,, [ € such that the following
diagram commutes.

However, we have
KT (T — KT o — iBE T oL — T il
Jo,n (k) = Jon © k= Jon © k= kn ©Jo,ns

i.e. 0 := k, is a solution for the previous diagram. This implies that j(’)“;T(R) is
ill-founded, but then so is R. We can now conclude that thereiso : M,, < N [ 6
such that oojg , = k. This translates to an embedding [ : M,, < N which solves
the following diagram.

6 (w+ 1)-iterability

The goal of this section is to prove that V is (w + 1)-iterable. We also include
a proof of the existence of a realizable w-branch.

6.1 The Proof
We start by studying the ill-foundedness of cofinal branches.

Lemma 6.1. Let T be an iteration of lengthw on'V and let b be a cofinal branch
through T such that M, is ill-founded. Then there are ordinals (v, : n € b)
such that jz;n(ozm) > au, for every m <\n € b.

Proof. We consider the increasing enumeration b = {b, : n < w}. Let (ji , »(53}) :
i < w) be a decreasing sequence of ordinals in M. Let ng := 0 and choose
Bo such that jO’bn;] (Bo) > Bf; define recursively n;41 := n; + n, + 1 and

(87). In this way, we obtain an increasing sequence of nat-

Bit1 = Jb, b,
urals (n; : i < w), starting from 0, and a sequence of ordinals (8; : i < w)
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satisfying jp, b, (8i) > Bx for all i < k. Now, given an arbitrary n < w, there
is a unique 7 such that n; In < n;41; we define oy, = Wjn,; n(Bi) + Nigy1 — n.
The sequence (a, : m € b) is as required. O

The choice of «;,’s in the previous lemma depends on the branch for which
they are chosen. The following notion requires that such a choice can be uni-
formly, depended only on the tree.

Definition 6.2. An iteration tree 7 of length w is said to be continuously
ill-founded if there are ordinals a,, € M, (n < w) satisfying the following
condition:

(Ym,n <w)(m<n = jlyn(am) > ap).

If b is a cofinal branch through 7, then (erb(an) :n € b) is a decreasing

w-sequence of ordinals in MbT , 1.e. it witnesses its ill-foundedness. Thus, every
cofinal branch of a continuously ill-founded iteration leads to the ill-founded
direct limit. Moreover, decreasing sequences of ordinals witnessing this fact can
be assign “continuously” to cofinal branches of the tree, hence explaining the
name of the notion.

Lemma 6.3. There is no continuously ill-founded iteration on V.
Proof.

1° Assume otherwise, as witnessed by some iteration U and ordinals (8, :
n<w).

2° Let n be large enough with U, (3),), € V.

3° Let 6 > 1 be large enough and let I/ be the iteration on Vjp obtained from
U. The sequence (8], : n < w) witnesses the fact that I is continuously
ill-founded.

4° Note that jgn(n) =nand K4 < N < 1 (for every n < w).
5° Let 8, be the 5;““ regular cardinal above jgn(n) =7nin Mg for n < w.

6° Sequence (3, : n < w) witnesses continuous ill-foundedness of U.
7% A < 1n < By for every n < w.

8° Let -
k:(M,e,T,0,apn:n<w)=<(Vyg,&,U,n,LBn:n<w)

be a countable hull. We work with the iteration 7 and omit it as a
superscript in what follows.

9° (P,,l, : n < w) are constructed by recursion to satisfy the following:

a. P, is a transitive model;
b. I, : M, | a, < Py;
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10°
11°
12°

13°

14°

15°

16°

c. I, € P, and |I,|P" = w;
e. (Vn <w)(Pot1 € Fy).

Once the construction is completed, we will have reached contradiction,
as expressed by the last property.

For n =0, set Py := Vs, and lp ==k | (M | o).
Assume that (P;,l; : i <n) have been defined. Let us define Py, y1,l,11-
Let m be the <-predecessor of n + 1.

There is an embedding {* such that the diagram commutes and I* | A, =
In [ An.

.P,,
T, (En)
PT)’L Ult (Pma ln(En)) Pn
I, * Iy
My, | oy — Ult (M, [ o, Ey) M, T ap
Jm,n+1

(This follows from the proposition 4.5. The mapping denoted by “ji, 41"
in the diagram is in fact the restriction of that mapping to M,, | au,.

Let v := jmn+1(m). We have

Ult (M, | am, Ep) = Ult (Mo, E) [y = Mpy1 | 7.
Since My, 41 | A, = M, | A\, and A, is inaccessible in M,,, we have that
r* [ (Mn+1 { )\n) =ln f (Mn { )‘n)'

Let us denote F' := l,(E,) € P, and P* := Ult (P, F). The diagram
with the new names:

P
P, r P P,
I I* ln
Mm ram,—’ n+1 f’Y Mn {an
Jm,n+1
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17° apt1 < Jmon+t1 (o) = v and consequently a* :=I*(an41) € P*.
18° The following holds:

a. P* | a* is a transitive model;
b I [ (M [ angr) - M [ anyr < P* o™
d. (V' <n+1)(* [ (Mpg1 [ Anr) =l | (M [ Anr)).

19° There is [** such that:

a. P* [ a* is a transitive model;
b. I"*: M | apy1 < P* [ o
c. I** € P* and |l**|P* = w;

d. (V0 <4+ D)0 T (Magr [ Aw) =l | (Mo [ Anr)).

Proof.

1" Let ¢ :=1* | (My,, | An). We will ensure I** | (M, | A\,,) = t, which
will provide for d.

2" ¢ :=1,()\,) is inaccessible in P,.

3’ Since I,, € P,, we have that t : M, [ A\, < P, | ¢ is in P, and
[t| = w.

4 tecP,|¢

5 t € Ult (P,,F) | ¢ = P* | ¢ by proposition 3.9.

6’ M, | a, € P, | ¢ = P* | ¢, again by proposition 3.9.

7' In addition, |M, | an|”" = |M, | an|F 1 = M, | an|™1¢ = w

8 Since M, | ay, € Py and [ My, | ap|P™ = w, we have ju ny1 (M, |
am) = Mm f Q.

9" Thus, M,, | ap, € P* and |M,, | am|? = w.

10" Myyq | v € P* and [M,, 41 [ v|F" = w. (This follows from 6’, 7/, and
9’. Recall that jp, n+1(am) =7.)

11" Let us enumerate My, 11 | any1 = {e; : i < w} inside P*. (Recall
that ap41 < 7.)

12 Let R be the set of all partial elementary embeddings

*

r:fe; i <io} C Mpt1 [ any1 = P 1 a” (ip <w)

such that
(Vi <ig)(e; € domt = t(e;) =r(e;)).
Set <p:=D2.
13’ (R,<g) € P* (Recall that o*,t € P*.)
14" (R, <g) isill-founded, as witnessed by the sequence (I* | {€;}i<iq)io<w-
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15" P* = "(R, <g) is ill-founded™

16" Let (ry)n<., witness the previous fact. Let [** :

Un<w rn € P*.

20° There are P, 41 and [,,+1 such that:

P, +1 is a transitive model;

a.
b. ln+1 : Mn+1 fOén+1 = PnJrl;

C. l’rLJrl S Pn+1 and |ln+1|P"+1 = (JJ;
d. (vn' <n+1)(lpe1 | (Mpg1 T A) =l [ (M 1 A));
e. Pn+1 (= PTL

Proof.

1" Let t :==1* | (M, [ A\n). We will ensure 1,41 | (M, [ A\n) = t, which
will provide for d.

2" ¢ :=l,,(\,) is inaccessible in P, and P*. We have P* | (¢ + 1) =
Po ] (¢ +1).
3’ There is H < P* | a* such that P* | ¢ U{lI**} C H and |H|"" = ¢.

4" Let m: H — P,41 be the transitive collapse and let h : P, 11 < P* |
o be its inverse.

5 Let I, 1 = m(I*).
6" lps1: Mpg1 | apy1 < Poypa
Proof.

1” Let F(x...) be an arbitrary formula and suppose that

Mn+1 r Q41 ): F(a .. )

2" P* I a* = F(I*(a)...)
3" P* | a* = F(h(lng1)(R(a)) ...)
4” Pn+1 ): F(anrl(CL) e )

7/ ln+1 S Pn+1 and |ln+1|P"+1 = W.

Proof.

1// l** c H

2" 1 =7(l*) € n[H| = Py

3" g r [P+t = 1| H = |1 = w (The first equality

is due to the elementarity of h, while the second is due to H <
P* | a*)

P la” _ ‘l** P*

39



O

8 We have h(l,11) = I** D t = h(t) (the last equality being due to
t € P* | ¢). We conclude [,,11 D ¢ and establish 20°d.

9" By 3’ and 4', P, 1 is recursively coded by a set in P(¢) N P*. By 2/,
that set is in P, as well. Hence, P,11 € P,.

10" We have established all the necessary properties of P11, ;11

21° The point 20° concludes the construction.

Theorem 6.4 (Martin, Steel). V is (w + 1)-iterable.

Proof. Assume otherwise. Let T be an iteration on V' of length w without a well-
founded cofinal branch. For n < w, let 7 denote the set of all cofinal branches
through 7 that contain n; the set 0 is exactly the set of all the cofinal branches
through 7. (Some of these sets might be empty.) Notice that m < n implies
that 72 C 7. Given a branch b € 0, the fact that MbT is ill-founded implies due
to lemma 6.1 the existence of a sequence (af, : n € b) satisfying jm .(ab,) > ol
for all m <tn € b.

Let R be the class of all pairs (m, f), where m < w and f : 7 — Ord, and
let <g be a binary relation on it defined by

(m, f) <r (n,9) : <= m>nA (b em)(f(b) <g(b)).

It is obvious that <pg is a partial order on R; let us verify that it is well-
founded. Otherwise, there would be a sequence (m;, f;) (i < w) witnessing its
ill-foundedness, so we would have a branch

b:= U [O,Tli]']' S ﬂ M

i<w <w

and consequently a sequence fo(b) > f1(b) > f2(b) > ---, which is a contradic-
tion. We denote by p the ranking function for (R, <g).

By proposition 5.10, AM+ = 7 and (Ordﬁ)M’“ = Ord" for all n,k < w. In
particular, j;, R = R, the push-forward of <g by jo,» is again <g, and j;,p =
p. Let ¢, : 7 — Ord be defined by ¢, (b) := ab. We have (n,$,) € R and we
can correctly define 8, := p((n,¢,)) (n < w). For m < n, we want to check
that jm.n(Bm) > Brn. In order to do so, it suffices to establish jn, n((M, dm)) >r
(n, ¢n). Since Jmn((m, bm)) = (m7jm,n(¢m)) = (m, Jmyn © ¢m) and we already
know that m < n, it remains to verify that (jm,n © ¢m)(b) > ¢, (b) for all b €
f, which is just another way of saying j, .(ab,) > af. Thus, the tree T is
continuously ill-founded, which contradicts lemma 6.3. O
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6.2 An Additional Realizability Fact

In lemma 5.14 we showed realizability of every finite length branch of an iter-
ations We can now consider the case of branches of length w. The following
result shows the existence of at least one such realizable branch.

Proposition 6.5. Let 6 be large enough, let k : M < Vy be a countable hull,
and let U be an iteration on M of length w. Then there is a cofinal branch b
through U and an embedding o such that the following diagram commutes.

K

M ——— MY
U

Jo,b

Vo

k

Proof. Assume otherwise. Let T := k.4 = k(i) be the copy of the tree U,
with (K, : n < w) the corresponding embeddings. 7 is an iteration on Vp and
we denote by T the iteration on V with the same tree ordering and the same
extenders. Let us enumerate MY = {e : i < w} (n < w). We define a partial
order R in the following matter. Given n < w and denoting u := |[0, n]y/,
consider partial elementary embeddings

Oom:{e"ii<u}—=Vy (m<In)
that satisfy
(Y’ am” D) (1 < ) (€ = i (€)= (€)= O (€F),
oo =k [ {e?:i<ul;
let (o,, : m <n) € R. The order on R is defined as follows:

(02 :m <Ang) <g (o}, :m Any): <= ng<Iny A (Ym Qng) (a2, Cal).

The order R is a tree and a branch of length w through it corresponds exactly
to the following situataion. We have the case of a branch b of length w through
<“ and embeddings o, : Mff < Vp for n € b such that og = k and the following
diagram commutes for every n’ <tn” € b.

Vo
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However, this situation would provide for an embedding o : Mb” < Vp such
that o o jé{b = k, which is not the case by the assumption. Thus, (R,>pg) is
well-founded and we denote its ranking function by p.

If we act by jg: s We obtain a partial order jg: »(R) of attempts to produce
a cofinal branch through U which is realizable (in the sense of the previous
paragraph) in j&n(Vg) = M7 | § = M. The attempts of R are relative to
the embedding k, so the attempts of jJ , (R) are relative to j (k) = j], ok =
Jdn ok = kyoj¥,. If we denote [0,n]y = {0 =mg<<mq <+ - <Imy_1}, we have
the following situation.

T T T

JO,mo - jmo,ml Jmu72:n 7
V9 ]\4"10 . Mn
k kg kn
M MY, —— e MY

Jo,mq Jmo,m, Jmy—2,n

This gives rise the diagram below and consequently an attempt
= (k. of¥ 0. k. ot mi ., k n., -TR
apn = ( nOJon | {e; 11 < u}, 70 me.mn | {e"™ ri<u}l,....kp [ {e]ri<u})€ jom( ).

Let us define oy, := j ,(p)(an).

M,z—
k.
U U n
kn 0 jon kn © Jimgn
u R u
M — My — — M
]O,mo ™mo,m1 Jmu—Qamu—l

We will show that the sequence (v, : n < w) witnesses the fact that T
is continuously ill-founded, which is a contradiction with lemma 6.3. Sup-
pose that n < n'; we want to see that jzn/(an) > ayy. Since jZL:n, (an) =

3 Gl () G (an)) = 500 (p) (G (an)), it suffices to verify that

T
]n,n’ (an) <J}In/ (R) QAp’.

In order to do so, first note that indices of the left tuple are contained among
the indices of the right one since n <t n’. From here, let us consider an index
i <n. Note that jZ;n/(an)(i) is the restriction of the embedding jln,(kn o j¥.),
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while a,, (%) is the restriction of the embedding &, o jibfn,. Now, the conclusion
is obvious, having in mind the fact that

T U\ _ T u T U U U U
]n,n’(kn Oji,n) =Jnmn © K, °%in = JInmn ° K, ©Jim = K OJnmn' ©Jin = ks °Jim!

O

7 Building Iteration Trees

The goal of this section is to construct an iteration which is non-linear in a
strong sense. The simplest iteration of that kind would have the following form.

M, M,
My

We begin by introducing the necessary machinery.

Moy My

Definition 7.1. A (x,n)-type (for £ limit) is a type (in the model-theoretic
sense) in the variables xq...x,_1 over the language L, := {d,k,z : € V,},
containing the following formulas:

Tk <6, T4 is not the maximal ordinal, "4 is inaccessible™.

A (k,n)-type p can be coded as a subset of V. The notion of a (x,n)-
type is a syntactical one and absolute for transitive models. The notions of
a realization and realizability have their usual meaning, with some additional
remarks. The models in which we are interested are rank-initial segments of
inner models containing V.. All constant symbols except 4 have the obvious
intended interpretation, which we never mention explicitly. We mention the
interpretation of § when there is a need to do so. If x is limit, § > x inaccessible,
& >60+1, and @ € Vg, then we denote by

tp +5° (@) = tp (@, V¢, 6)

the type of the tuple @ in the structure (V¢, €, ) over the language £,,. We omit
0 from the notation when it is clear from the context. When relativizing this
notation to an inner model M, we simply replace Ve by M | &.

Definition 7.2. Let p be a (k,m)-type and let A < k and n < m. The (A, n)-
projection of p is the (A, n)-type defined by

projy(p) :=={p(xo...xpn_1) € For Ly : ¢(xg ... Tm-1) € p}.
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This notion covers the two usual projections between type spaces: one ob-
tained from restricting the allowed variables and the other one from restricting
the language. This notion is syntactical and absolute. We use the following
abbreviations:

proj” := proj;:, proj, := projy’.
Definition 7.3. A (k,m)-type p is said to be subsumed under a (\, n)-type g
if
1. k<
2. m>n;

3. q = Tthere is € with zg .. .xn,l,c;—l— 1 € V¢ and there are ay, ...am—1 € V¢
such that some permutation of g ...%p—1,an ...am—1 realizes p in (V¢, €
o

The first condition provides for the fact that p € £). The third condition
asserts that a certain formula belongs to ¢. This formula has free variables
o ...Tn—1 and mentions the constants 5,1'9, as well as £ which is implicit in our
notation for an £,-structure. The notion introduced in the previous definition is
syntactical and absolute for transitive models containing p, q. Let us consider the
case when p is subsumed under ¢ (written p < ¢) and ag . . . a,,—1 realize ¢ in some
Vi, relative to some 0. This means that there is £ < n with ag...an—1,0+1 € V¢
and some @y, . ..am—1 € V¢ such that for some permutation a of @,

(Ve,€,0) Ep(@).
(Here and in the next definition we allow for permutations due to technical
reasons which will become apparent later.) In the other directions, if kK < A <
0<d+1<€&<n, m>n,andac Ve, we have
Vi Vi
tprt(ao. . am_1) <tp,"(ag...an_1).

Definition 7.4. A (k,m)-type p is said to exceed a (A, n)-type ¢ if

1. k> X

2. m >n;

3. Thereare § <d+1< <&+ 1<nandag...an € Ve such that

(Vi,€,0) Ealao...an-1), (Ve,€,0) Eplag...ap_1),
where @’ is some permutation of a.

This notion is conditioned on realizability in rank-initial segments and it
is not absolute. One obvious way to obtain exceeding types is to start from
/\<fi<5<5+1<§<§+1<17andsomeEGY/gandsetp::tp,‘f(ﬁ),q::
tp f\/" (@). A connection between the two previous notions is obtained through
the notion of elasticity of types, which we describe below.
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Definition 7.5. A (k,n)-type p is said to be second-order-like if

1. p E In(n = max Ord);

2. p 'Zf,(;—‘r 1€ Viypaxord-

The first-order part of a second-order-like (k, n)-type pis a (k, n)-type p~ defined
by
p~ ={¢@) :p = (Vmaxora = ¢(7))}.

The previous notions are purely syntactical and absolute. If p is second-
order-like and V,y |= p(a), then n’ = n + 1 for some 7, with all the constants
as well as @ belonging to V;,. In other words, V; can be understood as the full
second order structure corresponding to (V,,, €,6), p as the second-order type

of the first-order tuple @, and p~ as the first-order type of the same tuple. This
explains the names.

Definition 7.6. Let p be (k,n)-type and let E be a A-strong extender on .
The stretch of the type p by E is defined to be the following (A, n)-type:
pliyi= projy(je(p))-

Since p is a (k,n)-type in V, we have that jg(p) is a (jg(k),n)-type in
Ult (V, E), as well as that p[} is (A, n)-type in Ult (V, E). Considering that V
and Ult (V, E) agree up to A, we can conclude that p[}; is a (A, n)-type in V.

Definition 7.7. A (k,n)-type p is said to be elastic if
1. it is second-order-like;

2. p = Tfor every limit A € (#,0), there exists a A-strong extender E € Vs
such that

Vi = Viy =
" (@)= tp " (@),
where 7 is the maximal ordinal ™.

This is again a purely syntactical, absolute notion. If (V,11,€,0) = p(@),

then tp v (@) = p~ and for every A € (k,0), we have that the analogous type in
the larger language £ is obtained by stretching p~ via an appropriate extender.

Proposition 7.8. If a (A, n)-type q exceeds a (k,m)-type p and p is elastic,

then there is a (A + w)-strong extender E on k such that q is subsumed under

Py

In other words, if ¢ exceeds an elastic type p, then p can be stretched so that
it subsumes gq.

Proof. Let &, 7 be ordinals with n 4+ 1 < ¢ and let @, 0 € V;; be such that

(Ve,e,9) Eplag...am-1), (V;,€,9) F=qlao...an—1).
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Since p is elastic and kK < A < A+ w < §, we have a (A + w)-strong extender
E € Vs satisfying
V§71

tP )\ iw (ao...am-1)=p" [g—w'

However, n < £ — 1 and

V§,1

v, _
g=tp,"(ao...an—1) <tp, i (ao...am-1)=p [T

Woodin cardinals imply the existence of elastic types.

Proposition 7.9. Let § be Woodin, £ >0 + 1, and @ € Ve. Then the set
{k <6 :tprt(a) is elastic}
18 stationary in 9.

Proof. Let C be an arbitrary club. We set B := tp (‘5/5 (@) and A := B x {0} U
C x {1}. There is k witnessing the characterization of proposition 3.19. We
will show that x € C and that tp L¢ (@) is elastic. For A > & limit, let E be
a strong (k, A)-extender such that AN Vy = jg(ANV,) NV, This implies
ANV, = jg(ANV,) NV, and consequently BNV, = jg(B NV,) NV, and
NV ZjE(CﬂVH> N V.

The first equality shows that

tp 35 (@) = tp < (@) NA = ju(tp (@) N Vi) N VA

= ju(tp £*(@) N Va = projy je(tp * (@) = tp i @)[}
(we assume the appropriate coding of the syntax). Since A was arbitrary, we
conclude elasticity. On the other hand, if we had chosen A as a limit point of
C' above &, the equality C N A = jg(C N k)N A would imply that jg(C Nk)NA
is cofinal in A. If C'N k were bounded in &, by say a < k, then jr(C N k)N A
would be bounded by jg(a) = a < k < A, which is a contradiction. Thus, CNk
is cofinal in k and since C' is closed, we have k € C. O

Definition 7.10. Let ¢ be inaccessible and let § < ¢y, < ¢gy. The pair (¢, tpg)
is said to be a pair of local indiscernibles relative to § if

v

VL w L w
L+ (LL) :tp5 HT (

tps LH)-

In other words ¢y, 1y are indiscernible with respect to formulas of the form
@Ve++ (), which may use constants for elements of V5 U {d}. (The subscripts
stand for “low” and “high”.) It is easy to establish that a pair of local indis-
cernibles always exists. Namely, to each & € (6, (2°)%) we may assign tp (‘5/““ (£),
which can take at most 2° different values. The cardinality comparison now
implies that two £’s must have been assigned the same value; they are exactly
local indiscernibles.

We are ready to construct an alternating chain iteration mentioned at the
beginning of this section. In order to simplify the indexing, we allow some of
the embeddings in an iteration to be trivial.
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Theorem 7.11. If there is a Woodin cardinal, then there is an iteration on V.
of length w of the following form.

J1,3 J3,5
M, —— M3 —— ---

M, J2,4 M, Ja,6 o
Furthermore, the iteration can be constructed so that only the branch {0,1,3,5...}
is well-founded.

Proof. We make ad hoc adjustments to our notation in order to simplify the
form of the proof. The diagram that we have in mind is the following one.

Jo,1 Ji,2 J2,3

My M, My

No —215 Ny —225 N,

In other words, we assume that the first embedding is the identity on My =V
and that the order of the models is My, Ng, M1, N1, M5 .... The embeddings
and extenders of the M-branch are denoted by j’s and E’s respectively, while
those of the N-branch are denoted by k’s and F’s. Thus, we have j; ;41 = jg{
and k; ;11 = jl[;?, while F; € N; and F; € M;,1. The critical point of E;, length
of E;, critical point of Fj, length of F; are respectively denoted by i, A, i, Vi.

Let 6 be a Woodin cardinal and let ¢r,, t be local indiscernibles relative to
6. We construct the iteration by recursion. We will ensure that

Ky < by < N < Kig1 < Vs < hig1,

which will provide for the required form of the tree. All the extenders will be
chosen of rank < 4, so § will remain fixed throughout the iteration. We will also
define types p;, g¢; in models M;, N; and ordinals «; € N; satisfying

o M; = (p; =tp f;fy’i(bL)Jrg(jo’i(LL)) and it is elastic);

e N;|= (g = tp it (a;) and it is elastic);

* N; [= (¢; exceeds p;);

o M1 = (piy1 exceeds proj®(g;));

® Qptl < kn,n+1(an)~
The last condition ensures that the N-branch is ill-founded. Since V is (w + 1)-
iterable, it will follow that M-branch is well-founded.

The steps listed below describe the base of the recursion. We are describing
the following part of the diagram, together with the types po,qo,p1 and the
ordinal «p.
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10.
11.

12.
13.

14.

15.

M0*>M1

No

My=Ny=V

Let kg < § be such that py := tp +3(LL) is elastic.

%
Ko
Let 1o € (ko,0) be such that go := tp ‘2™ (1) is elastic.

The type qo exceeds pg. (This follows from the previous two points.)

Qo = L],

. There is an inaccessible Ay € (p9, ) and a strong (ko, \o)-extender Fy €

Ny [ 0 such that go < py [%‘; (This follows from the points 4 and 2.)
N]_ = Ult (]\407 Eo)

My = (Vip42 = pyg i)
(This follows from point 2.)

My = (Vig ()2 E Jo,1(po ) o1 (er)])
(This follows from the previous point by elementarity.)
g0 < Py [1,= Proj x, (7 (P ) = Proj x, (i, (5 ) = Proj a, (jo,1 (g )

My = ((Qa € (Jo,1(en), do,1(er) +2))(Va b= qoljo(er)]))
(This follows from the previous two points. The lower limit for « follows

from the fact that the type is realized by jo 1(tr).)
My = (Vigi @+ F oljoa(er)])

My = (Vig 1)+ F Proj°(q0))
(This follows from the previous point and indiscernibility of ¢’s.)

Inside My, let k1 € (Xo,d) be such that p; = tpf;%‘l(LLHS(jo’l(LL)) is

elastic.

M; = (p1 exceeds proj®(qo))
(This follows from the previous two points.)

The steps below describe the inductive step. Let us assume that N;, q;, o, M;+1,
pi+1 have been defined. We proceed to define N;y1,qit+1, @iq1, Mo, pita. The
part of the diagram that we are concerned with is the following.
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10.
11.

12.

13.

14.

15.

- (proj*(a:) [

. Miy1 | (pis1 exceeds proj®(g:))

(This holds by TH.)

. N; = (g; is elastic)

(This holds by TH.)

. M;11 E (g; is elastic)

(This follows for the previous point, the agreement of models in an itera-
tion, and the absoluteness of elasticity.)

. M1 | (proj%(g;) is elastic)

. We work inside M;11. There is an inaccessible v; € (k;11,0) and a strong

(i, vi)-extender F; € Vs such that p;y1 < projo(qi)*[ﬁ. (This follows
from the points 1 and 4.)

. Ni+1 = Ult (Nzan)

o  Miie, - . _
FOMirr = proj o, (i (proj %(gi) 7)) =
N1

N, . _ : . _
proj v (77 (proj °(gi) 7)) = (proj p,) i+t (Kiiva(ai)

%Hl(

. Niz1 = (pis1 < proj ), (kiiv1(q:)”)

(This follows from points 5 and 7 and the absoluteness of “being sub-
sumed”.)

Ni E (Va1 F qilai])
(This holds by TH.)

Ni = (Va, = proj®(gi)™)

Nit1 E (Vi ia (o) F projy, (kiiv1(a:)”)
(This follows from the previous point by elementarity.)

There are § < v < k;;y1(a;) such that N;11 = (V, = piya[8]). (This
follows from points 8 and 11.)

Miv1 = (Vg ii()+3 FE Piviljoiva(en)])
(This holds by TH.)

pir1(z) EOrd =243
(This follows from the previous point.)

y=B8+3
(This follows from points 12 and 14.)
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16.
17.

18.

19.

20.

21.

22.

23.
24.

25.

26.

27.

28.

29.

30.

31.

i1 =0 < kiit1(0y)
Nit1 B (Vai i+ B pita[eiva])
a;p1+1

Working inside N; 1, let p;+1 € (v, 6) be such that ¢; 11 := tp . (qviy1)
is elastic.

Nit1 = (gi+1 exceeds pii1)
(This follows from the previous two points.)

M1 = (pig1 is elastic)
(This holds by IH.)

Nit1 E (piy1 is elastic)
(This follows from the previous point and absoluteness of elasticity.)

Working inside N, 1, let A\;11 € (ui41,9) be inaccessible and let F; 11 € Vs
be such that g;41 < pi;l[)éf:l. (These exist due to points 19 and 21.)
Mo :=Ult (Mi31, Eiy1)

Mity = (Vig a2 F Pipalioara (en)))
(This follows from the point 13.)

Miyo = (Vigiato)+2 F Jivtite(Pis1)  [omta(ern)])
(This follows from the previous point by elementarity.)

— . . N; .N; _ . Mita, -M; _
(pmﬂ[ﬁi YNirt = proj (g (piv)) = projy, 2 (g, (0ig)) =
i+2

proj .\ * (Ji+1,i+2(pit1))

Mo = (qit1 < proj ., (Jit1,i+2(Piy1)))
(This follows from points 22 and 26.)

Mivo E (Vigiotin)+1 F Civ1ljont2(er)])
(This follows from points 25 and 27.)

Mivo = (Vg ot = Proj (gir1))
(This follows from the previous point by indiscernibility of ¢’s.)

Working inside Mo, let k;42 € (Aj+1,d) be such that

Piva = tp o2t (g o (0r))

is elastic.

Mo |= (piya exceeds proj®(g;41)7)
(This follows from the previous two points.)
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8 Homogeneously Suslin Sets

In this section we introduce notions of a homogeneous tree and a homogeneously
Suslin set. We will show that homogeneously Suslin sets are determined, hence
reducing the problem of projective determinacy to showing that projective sets
are homogeneously Suslin.

Definition 8.1. A tower of measures with support Z is a sequence (fi, : n < w)
such that each p, is a measure (i.e. wi-complete ultrafilter) on Z™ and they are
coherent:

(Vm <n <w)(VAC Z™)(pm(A) = pn({s € Z™ : s | m € A})).

If f: 2™ — V and n > m, we can define f™ : Z" — V by simply putting
fr(s) == f(s | m) for s € Z™. For m < n < w, we define jp, », : Ult (V, i) —
Ult (V, i) by setting jom n([flu.,.) := [f"]u,.. This mapping is correctly defined
and elementary. To see this, consider a formula ¢(x...) and sets [f]... €
Ult (V, ) such that

Ult (V, pm) = o([f]-- ).

Lo$’s theorem implies that g, ({s € Z™ : ¢(f(s)...)} = 1, so we conclude by
coherence that

pn({t € Z" ([ (1) . )}) = pn({t € Z" 2 (f(E I m)...)}) =

pm({s € 2™ 1 ¢(f(s)...)} = 1.
The reverse direction Lo§’s theorem now yields Ult (V, u,,) = o([f"]...), ie.

Ult (V, pin) B ¢(Gm,n([f])---)-

It is a matter of routine to verify that j,, , = jnp © Jmn for m < n < p,
implying that
(ULt (V, o), i :m < n < W)
is a directed system. We denote by Ult (V, (un : n < w)) its direct limit. This
class is a model of ZFC, but it need not be well-founded. When it is well-founded,

we also say that the tower of measures is well-founded. Let us characterize the
case when that occurs.

Definition 8.2. A tower p of measures is said to be complete if for every
sequence of measure-one sets A, C Z™ (n < w), there is a function f :w — Z
such that (Vn < w)(f [ n € A,).

Proposition 8.3. A tower p of measures is well-founded if and only if it is
complete.

Proof. Let us assume that p is ill-founded. Then there is an increasing sequence
(ni)i<w of naturals and a sequence (;)i<. of ordinals such that j,, n,,, (o) >
aitq for every i <w. We let f; : Z™ — Ord be such that a; = [f;]. Then

Hngqq ({S € Zmt fl(S rnt) > fi+1(5)}) =1L
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Let us set

J - .
otherwise.

A.Z{heﬂwvﬁ@wm>ﬁﬂwm 3i(j = ni)
VA

The sequence (4; : j < w) witnesses the incompleteness of pu. For otherwise,
there would be a thread = : w — Z such that z [ j € A;. In particular,
[ nigr € Anyy, e fi(e [ ng) > figi(z [ nig1). The decreasing sequence of
ordinals (z [ n;);<. provides for a contradiction.

On the other hand, let us assume that p is incomplete, i.e. there is a sequence
(A;)i<w of measure-one sets that cannot be threaded. We define by induction
the sets By := Ao, Bit1 = {s € A;j41: 5] € B;} (i <w). Due to the coherence
condition, these are also measure-one sets. Let the set T':= J,_,, B; be ordered
by inclusion. This poset is a tree. Since A;’s cannot be threaded, neither can
B;’s, so this tree is well-founded. Let p be its ranking function (i.e. the ranking
function for (7',2)) and set

ﬁwrz{““’seﬁ

0, otherwise

for i < wand s € Z. If s € Biy1, then s [ i € B; and fi(s | i) = p(s |
i) > p(s) = fix1. In other words, j;;i+1([fi]) > [fix1] (! < w), implying that
Ult (V, ) is ill-founded. O

Definition 8.4. A homogeneity system over X with support Z is a family (us :
s € X<¥) such that every p, is a measure on Z!* and

(Vs 9t € X<9) (VA C ZFN(us(A) = pe({u € 21" - u | |s] € ALY).
A k-homogeneity system is one all of whose measures are k-complete.

In other words, a family of measures (us : s € X<“) is a homogeneity system
exactly in the case when for every x € X, the family (pa; : ¢ < w) is a tower
of measures. Before proceeding further, let us recall some of the terminology
related to trees. If T is a tree on X X Y, we understand it as a subset of
X <% x Y<¢ whose coordinates have the same length. (A similar note holds for
trees on products of more sets.) The fiber of T' corresponding to s € X <% is
defined by

Ts:={teY<¥:(s,t) €T},

while the fiber corresponding to x € X“ is defined by
Tpi= ] Topn ={t €Y= : (@n <w)((x [ n,t) € T)}.

n<w

We denote by p[T] the projection of the set [T] C X“ x Y* of branches of T to
the first coordinate; thus,

z€pll] < Jy((z,y) €[T]) < In((z [n,yln)eT)
< Wn(y | n € Tyn) < [T,] # 0.
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Definition 8.5. A tree T on X X Z is said to be homogeneous if there is a | X|*-
homogeneity system p over X with support Z satisfying (Vs € X<“)us(Ts) =1
and for every x € p[T], the model M} := Ult (V, (ttzn : 1 < w)) is well-founded.
The tree T is k-homogeneous if 1 can be chosen to be a k-homogeneity system.

The definition implies that if M# is well-founded for some z € X, then
x € p[T]. To see this, note that fiz1n(Tz1n) =1 (n < w). The well-foundedness,
i.e. the completeness, of the tower (gn)n<w implies the existence of a fiber
z € Z¥ satistying z [ n € Ty, for all n < w. This exactly means that z € p[T].
Thus,
p[T] = {z € X* : M¥ is well-founded}.

Definition 8.6. A set A C X¥ is said to be homogeneously Suslin if there is a
homogeneous tree T such that A = p[T]. The set A is k-homogeneously Suslin
if a tree T can be chosen to be xk-homogeneous.

If (us : s € X<¥) witnesses the homogeneity of an appropriate T, we have
that
A={x e XY : Ult(V,(tgn)n<w is well-founded}.

The purpose of the notion of being homogeneously Suslin is given by the fol-
lowing theorem.

Theorem 8.7 (Martin). If A C X% is homogeneously Suslin, then it is deter-
mined.

Proof. The game G defined by A is played as follows:

I ‘ i) )
1I ‘ X1 T3

where 2; € X (i < w) and I wins if and only if z = (2;);<w € A. We are going
to define a closed auxiliary game G*. Let T' be a homogeneous tree on X x Z
witnessing the fact that A is homogeneously Suslin. Let g = (us : s € X<¥)
be a homogeneity system on Z witnessing the fact that T is homogeneous. The
game G* is played as follows:

I | 20,20 21, T2, Z2 23, T4, 24
11 ‘ 1 xr3

where x; € X and z; € Z (i < w), while I must observe the rule that (x [ i,z |
i) € T for every i < w. I wins if he is able to make w moves, otherwise II wins.
In this game I tries to produce a witness z to the fact that x € A = p[T]. The
game is obviously closed (for I), so it is determined.

If T has a winning strategy in G*, then the same strategy wins G after
omitting z;’s. If I has a winning strategy ¢* in G*, then he also has a winning
strategy o in G, which we describe in below. These two facts conclude the proof
that G is determined. Let us assume that the first 2k + 1 moves in G have been
made and let us describe the move g 1.
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1 \Io cee Zo
1I ‘ T x2k+1?

Denoting s := z | (2k + 1), we note that for every t € T, there is a move
o*(sxt) € X in G* according to o* after the position st := (xq,tg ... Zak, tar).
Since pg is | X|T-complete and ps(Ts) = 1, we have a unique move o(s) € X
such that o(s) = o*(s*t) for us-almost every ¢t € Ty, i.e. for every ¢t € U, where
Us C T is of measure one. The strategy o is winning for II in G. Otherwise,
there would be a play z € A in G according to o. Since z € p[T], the tower
(g 1 1 < w) is complete, so there is a fiber z through (Uy); : ¢ < w). Now, the
play

I | o, 20 21, T2, 22 23, T4, 24
II ‘ T I3

of G* is played according to ¢*, so II wins it. This means that I broke the rule at
some point, i.e. z [ 1 & Ty D Uy for some ¢ < w, which is a contradiction. O

To witness the homogeneity of a tree, we may use families of inner models
and elementary embeddings instead of families of measures.

Proposition 8.8. A tree T on X x Z is homogeneous if and only if there is a
family
(M57js,t7ws st e X<w)

satisfying
1. My’s are inner models for ZFC, with My =V,
. Jsit s Ms < My for s <t, with js s = id;
Jtw © Jst = Jsu for s <t <Qu;
crit jp s > | X|;

ws € §(Ts) and jsi(ws) <wy for s <t;

S om0

if © € p[T), then the direct limit of the system
(Mztm, Jotmzin :m <n < w)
is well-founded.

Proof. For the implication (=), let p witness the homogeneity of T' and set
My == Ult (V, us) and js(([f].) = [f1¥1],, for s <t. These are the notions
already seen above and we have already established all the points except 4 and
5. For 4, we simply note that all the measures u, are | X |T-complete. For 5, we
set wg := [id/s1],,, while the verification is a matter of routine (ws € jg o(Ts)
follows from the fact that us(7s) = 1).

For the implication (<), we need to define an appropriate tower of measures.
We set

A€y w, €jps(A) (ACZI¥)
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for s € X<“. It is readily verifiable that these are indeed |X|T-complete mea-
sures (the completeness follows from the point 4). Let us check the coherence.
Given s <1t, we reason as follows (for A C Z!%1):

ps(A) =1 ws € Jo s (A)

Js.t(ws) € Js.t(jp,s(A))
Jst(ws) € jpi(A)

wy € g (A x ZI17 1)

fe (A x Z\tlf\SI) -1

I

where the first and last equivalences are by definition, the second is due to point
2, the third is due to point 3, and the fourth is due to point 5. We also easily
verify that p,(Ts) = 1, since this is equivalent to ws € jg (7).

It remains to check that (pg), : n < w) is complete for « € p[T]. Let A, C
Z" (n < w) be a family of measure-one sets. This means that w1, € Jg 210 (An)
for every n < w. Denoting by M, the transitive direct limit of the system

(Mg, jst:s<<t<x)
and by j, ., the appropriate embeddings, we conclude that

jS,I(ws) € ]V),z(A\s|)

and js o (ws) < jio(wy) for s <t (this follows from the point 5). The tree

U j@,w(An) = j@,x (U An) e M,

n<w n<w

is ill-founded in V, as witnessed by (jzin,z(Wen) : 7 < w). This implies that it
is also ill-founded in M, so by elementarity, the tree | J, ., Ay is ill-founded in
V', i.e. there is a fiber through A,’s. O

In order to characterize T-homogeneity, it suffices to replace the condition 4
by the condition “crit jy ¢ > max{|X|*,7}".

9 Proof of the Projective Determinacy

9.1 Structure of the Proof

In this section, we prove that if X is a set and if there are n Woodin cardinals
above it and a measurable above them, then any II}, ,; subset of X* is homo-
geneously Suslin and hence determined. The proof is realized by induction on
n. For the base, we have the following theorem.

Theorem 9.1 (Martin). If X is a set and £ a measurable cardinal above it,
then every co-analytic subset of X* is k-homogeneously Suslin.
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This theorem is proved in the second subsection. For the inductive step,
we prove the following theorem, which is also designated as a transfer theorem.
Most of the theory developed in this thesis is for the purpose of proving this
theorem.

Theorem 9.2 (Martin, Steel). Let X be a set and 6 a Woodin cardinal above it.
Let A C X“ x w¥ be §T-homogeneously Suslin. Then p[A]C is T-homogeneously
Suslin for every T < 6.

In the third subsection, we study some technical notions necessary for prov-
ing this theorem. In the fourth subsection, we construct a 7-homogeneously
Suslin tree that projects onto p[A]G. Once we have proven the two theorems
from above, we can easily conclude the projective determinacy.

Theorem 9.3 (Martin, Steel). If X is a set and if there are n. Woodin cardinals
above it and a measurable cardinal above them, then every I}, subset of X
is determined.

Proof. Let 6, < 0,1 < --- < d1 be Woodin cardinals and §; > d; a measurable.
We show by induction on n that for every X € Vs, every I}, set A C X¥
is 7-homogeneously Suslin for every 7 < 4,. This suffices for the conclusion.
The base n = 0 is simply the theorem 9.1. Let us assume that the statement
holds for n and prove it for n 4+ 1. We have that A = p[B]® for some o,
set B C X“ x w¥. By applying the IH to X x w € V;, and the cardinal
§F.1 < 6n, we conclude that B is 6, ;-homogeneously Suslin. We can now
apply the Main Theorem and obtain that A = p[B]E is T-homogeneously Suslin
for every T < dp41- O

9.2 Co-analytic Determinacy

<w

Definition 9.4. The Kleene-Brouwer order on w<% is given by

s>gpt:<= stV (|s|=[t| >0As(s]| —1)>¢(|t| —1)).
Proposition 9.5. <kp is a linear order extending >. <kp is well-founded on

a tree T on w if and only if T is well-founded.

Proof. The first part is readily verifiable. Since > [ T' C<kgp| T, we conclude
the direction (=) of the second part. Let us assume that <gp[ T is ill-founded.
We want to conclude that > [ T is also ill-founded. We have a sequence

S0 KB S1 KB S$2 KB " "*

in T. For any ¢ < w there is j > ¢ such that s; < s;. Otherwise, for every
j > 4, we have |s;| = |s;] =: n and s;(n — 1) < s;(n —1). In particular,
{sj(n—1):i < j <w} is finite. However, we also have s;, (n — 1) < s;,(n — 1)
for i < ji < ja, so {s;(n —1) : i < j < w} is infinite. This is obviously a
contradiction. Thus, there is a sequence

Sig D> 8iy B Sy B> - -

in T, witnessing its ill-foundedness. O
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Let X be a set and let A be a IT} subset of X*. There is a tree S on X X w
such that A = p[S]C. Fix such a tree. Let us also fix a recursive bijection
t:w — w< satisfying

t; <t; — 1< j
and let (-) : w<¥ — w be its inverse.

Definition 9.6. For z € X<  we define a relation <, on |z| in the following
manner:

m>n, tom,tn €S,
- T, tm € Sz, tn € Sz
J_, tm g S:IHt’rL E Sac

tm >kB tn, tm,t, €S,
Proposition 9.7.
1. Forx € X=%, <, is a linear order on |z|.
2. For st e X<, <,C<,.
3. Forx e X¥, <,= UKW <z|i-
4. Forx € X%, <, is well-founded if and only if x € A.

Proof. The first three points are easily established. Let us consider the fourth
one. If z ¢ A, then = € p[S], so there is branch y € [S,]|. By setting n; := (y | %)
(i < w), we get an infinite < -descending chain. On the other hand, if <, is
ill-founded, as witnessed by a sequence

ng >z N1 >g N2 >g 00,

it is not the case that some t; € S, since that would yield a decreasing sequence
(n; : j > i) of naturals. Thus, we have a <gp-decreasing sequence (t,, : i < w)
of nodes in S,. This implies that S, is ill-founded and consequently = € p[S] =
AC, O

Let x be an uncountable cardinal above X. A tree T on X X k is defined by
setting
(s, eET:<= s€ XA [f:(s],<s) = (k,<).

Proposition 9.8. A = p[T]

Proof. Branches through T exactly correspond to pairs (x, F'), where x € X%
and F : (w,<,) < (k,<). Hence,

reA <, is well-founded
AP (w,<g) — (K, <)
3F((z, F) € [T])

x € p[T].

1o

o7



If k is in addition measurable, we will show that 7T is x-homogeneously
Suslin, which will conclude the argument. Let p be a normal measure on k.

Definition 9.9. For s € X<“ and C C k, we define
C* = {f:(|s],<s) = (C, <)} T wl.

We also set
ps o= {D: (3C € p)(C* € D)} C P(x").

Proposition 9.10. (u;: s € X<%) witnesses k-homogeneity for T.

Proof. Tt is easily seen that every pu; is a k-complete filter. To see that it is in fact
an ultrafilter, let us consider arbitrary D C &l*l. For u € [x]*!, there is a unique
fu: (], <s) = (K, <) with im f, = u. Let us define a coloring ¢ : [s]/*l — 2 by
setting ¢(u) := xp(fu).- By Rowbottom’s theorem, there is C' € u homogeneous
for c. If ¢ | [C]"*l = 0, then C* C Db and D€ € we; if ¢ | [C]1*] = 1, then
C®* C D and D € u,. To verify the coherence, let s <<t € X<% and let D C wlsl,
If C* C D for some C € p, then C* C D x !!I=Isl and D x sl!I=IsI € 1, On
the other hand, if C* C D x klt=1sl for some C € i, then C* C D and D € us,.
Hence, p15(D) = p(D x wlt=1s1).

We have established that the given family of measures is a x-homogeneity
system. Let us verify that p4(7s) = 1 for s € X<“ and that (pg, 1 n < w) is
well-founded for x € X“. For the first part, we simply notice that Ts = k* € pu.
For the second part, let D,, € pig, (n < w) be an arbitrary family. Fix C,, € p
such that C2!" C D,,, for every n < w. Since C := [\ __ Cn € u, there is an
fi(w,<z) = (C,<). Note that

n<w

flnj e c*™™ C cy" C D,
for every n < w. O

This concludes the proof of the theorem 9.1.

9.3 Nice Types

We now work towards a proof of the transfer theorem. Let X be a set and § a
Woodin cardinal above it. Let A C X“ x w* be a §T-homogenously Suslin set,
as witnessed by a tree S on X x w x Z and a homogeneity system p = (us,¢ :
(s,t) € (X xw)<v).

Definition 9.11. An (s, t)-nice (k,n + 2)-type p is determined by

e a (k,n+2)-type p(S,u, )
o together with a label (s,t) € X™ x w"
satisfying the following properties:

e k€ (rank (X),9);
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e p = (o > max{rank (S),4});

e the set
Zy:={ue Z" : 33a(V: |= p[S,u,a])}

is a s ¢-measure-one set.

In this case, a function h, : Z, — Ord is defined by setting

hp(u) == min{¢ : Ja(Ve = p[S, u, a])}.

Remark 9.12. Note that every nice type p(S, @, «) is realized, so

pE ((uo.. . un-1) € S; 7).

If n = 0, the (0, 0)-niceness is equivalent to the fact of set Z, C Z° = {0} being
non-empty, i.e. to the existence of ordinals £ > « such that Ve = p[S, ], i.e.

p=tp%(S, ).

Remark 9.13. Consider the case ¢(S,7, ) < p(S, %, «). This does not mean
that the part w of a realization of p is an initial segment of the part ¥ of the
appropriate realization of q. The reason for this is the fact that we have al-
lowed for permutations of variables when we defined subsumed types. To cor-
rect this issue, in the definition above, we can work with types realized by
S, (0,u(0))...(n—1,u(n—1)), « instead of those realized by S, 4(0) ... u(n—1), .
In this manner, first coordinates ensure the order of realizations. We sacrifice
this precision for the sake for readability.

Definition 9.14.
e Let p be an (s,t)-nice (k,n + 2)-type,
e let p’ is an (s',t')-nice (', n’ + 2)-type.
The relation p = p’ holds if
> (s,t) <(s,1),
» h,(u' [ n) > hy (W) for pe p-almost every v’ € A

One easily verifies that this relation is transitive. This is a third way to
compare types, in addition to the notions of being subsumed and exceeding.
In the case that k < «/, the relation p = p’ implies that p’ exceeds p. This is
follows by taking arbitrary v’ € Z, and noting that

Vhp(u’ In) ': p[Sa o f n, Ck], Vhp/(u’) ': p/[Sa u’, a]a hp(u, f TL) > hp/ (u/)

A relationship of the new notion with the notion of being subsumed is described
in the following proposition. Before stating it, we introduce a notation: the
decap of a (k,n+2)-type p is the (k,n+1)-type dcp (p) := proj "+ (p), obtained
by omitting the last variable.

99



Proposition 9.15. If
e p is an (s,t)-nice (k,n + 2)-type,
o p' be a (K',n+ 2)-type,
o p' <dcp(p),
e P E (o > max{rank (S),4}),
o ' > rank (X),
then
» p is an (s,t)-nice type,
» o <p.

Proof. Let u € Z, be arbitrary. Setting £ := hy(u), we have o > max{rank (5),0}
such that Ve |= p[S,u,a]. Consequently, V¢ [= dep (p)[S, u], so there are some
o < & < & such that Ve = p/'[S,u,a’]. We have v € Z, and hy (u) < & <
& = hp(u). Thus, Z, contains a measure-one set Z,, so it is a measure-one
set as well. The latter inequality holds on a measure-one set Z,, ensuring that
p < p. O

Let us describe a way to ensure that some x € X“ belongs to p[A]c. First
notice that

z € plA]° (Vy € w)((z,y) & A) (17)

<~
—  (Vy € w?)((Ugnym : n <w) is ill-founded,)  (18)

so we only need to ensure that every branch of the homogeneity system p® :=
(Kazpe),e : t € ws*) is ill-founded.
Proposition 9.16. Let (p; : t € w<¥) satisfy
o pis an (z ] |t],t)-nice type (t € w<¥);
o p = py fort At € w<v.
Then every branch of u® is ill-founded and consequently x € p[A}C.

Proof. Let us denote by M and js+ (s <t € w*) the models and embeddings of
©®. The function h,, is defined on a measure-one subset of Z!*l with values in
Ord, thus describing an ordinal ay := [hy ],z € M. Since hy (u [ [s|) > hy, (u)
for almost every v € ZI!l and s < ¢, we have Jsie(as) > oy for every s < t.
This last observation implies that all the branches of p* are ill-founded, i.e.
z € plA]L. O

60



9.4 Proof of the Transfer Theorem

In this section we show that the set B := p[A]E is 7-homogeneously Suslin, for
a fixed 7 < §. To that end, we will first describe a tree T' that projects to B
and then show that it is a 7-homogeneously Suslin tree. This later fact will be
established by invoking proposition 8.8, where the required models will come
from a family of iteration trees. These iteration trees are constructed recursively,
and the following lemma will be used to make a step in the construction.

Lemma 9.17.
o Let q be an (sq,tq)-nice (¢,n + 2)-type,
e satisfying ¢ = (a+ 2 € Ord);
o let (s,t) D> (sq4,t4);
o et <.
There is a type p and a cardinal k satisfying
» pis an (s,t)-nice (k,m + 2)-type,
> p=gq,
> K>,
» dcp (p) is elastic,
» p = (o = maxOrd).
(Notice that the above conditions imply by proposition 9.15 that p exceeds g.)

Proof. Let u € Z™ be such that u [ n € Z,. Denoting 1 := hy(u | n), there is
an « € (max{rank (S),d},n) such that

Vo, EqlS,u | n,al.

There is K € (max{¢,1},d) such that the type tp ¥T1(S,u) is elastic. Set
p' = tp et (S, u, ). It follows that u € Z,y and hy (u) < a+1 < & = hy(u | n).

Note that p’ = p'(u) depends on a u from the measure-one set {u € Z™ :
u | n € Z,;} and takes the values in the set V5 of cardinality §. Since all
the measures are 6t-complete, we have that this function is constant almost
everywhere, with some value p. Note that the set Z, contains a measure-one
set {fu € Z" 1 u [ n € Z, ANp'(u) = p}, so it is itself measure-one; in other
words, p is nice. Also, hp(u) < hg(u [ n) for every u in the same measure-one
set, implying p < ¢. Other properties of p are immediate from the choices made
above. O
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Let us fix a recursive bijection t : w — w=<* satisfying
t; < tj = i < J.

This implies in particular that to = 0 and I; := |t;| < 4. The inverse of this
bijection is denoted by (-). Hence, we have

tiy =s, (t;) =1, |t;| =1
For ¢ > 0, we denote by i* the index of the predecessor of t;, i.e.
ti [ (Li—1)=ti, lp=10—1

Let us also fix a pair (1, tg) of local indiscernibles relative to max{rank (5),d}.
We describe a partial function I whose arguments are of the form (s, ¢), where

e s € X" for some n < w,

® g=(q:i<n),

e g; is an (s | l;, t;)-nice type,

e ¢ = (@42 =maxOrd).

Function T" is computed by induction on n.

o If n =0, we set ['(,0) | and let its value be some pg := tpET1(S,1p),
where kg € (max{|X]|,7},0) is chosen such that dep (po) is elastic.

elfn>0and(s| (n—1),q ] (n—1)) 1, we set I'(s,q) 1.

elfn>0andT'(s| (n—1),q] (n—1)) l=pnr_1 is some (kp_1,l,—1)-type,
the computation goes as follows.

— If gn—1 < pn—1, we set I'(s, q) | and for its value we choose a type p,
satisfying
Dr is an (s [ Ly, ty,)-nice (kn,l,)-type,

Pn = Qn*,

*
*
* Kp > Kn—1,
*

dep (pr) is elastic,
Pn = (@ = max Ord),
which is provided by the previous lemma.

- If Pn—-1 74 dn—1, then F(&Q) T

We define T := domI', which is clearly a tree on X x Vj.

*

Lemma 9.18. p[T| C B
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Proof. Let (z,q) € [T] and let us show that z € B = p[A]®. We set p, := I'(x |
n,q | n) for n < w. Notice that ¢, < p, since T'(z | (n+1),q¢ | (n+1)) |,
and p,, < gp+ by definition of I". This implies ¢, < ¢~ for n > 0, so the family
(qey = t € w<¥) satisfies the hypotheses of proposition 9.16. This proposition
then yields = € p[A]C. O

Before establishing the other inclusion, we work towards a system of propo-
sition 8.8. Given a parameter x € w*, we describe an iteration tree 7% of the
form

My M, Moy

N<>*>N *}NOO

\\\
\\

dependent on that parameter. The order of the models is My, Ng, M1, Ny ...,
while the N-models form a tree isomorphic to w<“. The embeddings between
M-models are denoted by jmn (m < n < w), while those between N-models
are denoted by k(s 1) (s <t € w<¥). The notation for the extenders is as
follows: FE, is a (kn, A\p)-extender in N,, and M, +; = Ult (M,,E,); F, is a
(¢nx, xn)-extender in M,, and N,, = Ult (N,~, F},) (for n > 0).

The iteration is described by induction. For the base, we describe models
My, Ng, Mjy; for the step, we describe models N,,, M,, 1. When defining model
M,,, we also define a type p,; when defining model NV,,, we also define a type g,
and a tuple u,,. We require the following conditions:

e N, E"q,isan (z | ly,t,)nice (¢n,l, + 2)-type™;
No I (an = 052" (ko (), wny ko (e2));
N, E Tqy is elastic™;

My E (o) (@ Tn, (g5 1 <)) = pp);

M, = "L, is the language of p, .

Every one of the four cardinal parameters k., An, ®n, Xn, when chosen, will be
larger than all of those defined before that point. This will ensure the desired
structure of the tree. These parameters will also be less than ¢, which means
that 0 will remain fixed throughout the iteration.

The base of the induction.
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10.
11.

12.

13.

14.

15.

N ook W

. Mo::V

po :==T(0,0)

Let ko € (max{|X|,7},8) be such that po = tp (S, r).
No:=My=V

Let ¢g € (ko,0) be such that go := tp ;%+3(S, tr,) is elastic.
ug =0

qo exceeds tp L+ (S) = dep (po).
(This follows from point 3 and the indiscernibility.)

There is an inaccessible Ay € (¢, d) and a (Ko, Ag)-extender Ey such that
go < dep (po) ™[

Ml = Ult (Mo, Eo)

(dep (po) ™ [3)™° = (proj a, (dep (jo,1(po)) 7))

My |= (g0 < dep (Jo,1(po)))
(This follows from points 8 and 10.)

My = (Jo,1 (T)(0,0) = jo,1(po))
(This follows from the point 2.)

M; = ((2o,q0) € dom jo,1(I'))
(This follows from the previous two points.)

My

Inside Mj, let p1 := jo,1(I')((x0), (g0)) and let k; correspond to its lan-
guage.

K1 > jo1(Ko) > Ao

(The first inequality follows from the previous point and the fact that
Jo,1(Ko) exactly corresponds to the language of jo 1(po). The second in-
equality follows from the fact that jo 1 comes from a (kg, Ag)-extender.)

The inductive step.

1.

My E (Gon (D) (@ [n,(g; 14 <n)) = pn)
(This follows by the TH.)

M, |: (pn = Qn*)
(This follows from the previous point by definition of T".)

M, = (pn exceeds gpx)
(This follows from the previous point and the fact that x, > ¢y,~.)

. Ny« |= (gn~ is elastic)

(This follows by the TH.)
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10.

11.
12.

13.

14.

15.

16.

17.

18.

19.

20.

M, = (gn- is elastic)

Inside M, choose an inaccessible X, € (kn,0) and a (¢n=, xn)-extender
F,, such that p, < g,.[5".

N,, = Ult (N, F},)

(- [5) ™" = proj y, (ke (@) ™)

Ny [ (pn < projy,, (kns n(gn+) 7))
(This follows from the points 6 and 8.)

ko nx (¢ 3
Now E (gne = tp 2 % (kg e (8), e, o= (11)))
(This follows by the IH.)

No = (010] y,, (ks (@) = tp 2™ B % (Ko (), ke (), Ko, (12)))

Inside Ny, there is a u, > kpx p(un+) such that

Pn = tp ﬁ?{n(LL)-Fl(kO,n(S% Un, kO,n([fL))-

(This follows from points 9 and 11.)

Inside N,,, chose a ¢, € (xn,d) such that

g = 052" (g 1 (S), s Ko (i)
is elastic.

N, [= (gn exceeds tp ’;‘j;"(m)“(kom(S), ) = dep (pn))

(This follows form point 12 and the indiscernibility.)

M, E"dcp (pn) is elastic™
(This follows from point 1.)

N, = "dcp (py) is elastic™

Inside N,,, there is an inaccessible \,, € (¢,,d) and a (kn, A, )-extender
E,, such that ¢, < dcp (pn)_[)];{z
(This follows from points 14 and 16.)

M1 = Ult (M, E,)

(dep () 1) = proi s, (dep (s () )

M1 ': (Qn < dcp (jmn-i—l(pn)))
(This follows from points 17 and 19.)
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21. Myt 'Z (jn,nJrl(pn) = jO,nJrl(F)(-T [ n, (Qi 11 < n)))
(This follows from point 1 by elementarity.)

22. Mn+1 |: ((m [ (n + 1), (QZ 1 < ’I’L)) S dOij’nJrl(F))
(This follows by the previous two points.)

23. Inside My 41, let ppt1 := jon+1(D)(z [ (n+1),(q; : i < n)) and let Kyt
correspond to its language.

24, Kpg1 > jn,n—i—l('%n) > A
Proposition 9.19. = € B if and only if the M-branch of T* is well-founded.

Proof. Let us assume that the M-branch is well-founded. We denote its di-
rect limit by M,. By the construction, we have that (z | n,(¢; : i < n)) €
dom jon(I") = jon(T). This implies (¢; : ¢ < n) € jo,w(T)y for every n < w.
Hence, the tree jo (T, is ill-founded in V, so by absoluteness, it is ill-founded
in M. This means that

M, ': (S p[jO,w(T)]v

so the elementarity implies « € p[T] C B.

Let us now assume that the M-branch is ill-founded. Since V is (w + 1)-
iterable, there is a well-founded branch b; this branch is not the M-branch, so
it is made entirely of N-models. Let us denote its limit by N,. For n € b, we
have inside N,, that g, is an (z | l,,,t,)-nice type and that w, = ¢,. If we set
Y= Upep tn € w9, we see that

Un € ko,n(9)zttn,tn = ko0 (S)atln yitn

and consequently
k’n’b(un) S kO,b(‘S)w,y-

Since kpx n(Un+) < uy, for n > 0, we see that (ky, p(uy) : n € b) is a <-increasing
sequence witnessing that kg (S5),,, is ill-founded (in V). This means that
kob(S) e,y is ill-founded in Ny, so

Ny |= (2,y) € plkop(S)]-

By the elementarity, we conclude that (z,y) € p[S] = A. This yields that
z € p[A] = BC. O

Notice that the construction from above can be executed for s € X <% (in-
stead of =) up to model M|,j; we denote such a tree by 7°. Hence, length of 7
is 2|s|+ 1 and 7° < T* for s <x. Let us define

Wy = M), 74 = Jie wei=(q i<ls]) (s<teX¥).

(A superscript s means that the object corresponds to the one in construction
T#.) The family just described witnesses the fact that T is 7-homogeneous,
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in the sense of proposition 8.8. All the points of that proposition are obvious,
except that

z €plT] = (Ws,mst: s <9t <z) is well-founded.

To see this, it suffices to note that the ill-foundedness of the family in the
consequent simply means the ill-foundedness of the M-branch of tree 7*. By
the previous proposition, this yields =z € Bt C p[T]C. We are now ready to
conclude the argument.

Proposition 9.20. B is 7-homogeneously Suslin.

Proof. We have shown that T is 7-homogeneous and that p[T] C B. We are
done if we show that B C p[T]. To see this, if € B, then the M-branch of 7%
is well-founded. This means that the family

(W, Tsp 2 s <1t <)
is well-founded. Since T' is homogeneous, this implies that = € p[T]. O

Remark 9.21. The family (7° : s € X<%) of trees constructed above can be
chosen to be injective. We have the following manner. Suppose that 7* has
been constructed for s € X™. The next step is to construct the models N3 °
of 7% % for i < w. These models might or might not be different; regardless,
we ensure injectivity in the next step, when choosing extenders Effi for the

construction of MTSHA_{ To accomplish this, the points 8. of the base and 17. of

the step should read: “Inside N2 °, there is an inaccessible
T e (max{gl AL 7 < i},0)

and ...” This provides for the extenders E2 ' of different lengths (and thus
different among themselves). Note that this construction is done recursively
with respect to (1) |s| and (2) s(|s| — 1), ordered lexicographically.
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