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Abstract

We present the proof that if 𝜆 is rank Berkeley and DC𝜆 holds, then 𝜆+ is measur-
able.
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1 Context
Global Assumption 1.1. We work in ZF. All other hypotheses are explicitly stated.

Terminology 1.2. The word “cardinal” refers to infinite ordinals that are not in bijection
with any lesser ordinal.
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2 The Non-stationary Ideal
Notation 2.1. Let 𝜃 be a cardinal. Then NS𝜃 denotes the collection of all non-stationary
subsets of 𝜃 .
Fact 2.2. Let 𝜃 be a cardinal. Then NS𝜃 is an ideal on 𝜃 if and only if cof(𝜃) > 𝜔.
Fact 2.3. Assume:

1. 𝜃 is a cardinal satisfying cof(𝜃) > 𝜔;
2. AC<cof(𝜃) holds.

Then NS𝜃 is <cof(𝜃)-complete.

Definition 2.4. Let 𝜃 be a cardinal and let 𝜇 < 𝜃 be a regular cardinal. A subset 𝐶 of 𝜃 is a
𝜇-club iff it is unbounded and for every increasing 𝜇-sequence 𝛼 of elements of 𝐶 it holds
that

sup
𝑖<𝜇

𝛼𝑖 ∈ 𝐶.

Notation 2.5. Let 𝜃 be a cardinal and let 𝜇 < cof(𝜃) be a regular cardinal. We denote by
NS𝜇𝜃 the collection of all subsets of 𝜃 that are disjoint from a 𝜇-club.
Fact 2.6. Let 𝜃 be a cardinal and let 𝜇 < cof(𝜃) be a regular cardinal. Then NS𝜇𝜃 is an ideal on
𝜃 .
Fact 2.7. Let 𝜃 be a cardinal and let 𝜇 < cof(𝜃) be a regular cardinal. Suppose 𝜂 < cof(𝜃) is a
cardinal such that AC𝜂 holds. Then NS𝜇𝜃 is ⩽𝜂-complete.

Notation 2.8. Let 𝐼 be an ideal on a cardinal 𝜃 and let 𝑆 be an 𝐼 -positive subset of 𝜃 . Then
𝐼 ↾𝑆 denotes the collection

{𝐴 ∈ 𝒫 (𝜃) ∶ 𝐴 ∩ 𝑆 ∈ 𝐼 }.

Fact 2.9. Let 𝐼 be an ideal on a cardinal 𝜃 and let 𝑆 be an 𝐼 -positive subset of 𝜃 . Then 𝐼 ↾𝑆 is an
ideal on 𝜃 .
Definition 2.10. Let 𝜃 be a cardinal and let 𝜇 < 𝜃 be a regular cardinal. Then 𝑆𝜇𝜃 denotes
the set of all 𝜉 < 𝜃 satisfying cof(𝜉 ) = 𝜇.
Fact 2.11. Let 𝜃 be a cardinal and let 𝜇 < cof(𝜃) be a regular cardinal. Then 𝑆𝜇𝜃 is a stationary
set.

Lemma 2.12. Let 𝜃 be a cardinal, let 𝜇 < cof(𝜃) be a regular cardinal, and let 𝐶′ be a 𝜇-club
in 𝜃 . Then there is a club 𝐶 in 𝜃 such that 𝐶 ∩ 𝑆𝜇𝜃 ⊆ 𝐶′.
Proof.

1∘ Let 𝐶 be the set
{sup(𝐶′ ∩ [0, 𝜉 ]) ∶ 𝜉 < 𝜃}.
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2∘ It is easy to see that 𝐶 is a club. We want to show that 𝐶 ∩ 𝑆𝜇𝜃 ⊆ 𝐶′.
3∘ Let 𝜉 ∈ 𝐶 ∩ 𝑆𝜇𝜃 be given.

4∘ Then there is an increasing sequence of elements of 𝐶′ ∩ [0, 𝜉 ]whose supremum is 𝜉 .
5∘ Since cof(𝜉 ) = 𝜇, this sequence contains a cofinal subsequence of length at most 𝜇.
6∘ By padding, we get an increasing sequence of elements of 𝐶′∩[0, 𝜉 ] of length exactly

𝜇 whose supremum is 𝜉 . Therefore, 𝜉 ∈ 𝐶′.

Lemma 2.13. Let 𝜃 be a cardinal, let 𝜇 < cof(𝜃) be a regular cardinal, and let 𝐶 be a club in 𝜃 .
Then the set 𝐶 ∩ 𝑆𝜇𝜃 is a 𝜇-club in 𝜃 .
Proof.

1∘ The unboundedness follows from Fact 2.11. Let us verify the closure.

2∘ Let 𝛼 be an increasing 𝜇-sequence of elements of 𝐶 ∩ 𝑆𝜇𝜃 and let 𝛾 be its supremum.
Then 𝛾 ∈ 𝐶 .

3∘ If 𝛼 is eventually constant, then the conclusion 𝛾 ∈ 𝐶 ∩ 𝑆𝜇𝜃 is immediate. Therefore,
let us assume that 𝛼 is not eventually constant.

4∘ Since 𝜇 is regular, there is a subsequence 𝛽 of 𝛼 of length 𝜇which is strictly increasing.
5∘ We now have 𝛾 = sup𝑖<𝜇 𝛽𝑖, which shows that cof(𝛾 ) = 𝜇.

6∘ Thus, 𝛾 ∈ 𝐶 ∩ 𝑆𝜇𝜃 .

Fact 2.14. Let 𝜃 be a cardinal and let 𝜇 < cof(𝜃) be a regular cardinal. Then NS𝜇𝜃 = NS𝜃 ↾𝑆𝜇𝜃 .
Proof of direct inclusion.

1∘ Let 𝐴 ∈ NS𝜇𝜃 be given.

2∘ Then there is a 𝜇-club 𝐶′ such that 𝐴 ∩ 𝐶′ = ∅.
3∘ By Lemma 2.12, there is a club 𝐶 in 𝜃 such that

𝐶 ∩ 𝑆𝜇𝜃 ⊆ 𝐶′.

4∘ We get
(𝐶′)∁ ∩ 𝑆𝜇𝜃 ⊆ 𝐶∁,

whence
𝐴 ∩ 𝑆𝜇𝜃 ⊆ (𝐶′)∁ ∩ 𝑆𝜇𝜃 ⊆ 𝐶∁ ∩ 𝑆𝜇𝜃 ∈ NS𝜃 ↾𝑆𝜇𝜃 .
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Proof of reverse inclusion.

1∘ Let 𝐴 ∈ NS𝜃 ↾𝑆𝜇𝜃 .
2∘ This means 𝐴 ∩ 𝑆𝜇𝜃 ∈ NS𝜃 , so there is a club 𝐶 such that

𝐴 ∩ 𝑆𝜇𝜃 ∩ 𝐶 = ∅.

3∘ By Lemma 2.13, we have that 𝐶 ∩ 𝑆𝜇𝜃 is a 𝜇-club, so 𝐴 is disjoint from a 𝜇-club. In
other words, 𝐴 ∈ NS𝜇𝜃 .

Definition 2.15. Let 𝜃 be a cardinal and let 𝜇 < cof(𝜃) be a regular cardinal. A subset of 𝜃
is 𝜇-stationary iff it intersects every 𝜇-club in 𝜃 .
Fact 2.16. Let 𝜃 be a cardinal and let 𝜇 < cof(𝜃) be a regular cardinal. Then every 𝜇-stationary
subset of 𝜃 is stationary.
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3 Saturation
Definition 3.1. Suppose:

1. 𝜃 is a cardinal;
2. 𝐼 is an ideal on 𝜃 ;
3. 𝜇 is another cardinal.

The ideal 𝐼 is 𝜇-saturated iff there is no anti-chain of cardinality 𝜇 in the Boolean algebra
𝒫 (𝜃)/𝐼 .
Fact 3.2. Suppose:

1. 𝜃 and 𝜇 are cardinals;

2. AC𝜇 holds;

3. 𝐼 is a <𝜇-complete ideal on 𝜃 .
Then 𝐼 is 𝜇-saturated if and only if there is no 𝜇-sequence of pairwise disjoint 𝐼 -positive subsets
of 𝜃 .
Proof of direct implication.

1∘ Assume towards contradiction that there is a 𝜇-sequence of pairwise disjoint 𝐼 -positive
sets. Let 𝑆 be one such sequence.

2∘ Then {[𝑆𝑖]𝐼 ∶ 𝑖 < 𝜇} is an anti-chain of cardinality 𝜇 in 𝒫 (𝜃)/𝐼 – contradiction.

Proof of reverse implication.

1∘ Assume towards contradiction that 𝐼 is not 𝜇-saturated. Let 𝐴 be an anti-chain of
cardinality 𝜇 in 𝒫 (𝜃)/𝐼 .

2∘ Let 𝑆 be an 𝐴-sequence satisfying
(∀𝑎 ∈ 𝐴)(𝑆𝑎 ∈ 𝑎)

(which exists by AC𝜇).

3∘ Then for all 𝑎 ∈ 𝐴, the set 𝑆𝑎 is 𝐼 -positive and for all 𝑏 ∈ 𝐴−{𝑎} it holds that 𝑆𝑎∩𝑆𝑏 ∈ 𝐼 .
4∘ Let 𝑒 ∶ 𝜇 ⟶ 𝐴 be an injection and for 𝑖 < 𝜇 let

𝑇𝑖 = 𝑆𝑒𝑖 −⋃
𝑗<𝑖

𝑆𝑒𝑗 .

5∘ Then 𝑇 is a 𝜇-sequence of pairwise disjoint 𝐼 -positive sets – contradiction.
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4 Stationary Atoms
Definition 4.1. Let 𝜃 be a cardinal and let 𝐴 ⊆ 𝜃 . Then 𝐴 is an atom in 𝜃 iff 𝐴 is stationary
and 𝐴 is not a disjoint union of two stationary sets.

Fact 4.2. Suppose:

1. 𝜃 is a cardinal such that cof(𝜃) > 𝜔;
2. 𝑆 is a subset of 𝜃 .

Then 𝑆 is an atom in 𝜃 if and only if 𝑆 is stationary and NS𝜃 ↾𝑆 is a maximal ideal.
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5 Embeddings
Definition 5.1. Let 𝑀 and 𝑁 be transitive sets. Then E(𝑀, 𝑁 ) consists of all elementary
embeddings 𝑗 ∶ 𝑀 ⟶ 𝑁 such that for some 𝜉 < 𝑜(𝑀) it holds that 𝑗(𝜉 ) > 𝜉 .
Definition 5.2. Let 𝑀 and 𝑁 be transitive sets and let 𝑗 ∈ E(𝑀, 𝑁 ). The critical point of 𝑗,
denoted by crit(𝑗), is the least ordinal 𝜉 < 𝑜(𝑀) with the property that 𝑗(𝜉 ) > 𝜉 .
Notation 5.3. Let 𝛼 be an ordinal and let 𝑗 ∈ E(𝑉𝛼 , 𝑉𝛼 ). Then 𝜆(𝑗) denotes the ordinal

sup
𝑛<𝜔

𝑗𝑛(crit(𝑗)).

Fact 5.4. Let 𝛼 be an ordinal, let 𝑗 ∈ E(𝑉𝛼 , 𝑉𝛼 ), and let 𝜉 < 𝛼 . Then:
a. if 𝑗(𝜉 ) = 𝜉 , then 𝜉 < crit(𝑗) or 𝜉 ⩾ 𝜆(𝑗);
b. if 𝜉 ∈ crit(𝑗) ∪ {𝜆(𝑗)}, then 𝑗(𝜉 ) = 𝜉 .
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6 Main
Fact 6.1. Suppose:

1. 𝜇 ⩽ 𝜆 are cardinals;

2. AC𝜇 holds.

Then cof(𝜆+) > 𝜇.
Proof.

1∘ Assume towards contradiction that there is a cofinal map

𝑓 ∶ 𝜇 ⟶ 𝜆+ − {0}.

2∘ There is a 𝜇-sequence 𝑔 such that for all 𝑖 < 𝜇 it holds that 𝑔𝑖 is a surjection from 𝜆
onto 𝑓 (𝑖).

3∘ Let Γ be the canonical bijection of 𝜆 onto 𝜇 × 𝜆.
4∘ Then the function

𝜆 ⟶ 𝜆+ ∶ 𝜉 ↦ 𝑔Γ(𝜉 )0(Γ(𝜉 )1)
is a surjection – contradiction.

Notation 6.2. Let 𝛼 be an ordinal and let 𝑗 ∈ E(𝑉𝛼 , 𝑉𝛼 ). We denote by Fix(𝑗) the set
{𝜉 < 𝛼 ∶ 𝑗(𝜉 ) = 𝜉 }.

Lemma 6.3. Suppose:

1. 𝛼 is an ordinal;

2. 𝑗 ∈ E(𝑉𝛼 , 𝑉𝛼 );
3. 𝜃 ∈ Fix(𝑗) is a cardinal;
4. 𝜇 < min{crit(𝑗), cof(𝜃)} is a regular cardinal.

Then Fix(𝑗) ∩ 𝜃 is a 𝜇-club in 𝜃 .
Fact 6.4. Suppose:

1. 𝜆 is a cardinal;

2. 𝑗 ∈ E(𝑉𝜆++𝜔 , 𝑉𝜆++𝜔) is such that crit(𝑗) < 𝜆;
3. ACcrit(𝑗) holds.

Then for all regular 𝜇 < crit(𝑗) the ideal NS𝜇𝜆+ is crit(𝑗)-saturated.
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Proof.

1∘ Assume towards contradiction that there is a crit(𝑗)-sequence of pairwise disjoint
𝜇-stationary sets. Let 𝑆 be one such sequence.

2∘ Up to replacing 𝑆0 by

𝑆0 ∪ (𝜆+ − ⋃
𝑖<crit(𝑗)

𝑆𝑖) ,

we may assume that
𝜆+ = ⋃

𝑖<crit(𝑗)
𝑆𝑖.

3∘ It follows that the set 𝑗(𝑆)crit(𝑗) is 𝜇-stationary.
4∘ By Lemma 6.3 and Fact 2.14, we get 𝑗(𝑆)crit(𝑗)∩Fix(𝑗) ≠ ∅. Let 𝜉 be an element of this

set.

5∘ Therefore: 𝜉 ∈ 𝑗(𝑆)crit(𝑗).
6∘ On the other hand, there is 𝑖 < crit(𝑗) such that 𝜉 ∈ 𝑆𝑖.
7∘ We now have

𝜉 = 𝑗(𝜉 ) ∈ 𝑗(𝑆𝑖) = 𝑗(𝑆)𝑖,
whence 𝑗(𝑆)𝑖 ∩ 𝑗(𝑆)crit(𝑗) ≠ ∅ – contradiction.

Theorem 6.5. Suppose:

1. 𝜆 is a rank Berkeley cardinal;

2. DC𝜆 holds;

3. 𝜇 < 𝜆 is a regular cardinal.

Then 𝑆𝜇𝜆+ contains an atom in 𝜆+.
Proof.

1∘ Assume otherwise.

2∘ Let 𝑗 ∈ E(𝑉𝜆++𝜔 , 𝑉𝜆++𝜔) be such that crit(𝑗) ∈ (𝜇, 𝜆) and let 𝜅 = crit(𝑗).
3∘ Let ⌊T⌋ consist of all trees 𝑇 satisfying the following:

• elements of 𝑇 are non-empty subsets of 𝜆+;
• the order on 𝑇 is the reverse inclusion;
• 𝑆𝜇𝜆+ is the root of 𝑇 ;
• if a node in 𝑇 is non-stationary, then it is a leaf of 𝑇 ;
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• if 𝐴 is a stationary element of 𝑇 whose rank is not the greatest rank in 𝑇 , then
it has exactly two children, which form a stationary partition of it;

• if 𝜂 is a limit ordinal strictly less than the height of 𝑇 and if 𝑆 is an 𝜂-sequence
such that:
– for all 𝑖 < 𝜂, the set 𝑆𝑖 is an element of 𝑇 of rank 𝑖;
– {𝑆𝑖 ∶ 𝑖 < 𝜂} is a chain in 𝑇 ;
– ⋂𝑖<𝜂 𝑆𝑖 ≠ ∅;

then ⋂𝑖<𝜂 𝑆𝑖 belongs to 𝑇 .
4∘ The order ⩽T is given by the sub-tree relation.

5∘ We let T = (⌊T⌋, ⩽T). It is easily seen that T is a non-empty tree.

6∘ Claim. Let 𝑇 ∈ T. Then there is no 𝜅-sequence 𝑆 such that:

• for all 𝑖 < 𝜅 it holds that 𝑆𝑖 is an element of rank 𝑖 in 𝑇 ;
• {𝑆𝑖 ∶ 𝑖 < 𝜅} is a chain in 𝑇 .

Proof.

1′ Assume otherwise, and let 𝑆 be such a sequence.
2′ For all 𝑖 < 𝜅, let 𝐴𝑖 be the child of 𝑆𝑖 which is not on the branch 𝑆.
3′ Then (𝐴𝑖 ∶ 𝑖 < 𝜅) is a disjoint 𝜅-sequence of 𝜇-stationary subsets of 𝜆+, so NS𝜇𝜆+

is not 𝜅-saturated.
4′ This contradicts Fact 6.4.

7∘ Claim 6∘ and DC𝜆 yield that T has a maximal element. Let us fix one such element,
call it 𝑇 .

8∘ Since 𝑇 is maximal in T, every leaf in it is either an atom or a non-stationary set.

9∘ Claim 6∘ and DC𝜆 ensure that 𝑇 is well-orderable and |𝑇 | ⩽ 𝜅.
10∘ Let 𝐿 be the set of leaves of 𝑇 .
11∘ Claim. 𝑆𝜇𝜆+ = ⋃𝐴∈𝐿𝐴.

Proof.

1′ Assume otherwise. Let 𝛼 ∈ 𝑆𝜇𝜆+ − ⋃𝐴∈𝐿𝐴.
2′ Notice that for all 𝑖 < 𝜅, there is a unique 𝐴𝑖 ∈ 𝑇 of rank 𝑖 such that 𝛼 ∈ 𝐴𝑖.
3′ Then the sequence (𝐴𝑖 ∶ 𝑖 < 𝜅) contradicts Claim 6∘.
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12∘ From 9∘, Claim 11∘, and the fact that NS𝜆+ is ⩽𝜅-complete, we get that there is 𝐴 ∈ 𝐿
which is stationary. Thus, 𝐴 is an atom.

Corollary 6.6. Suppose:

1. 𝜆 is a rank Berkeley cardinal;

2. DC𝜆 holds.

Then 𝜆+ is measurable.

Proof.

1∘ By Theorem 6.5, there is an atom 𝑆 ⊆ 𝑆𝜔𝜆+ .
2∘ By Fact 4.2, the ideal NS𝜆+↾𝑆 is maximal.

3∘ It is easy to see that NS𝜆+↾𝑆 is not principal.
4∘ By Fact 6.1, 𝜆+ is regular.

5∘ It follows from Fact 2.3 that NS𝜆+↾𝑆 is <𝜆+-complete.

6∘ Therefore, the dual filter of NS𝜆+↾𝑆 witnesses that 𝜆+ is measurable.
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Credits
The proof of Corollary 6.6 comes from [Gol24], which attributes it to Woodin.
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