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We are assuming, if not stated otherwise, that ZFC holds and there exists a
proper class of Woodin cardinals.

Let A be a universally Baire set. Then

a. (R, A)* is universally Baire,

b. for every V-generic filter g, (RV, A)* )g = (R Ag)”.
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© Local Definability of HOD in L(R)
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a. L(R) E AD*

b. For every V-generic filter g, there is an elementary embedding
j i LRY) — L(Ry).

a. What more can be said about the theory of L(R)?

b. Does model L(R) relate naturally to some model of ZFC?
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Assume ZF holds. Then

a. HOD ¢ ZFC,

b. for all x C Ord, there exists a HOD-generic filter g such that
x € HOD[g] = HOD,.

Assume ZF + AD +V = L(R). ThenV is a symmetric extension of HOD. |




(HOD||©)-®

is a premouse.

HODL(]R) is a core model below ©.

Is HOD locally definable below © in L(R)?
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Theorem (Schindler)
Assume ZFC. Suppose
1. Q is a measurable cardinal,
2. for somen < w, Vg is closed for M}(=), but M}, does not exist,
3. K is the core model in Vo,
4. a >Ny is a cardinal in K.

Then K||a*X is definable (as a predicate) over H(|la|") without additional
parameters.
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Suppose we are working in L(R) and
1. ne [6%,@) is a cardinal in HOD,
2. iy is the (quasi-)club filter on [7]®,

ZF +“2([n]?) exists”.

3. y is the second ordinal such that L((HODI||n)*)[,] satisfies
Then HOD|j5™HOP is definable (as a predicate) over

without additional parameters.

(LHOD[In)*){ 4y 1, €, pp, (HODI)®),
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© Constructing Universally Baire Sets
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Let A be a universally Baire set. Then

a. (R, A)* is universally Baire,

b. for every V-generic filter g, (RV, A)* )g = (R Ag)”.

a. Define A to be R.

| oe

b. For n < o, define A,; to be (R, A,)".

Foralln < w, A, is universally Baire.
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What should A, be?

Let A, consist of all ™ x € R, where n < w and x € A,,.

A

» is universally Baire and Wadge-above every A, (forn < w).
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If o < w; is limit and (A¢ : & < @) is defined, we can define A, by

a. picking a cofinal sequence (&, : n < w) in a,

b. joining (Ag : n < ) as in the case w.

The sequence (A, : a < w;) is defined as in the remark. l

Foralla < wy, A, is universally Baire. Moreover, this sequence is strictly
Wadge-increasing.
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What should A,, be?

We cannot join the sequence (A,

a < w;) in a way that will yield a
universally Baire set because the sequence is not canonically defined.

Let S be the strategy for M},. Then L(R,R*) = L(R,X).
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Theorem (Sargsyan) |

There exists a universally Baire set above all A, (& < w;) that codes a hod pair.

Remark |

We can take A, to be a universally Baire set coding the mouse-least hod
pair above all A, (o < wy).

Definition
Let (A, : @ < D) be the longest sequence defined as above:
a. at successor stages, we take the sharp;

b. at limit stages of countable cofinality, we take the join of a cofinal
w-sequence;

c. at limit stages of uncountable cofinality, we take a universally Baire set
that codes a mouse-least hod pair which is Wadge-above the sets so far,
if there is such a hod pair.
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Theorem™ (Sargsyan)
Either

a. there exists a universally Baire set that codes a hod pair with a Woodin
cardinal that is a limit of Woodin cardinals

or

b. the sequence (A, : a < P) is Wadge-cofinal among universally Baire sets.

Question

Is there a universally Baire set that codes a hod pair with a Woodin cardinal
that is a limit of Woodin cardinals?
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Suppose there exists a proper class of Woodin cardinals that are limits of

Woodin cardinals. Then there exists a universally Baire set that codes a hod
pair with a measurable cardinal which is a limit of Woodin cardinals.

A\

Suppose there exists a proper class of Woodin cardinals that are limits of
Woodin cardinals. Then there exists an inner model of

ZFC +V = Ultimate—L+"“there exists a proper class of Woodin cardinals”.

”

Woodin cardinals. Then the minimum model of ADp+“®© is regular” is
contained in the Chang-plus model.

Suppose there exists a proper class of Woodin cardinals that are limits of
Obrad Kasum (UPC)

Soutenance de thése

18 June 2025




@ Generic Absoluteness and Maximality
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Theorem (Woodin)
Let A be a universally Baire set. Then
a. (R, A)" is universally Baire,

b. for everyV-generic filter g, (RY, A)“)g = (Rg, Ag)’*.

Corollary
Suppose
1. A is a universally Baire set,
2. ¢ is a sentence in the language {RZ, R} },
3. P is a poset.
ThenV k ((H,,, €, A) k ¢) if and only ifV]P F ((Hy,» €, Ag) F ).
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Suppose
1. Ais a universally Baire set,

2. ¢ is a3 sentence in the language {RZ, R&IS ,RL},
3. P is a poset.

Then V & ((H,,,€,NS,, , A) k ¢) if and only if V¥ & ((H,,, €, NS, , Ag) F ).

Remark

There cannot be IT, absoluteness of this form because —=CH is IT, over
(H,, €,R)!
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Definition

The sentence (1) asserts that for every universally Baire set A and every
IT, sentence ¢ in the language {RZ, RlNSa,l ,RL}, if

P, p ((H(wp). €, NS, Ag) F ¢).

then (H(w,), €, NSwl,A) E Q.

Definition

The sentence (1)) asserts that for every universally Baire set A and every
IT, sentence ¢ in the language {RZ, R}, if

P, p ((H(wp). €, A k ¢),

then (H(w;), €, A) E ¢.
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Definition

The sentence UB — BMM ™ asserts that for every universally Baire set A,
every 3, formula ¢(v,) in the language {RZ, RlNS ,RY}and every a € Hy, o if
@il

3P ssp, VP ¢ ((H(wz), €,NS,,,As) k d)[a]),

then (H(wy), €,NS,, , A) k ¢la].

Definition

The sentence UB — BMM asserts that for every universally Baire set A,
every %, formula ¢(v,) in the language {RZ, R} } and every a € H,, . if

3P ssp, VF & ((H(wz), €, Ag) k 925[(1]),

then (H(wy), €, A) E ¢lal.
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UB-BMM'™" — (f)us I
UB-BMM = ()i I

The proofs raise the question when a model to an infinitary propositional
formula can be added by a stationary-set-preserving poset.
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Theorem (Vddnanen?)

Let ¢ be an infinitary propositional in negation normal form. Then there exists
a poset that forces a model for ¢ if and only Player I has a winning strategy in
the Model Existence Game.

v

Let ¢ be an infinitary propositional in negation normal form. Then the
following are equivalent.
a. There exists an ssp poset that forces a model for ¢.

b. For some inaccessible k, Player II has a winning strategy in E)ISCS; (a
variation of the Model Existence Game).
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Suppose ¢ is an infinitary propositional formula and k > rank(¢) is

inaccessible. Then ¢ is said to be AS-good at « iff ¢ is satisfiable and for all

stationary S C wy, it holds in VEN@<%) that for all i ¢ ¢, there exist

elementary 7 : V. — W and f1 £ 7(¢) such that crit(r) = (/JY € 7(S) and for

all subformulas  of ¢, i(z(¥)) = u(¥).

Suppose k is an inaccessible cardinal and ¢ € V, is an infinitary

propositional formula which is AS-good at k. Then there exists an ssp poset

that forces a model for ¢.

=] F
Obrad Kasum (UPC) Soutenance de thése



Thank you for your attention!
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