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Abstract

These are the notes I produced while teaching Mathematical Logic (Math 114L) at Uni-
versity of California, Los Angeles in Spring 2026. Xiang Li was in charge of the discussions.
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1 Vocabulary and Notation

« 01is a natural number, i.e.
N={0,1,2,...,n,n+1,..}

« “x < yisread: “x is less than y” or “x is less or equal than y”.

« “x < y”isread: “x is strictly less than y”.

»

« Similarly for “x > y” and “x > y

« “x is positive” means “x > 0” and “x is strictly positive” means “x > 0”; similarly for
“negative” and “strictly negative”.

« “x is a subset of y” means “x C y” and “x is a strict subset of y” means “x C y”; similarly
for “superset” and “strict superset”.

« For all n € N, we will denote by [n] the set of all natural numbers strictly lesser than n:

[n] :={0,1,...,n— 1}

« For sets E and F, we denote by F(E, F) the set of all functions from E to F.

« The set of all n-tuples of elements of E, denoted by E", is formally defined to be the set
F([n], E). Notice that for n = 0, we have E° = {®}.

« The set EXN denotes the set of all finite tuples of elements E, sometimes also called “the set
of all finite sequences of elements of E”, and is formally defined to be

L B

nelN

« The set of all (infinite) sequences of elements of E is denoted by EN and is defined to be
F(IN, E). Notice that for all n € N, there is a canonical function

EN S E": aw afn].

« Ifaisasequence (finite or infinite), then it is formally a function, so for every i in its domain,
the notation a(i) makes sense. When talking about sequences, we prefer to write g; instead

of a(i).

« A family is just a function f : I — E. We call I its index set and we say that the values
of f are in E. In the case of a family, we also use the notation f; to mean f(i). In fact, a
sequence is just a family whose index set is [n] or IN.

« When we think of a function f : I — E as a family, we ofthen prefer to write (f; : i € I)
instead of simply f.



Thus, the set of all families with index set I and values in E is just the set F(I, E). Its general
element is of the form a = (g; : i € I). Sometimes in order to make clear that a is a family,
we use the notation a. We consider this to have the same formal meaning as a and do not
write (a)(i) or (a);, but simply a(i) and a;.

An n-ary operation on E is a function
f: E">E.
In this case, the natural number n is called “the arity of f”.
A 0-ary operation is just a function
f :{o} > E,
and it can be identified with the element f(®) of E.
A 1-ary operation, pronounced “unary operation”, is just a function

f:E—E.

A 2-ary operation, pronounced “binary operation”, is a function
f:E*>E

For x,y € E, we prefer to write f(x,y) instead of f((x, y)), and even further, we prefer to
write x fy instead of f(x, y).

In general, if f : E" —» E and s, ..., s,_; € E, we prefer to write

J(s05 s Sp—1)
over f((sg,.-.,S,—1)) (Whenever there is no risk of confusion).

An n-ary relation on a set E is any subset of E". If R is a binary relation on E, we write
“xRy” to mean “(x,y) € R”.

If o is a relation or an operation on E, then we denote by ar(o) its arity.

2 Basic Mathematical Reasoning

2.1 Propositions and Predicates

Terminology 2.1.1. A proposition is a mathematical sentence that is either true or false. O

Example 2.1.2. The sentence: “10 is a prime number.” is a proposition (which is false). [

Exercise 2.1.3 (Liar’s paradox). Prove that the sentence: “This sentence is false.” is not a proposition.

O



Terminology 2.1.4. A predicate or a property is a mathematical sentence which depends on vari-
ables and which becomes a proposition we substitute those variables with concrete values. [l

Notation 2.1.5. We may use letters P, Q, R, etc. to denote general propositions. We also write
P(x) to denote predicate that depends on x, we write Q(y, z) to denote a predicate that depends
on y and z, etc. OJ

Example 2.1.6. The sentence P(x): “x is an even natural number.” is a predicate. The sentence
P(10): “10 is an even natural number.” is a proposition (which is true). ]

If P and Q are propositions, then so are:

. ::P and Q”;
. “P or Q”;
. “nOt P”;

« “if P, then Q”, written also “P = Q7;
« “Pif and only if Q”, written also “P < Q”.

We assume that the student is familiar with how the truth value of each of these complex propo-
sitions depends on the truth value of P and Q.

We also have two distinguished propositions: the tautology and the contradiction. The tau-
tology is “the pure truth”, while the contradiction is “the pure falsity”.

If P(x) is a predicate, then the following sentences are propositions:

« “for all x, P(x) holds”, written also “Vx, P(x)”
« “there is x such that P(x) holds”, written also “Jx, P(x)”;
« “there is a unique x such that P(x) holds”, written also “J!x, P(x)”
If E is a set, then we also have propositions:
« “for all x in E, P(x) holds”, written also “Vx € E, P(x)”
« “there is x in E such that P(x) holds”, written also “Ix € E, P(x)”;
« “there is a unique x € E such that P(x) holds”, written also “3!x € E, P(x)”

The above notions are called quantifiers. The quantifier V is called the universal quantifier, 3
is called the existential quantifier, and 3! is called the uniqueness quantifier. Let us note that the
quantifiers V and 3 are considered basic, while the other ones are derived. Here is how to express
the derived ones in terms of the basic ones:

« 3lx, P(x) holds if and only if both 3x, P(x) and
Vx,Vy, (P(x) and P(y) = x=1y)

hold;



« Vx € E, P(x) holds if and only if

Vx, (x € E = P(x));

« dx € E, P(x) holds if and only if

Jx, (x € E and P(x));

« J!x € E, P(x) holds if and only if both 3x € E, P(x) and
Vx € E, Vy€E, (P(x)and P(y) = x=1y)

hold.

2.2 Rules of Inference

Logical steps that we are allowed to make inside a mathematical proof are called rules of in-
ference. Pedagogically, we can divide these rules into simple and complex ones (not a standard
terminology). The complex ones will be reviewed in the subsections that follow; here, we will
give a quick overview of the simple ones.

The simple rules are simple in the sense that they correspond to just one logical step. We
customarily write them as

Py Py - Py
0 ,

where Py, P, ..., P,_1,Q are propositions/predicates. The intended reading behind this kind of
notation is the following: “If we have already proven P,, Py, ..., and P,, then we may conclude
that Q holds as well” The following are some basic simple rules of inference:

p Q
Pand Q’

Pand Q
P b

Pand Q

5

o O

PorQ’

o
=

PorQ;

not P P
contradiction’

not not P
P b
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P .
not not P’

contradiction

any P whatsoever’

tautology ;
P = Q P
Q 3

c=d R(c)
R(d)

In these rules, we denoted by P and Q arbitrary propositions, by R(x) an arbitrary predicate, and
by c and d arbitrary objects.

Let us remark that these listed rules are not chosen randomly. To these basic simple rules, one
should add five basic complex rules (proving implication, proof by contradiction, proof by cases,
using the existential quantifier, and proving the universal quantifier), and two basic principles
(the principle of assumption® and the principle of lemma?) in order to get the complete logical
system behind all of mathematical reasoning. One of the goals of this course is to understand
why this is true.

Exercise 2.2.1. One might doubt that we have written down everything we need. For example, can
we really derive, from what has been said, all standard properties of the equality? The answer is yes,
and this is the content of this exercise.

Let a, b, and c be arbitrary objects. Prove the following propositions.

At every point in a proof, we can use any of the assumptions that we are making.
2Once we prove a proposition, we can use it in any future proof without the need to reprove it.



a. It holds thata = a.
b. Ifa="b, thenb = a.
c. Ifa=bandb=c,thena=c. O

Below we review the complex rules of inference. We call them complex because they require
one or more subproofs in order to reach the conclusion. For example, to prove P = Q,
we first have to enter a subproof where we assume P and prove Q, and then exit this subproof,
discharge the assumption P, and conclude P = Q in the main proof. Discharging the additional
assumption is characteristic of complex proof. The point is that, in the above scenario, we have
proven P = Q to hold without P as an underlying assumption.

2.3 Proving Implication

The basic way to prove P = Q is as follows. First, we enter a sub-proof where we assume
additionally that P holds and where we prove that Q holds as well. This where we exit the sub-
proof and conclude P = Q in the main proof. We observe the following form.

Proof. Let us assume P and prove Q. [We provide a proof of Q.] Thus, Q is true.
Therefore, P = Q. O]

Definition 2.3.1. A natural number 7 is a perfect square if Ik € N n = k2. O

Example 2.3.2. Let a and b be natural numbers. Prove that if a and b are both perfect squares,
then ab is also a perfect square.

Proof. Let us assume that a and b are perfect squares and let us prove that ab is also a perfect
square. Since a is a perfect square, we can find x € N such that a = x2. Similarly, we can find
y € N such that b = 2.

Let z = xy. We have that z € N and

ab = x*y? = (xy)? = z

Thus, ab is a perfect square.
Therefore, we may conclude that the implication: “If a and b are perfect squares, then ab is a
perfect square” is true. [

Remark 2.3.3. In practice, we would normally omit the last sentence of the previous proof, be-
cause it is very much obvious from what is said before it. [

2.4 Proving Equivalence

The basic way to prove P < Q is to reason by double implication, i.e. to prove both P = Q
(“the direct implication”) and Q = P (“the reverse implication”). This type of argument is
written as follows.



Proof. Let us prove P < Q by reasoning by double implication.
Direct implication. [We provide a proof of P = Q.]
Reverse implication. [We provide a proof of Q = P.]
Conclusion. Therefore, P < Q is true. O]

Remark 2.4.1. In general, the implication “Q = P” is referred to as the reverse implication of
the implication “P — Q7. Often when we prove P — (Q, we may ask whether the reverse
implication is true; to answer this question, we proceed to either prove or refute Q =— P. [

Example 2.4.2. Let n be a natural number. Prove that n is even if and only if n? is even.

Proof. We reason by double implication.
Direct implication. Let us assume that n is even and let us prove that n? is also even. Since n
is even, there is k € N such that n = 2k. Let [ = 2k%. Then [ is a natural number and

n® = 4k? = 21,
whence n? is even.

Reverse implication. Let us assume that n? is even and let us prove that n is also even.
Assume towards contradiction that n is odd. Then for some k € IN, we have n = 2k + 1. Then

n? = 4k® + 4k + 1 = 2(2k? + 2k) + 1.

Let [ = 2k? + 2k. Then [ € N and n? = 2I + 1, whence n? is odd - contradiction.
Thus, n is even, as required. OJ

2.5 Proof by Contradiction

To prove that P holds, you may reason by contradiction. In such a proof, we first enter a sub-
proof where we assume that P is false, then we derive a contradiction. This is where we exit
the sub-proof and conclude (in the main proof) that P is true. We should use the following form
when reasoning by contradiction.

Proof. Let us assume towards contradiction that P is false. [We provide a proof of contradiction.]
Thus, we derived contradiction.
Therefore, we conclude that P is true. O]

Example 2.5.1. Prove that v/2 is an irrational number.

Proof. Let us assume towards contradiction that /2 is rational. Then there are a € Z and b €
IN — {0} such that .
Vi=t

b

Up to reducing the fraction, we may assume that a and b are coprime.
After squaring and multiplying by b?, we get that

a® = 2b2.



It follows that a2 is even, so a is even. In other words, for some x € Z, we have a = 2x. After
substituting and dividing by 2, we get

2x% = b2
Now, b? is even, whence b is even. We have proven that both a and b are even, which means they

are not coprime. This is a contradiction.
Therefore, \/2 is irrational. O]

2.6 Proof by Cases

If we know “P or Q” and if we want to prove R, then we may reason by cases. We proceed as
follows:

« we start a sub-proof called “Case 1” where we assume additionally that P holds and we
prove that R holds as well (this is where we finish the sub-proof);

« we start another sub-proof called “Case 2”, where we assume additionally that Q holds and
we prove that R holds as well (this is where we finish this sub-proof);

« we conclude (in the main proof) that R holds.
We should observe the following form when doing a proof by cases.

Proof. Since “P or Q” holds, we will reason by cases.
Case 1. Assume P. [We provide a proof of R.] Thus, R is true.
Case 2. Assume Q. [We provide a proof of R.] Thus, R is true.
Conclusion. The proof by Cases 1 and 2 yields that R is true. [

Example 2.6.1. Prove that there are strictly positive irrational numbers a and b such that a is
rational.

Proof. Since (\/5)‘/E is either rational or irrational, we will reason by cases.

Case 1. Assume that (\/ﬁ)ﬁ is rational. Let a = b = v/2. Then a and b are irrational numbers
such that a” is rational.

Case 2. Assume that (\/E)ﬁ is irrational. Let a = (\/E)*E and b = v2. Then a and b are
irrational numbers such that

o = ((@ﬁ)ﬁ = (V)2 = (J2)? =2

is a rational number.
Conclusion. The proof by Cases 1 and 2 shows that there are irrational numbers a and b such
that a” is rational. [

Remark 2.6.2. If we know “P or Q or R”, then we may reason by three cases: Case 1 — P is true;
Case 2 - Qis true; Case 3 — Ris true. In fact, we can have any number of cases (and also sub-cases),
but we have to make sure that they cover all possibilities, i.e. that their disjunction is true. [

10



2.7 Using Existential Quantifier

If we have proven “Jx, P(x)” and we want to use it to prove some proposition R, then we may
proceed as follows. First, we enter a sub-proof where we a new name ¢ and assume additionally
that P(c) holds. (We think of this as picking a witness for the existential statement.) Inside the
sub-proof, we provide a reasoning that leads to the conclusion that R holds. It is important here
that R does not mention ¢, i.e. that c is really a new name from the point of view of the main proof.
When we have achieved this, we may exit the sub-proof, discharge the assumption that P(c) holds,
and conclude in the main proof that R holds. We propose the following form of writing.

Proof. Let c be such that P(c) holds. [We provide a proof of R; make sure R does not mention c.]
Therefore, R holds. [The hypothesis “P(c)” is discharged.] O

Example 2.7.1. Let a and b be reals. Define a function f from R to R by:
Vx €R, f(x)=ax?+b.
Assume that 3x € R, f(x) = 0. Then ab < 0.

Proof. Let ¢ € R be such that f(c) = 0. Then
ac’ +b = f(c) = 0.
This means that the quadratic equation
aX?+0-X+b=0
has a real solution. Thus, its discriminant
0% — 4ab = —4ab

is positive. It follows that ab < 0.
Therefore, ab < 0. O

Remark 2.7.2. In practice, we would normally omit the last line of the above proof. When it
is omitted, it is clear that we intend an implicit application of the rule for using the existential
quantifier. [

2.8 Proving Universal Quantifier

To prove “Vx, P(x)”, we start by entering a sub-proof where a new name, for an arbitrary object,
is provided. Say this name is c. Then we go on to provide a proof of P(c), while assuming nothing
about c. When this is done, we may exit the sub-proof, discharge the new name, and conclude
that Vx, P(x). We propose the following form.

Proof. Let ¢ be given. [c has to be a new name.] We want to prove P(c). [We provide a proof of

P(c).]
Therefore, Vx, P(x). [We discharge the name c.] O

11



Example 2.8.1. Let f be a function from R to R defined by:
Vx €R, f(x)=x*+x+1.

Then
Vx eR, f(x)>o0.

Proof. Let c be given. We want to prove that
ceR = f(c)>0.

Let us assume ¢ € R and prove f(c) > 0. Since c € R,
2
) 1\% 3 _3
c)=c +c+1=<c+—> +=-2=2=->0.
7@ 1) 250

Therefore:
ceR = f(c)>0.

Therefore:
Vx eR, f(x)>o.

O

Remark 2.8.2. Again, very often we would omit the last line. As remarked in the context of
implication, we would normally also omit the line before the last. O

Remark 2.8.3. Also, if the variable x does not appear elsewhere without a quantifier (i.e. “free”),
then we may treat it as a new name and use it instead of the name c. In other words, in practice,
we very often start a proof of the above type by saying: “Let x be given” O

Remark 2.8.4. In the above proof, we start one sub-proof when we introduce the new name c,
and then another one when we assume ¢ € R. This is normally joined together into a single
sub-proof. We would start by saying: “Let ¢ € R be given” This sub-proof would end with the
line: “Thus, f(c) >0 [

A grownup version of the proof. Let x € R be given. Then

f(x):x2+x+1:<x+l)2+§>§>O.
2 4 4

2.9 Formatting tip: Analysis-Synthesis

When we need to determine the set of all objects x for which a property P(x) holds, we may
proceed by breaking our solution into the “analysis” and “synthesis” parts.

Analysis. We start by assuming that x is such that P(x) holds. The we proceed to determine
properties of x that would allow us to narrow down the set of possible candidates.

Synthesis. For each of the candidates obtained in the analysis, we verify if they indeed satisfy
P(x).

Conclusion. The set of all x such that P(x) holds is exactly the set of all candidates obtain in
the analysis which survived the verification process given in the synthesis.

12



Example 2.9.1. Determine the set of all reals x strictly greater than % that satisfy x> = x.

Solution. We proceed by analysis-synthesis.
Analysis. Suppose x is such that

1
xeR A x>§ A x7 =x.

Since x > %, we conclude that x # 0. Since x> = x and x # 0, we conclude that x? = 1. It follows
that

(x—1D(x+1)=0,
sox=1orx=—1.

Synthesis. We have to verify which of the candidates x € {1, —1} satisfies:

1
xeR A x>5 A X =x.

If x = —1, we have that x > % is false, so x = —1 is not a solution.
If x = 1, an easy computation shows that x is a solution.

Conclusion. We conclude that the set of all real numbers x strictly greater than % such that

x> = x is equal to {1}. H

Proving Uniqueness Quantifier
Recall that “3!x, P(x)” is equivalent to:
Ix,P(x) A Vx,Vy, (P(x)AP(y) = x=1y).

A basic proof of “Ix, P(x)” thus consists of two parts (presented in any order): the “existence”
part, where “Jx, P(x)” is proved, and the “uniqueness” part, where

Vx,Vy, (P(x) AP(y) = x=1y)

is proved. We propose the following form.

Proof.
Existence. [We provide a proof of 3x, P(x).]
Uniqueness. [We provide a proof of

Vx,Vy, (P(x) AP(y) = x=1y)]
O

Definition 2.9.2. Let f be a function from R to R. We say that f is linear iff there is a real & such
that
Vx €R, f(x)=ax.

13



Example 2.9.3. Let a and b be reals. Assume a # 0. Then there is a unique linear function f from
R to R such that f(a) = b.

Solution.
Uniqueness. Let f and g be two linear functions from R to R and let us prove that f = g.
Since f and g have the same domain, we only need to prove that

Vx e R, f(x)=g(x).
Let ¢ € R be such that
Vx eR, f(x)=ax

and let f € R be such that
Vx e R, g(x) = px.

Since f(a) = b, we conclude aa = b; since g(a) = b, we conclude, fa = b. Thus, aa = fa. Now,
since a # 0, this yields a = S.
Let x € R be given. We have

f(x) = ax = px = g(x).

Therefore, Vx € R, f(x) = g(x), which finishes the proof of the uniqueness.
Existence. We have to find a linear function f from R to R such that f(a) = b. Since we do
not know what the answer is, we proceed by analysis-synthesis.>
Analysis. Suppose f is a linear function from R to R such that f(a) = b. Since f is linear,
there is @ € R such that
VxeR f(x)=ax.

It follows that @a = b. Since a # 0, we conclude a = b/a.
Synthesis. Since a # 0, we may let « = b/a. Let f be the function from R to R defined by:

VxeR, f(x)=ax.
We have that f is a linear function. It remains to prove that f(a) = b. For this, we simply compute:
f(a) =aa=(b/a)a =b.
Conclusion. The function f : R — R defined by
VxeR, f(x)=ax
is a linear function with the property f(a) = b. O

Remark 2.9.4. The previous example shows how the analysis-synthesis style can be leveraged to
write down a proof of existence when we intend to exhibit a witness, but do not yet know what
the witness is. [

3The analysis part contains the search for f, while the synthesis part contains the proof of existence using the
result of the search.

14



2.10 Definitions

Definitions are used to introduce new words into our language. They cannot be used to prove
new facts — they can only be used determine the meaning of phrases which otherwise would not
have any meaning. There are two kinds of things that can be defined in mathematics: properties
and expressions.

If we are considering a composite property, then we may wish to introduce a new phrase
whose meaning is asserted by definition to be the same as the composite property. If the property
depends on x, x1, ..., X;,_1, then the new phrase should display this dependence. Let P(x, x1, ..., X;,_1)
be the property we are interested in. Then to introduce a new phrase with the same meaning, we
write:

Definition. We say phrase(xg, x1, ..., x,_1) iff P(xg, x1, ..., X,—1)- O

The phrase “iff” here means, as usual, “if and only if”, but its nature is different: we are not
asserting the truth of a proposition, but are assigning the meaning to “phrase(xg, x1, ..., X,_1)”-

Example 2.10.1. Consider the property P(E) that a set E may or may not have:
dne N, 3f € F(E,[n]), f is bijective.

We may wish to introduce a phrase involving the variable E whose meaning is equivalent to the
above mathematical sentence. To do so, we give a definition: “We say that a set E is finite iff there
are n € IN and a bijection f from E to [n]”

The other type of object that can be defined are expressions. An expression e(xy, ..., X,_1)
takes as input objects xy,...,x,_; and returns another object. When defining an expression
e(xg, ..., X,_1), we start from a property P(xy, ..., X,_1, y) such that

VXgs ers VX_1, 3y, P(Xg, ... s X1, V),

and then, for given xy, ..., X;,_;, we define e(x, ..., x,,_1) to be the unique y such that P(xy, ..., X,_1, )
holds. It is indispensable to make sure that the uniqueness condition holds; with it, we are sim-
ply naming an object which has been completely identified; without it, we are in the realm of
choosing an object of certain kind, which is logically of completely different nature. To define an
expression, we write as follows.

Definition. Let xy, ..., x,_; be given objects. Then we define e(xy, ..., x,_1) to be the unique y
such that P(xy, ..., X,_1, y) holds. O]

Example 2.10.2. After having verified that for all sets A and B, there is a unique set C with the

property
Vx, (xeC < xe€ AAx€EB),

we may introduce the expression “A N B” as follows: “For given sets A and B, we define AN B to
be the unique set C satisfying:

Vx, (x€eC < xe€ AAx€EB)’
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We also very often compose existing expressions to define a new one. If t(x,...,x,_1) is a
composite expression for which we want to introduce a new name, say e(xy, ..., x,_1), then this
is a special case of the above scenario where we consider the predicate

P(xgs ey X1, V) Y = t(x05 v s Xp—1) -
Indeed, it is then trivially true that
VX5 s V01, Ay, P(Xgs oer s Xp—1, V)-

In this case, in stead of writing: “We define e(xy, ..., x,_1) to be the unique y such that y =
t(xg, ..., X,_1).", we use the following abbreviated form.
Definition. For given xy, ..., x,_1, we define

e(xg, v s Xp—1) 1= (X0 evv s Xp—1)-

The spacial cases of defining a property and an expression is defining a 0-ary property and
a 0-ary expression: a 0-ary property is just a proposition (which is true or false), while 0-ary
expression is just a constant (a name for a single distinguished object.

Example 2.10.3. We may define RH to be the proposition: “For all complex number z with 0 <
Rez < 1,if{(z) = 0,thenRez = %.” This proposition is called Riemann’s Hypothesis, and it is not
known whether it is true or false. Many people believe that it is true, so they may be interested
in working out some consequences of it. In this case, it is practical to have the 0-ary predicate
RH so one can efficiently refer to Riemann’s Hypothesis. O

Example 2.10.4. An example of a 0-ary function, i.e. constant, is @. This constant is defined by
saying: “@ is the unique x such that Vy, y ¢ x” [

Example 2.10.5. One often encounters definitions of functions of the following form: “We define
f : R— Rto be the function defined by

Vx €R, f(x) =1+ x%”

Alternatively, we may use the following formalism as well: “We define the following function:

f:R>R:xm—1+x27

Both of these forms are variations of the standard form of defining a constant: “We define f to
be the unique object with the following properties:

« f is a function;

« the domain of f is R and its codomain is contained in R;

. for all x € R, we have f(x) =1+ x?”

Of course, such a definition has to be preceded by a proof that there is, indeed, a unique such
object (which, in this case, is obvious once we know basic Analysis). O

16



Example 2.10.6. Very often, we define a sequence by recursion. For example, the Fibonacci se-
quence (f, : n < w) is defined by:

. fo :Oandf1 = 1;
 foralln € N, we have f,.5 = foi1 + fo-

This definition is, again, just simple variation for the more formal version, which completely fits
are general form of defining a constant: “The Fibonacci sequence is the unique object x with the
following properties:

+ x is a sequence;

« the values of x are natural numbers;

for all n € IN, we have x,,, 5 = x,, 1 + X,

Again, it is important to verify, before asserting this definition, that there is, indeed, a unique
such x. However, in this case, proving this is not obvious. Luckily, there is a general theorem
that can be used in many similar situations (see Example 3.1.1). [

2.11 Exercises

is a natural number. O]

Exercise 2.11.1. Let n be a natural number. Prove that @

Exercise 2.11.2. Let x and y be real numbers. Prove that
. 1
min(x,y) = S(x+y —|x = y))

and )
max(x, y) = E(x +y+lx = yD.

]
Exercise 2.11.3. Let x be a real number. Prove that if x is irrational and x > 0, then \/x is irrational.
]
Exercise 2.11.4. Prove that the equation
B +Hx+1=0
has no rational solutions. [
Exercise 2.11.5. Let n be a natural number. Prove that n is even if and only if Tn + 4 is even. [

Exercise 2.11.6. Prove or disprove: “For all rational numbers a and b, the number ab is rational” [

17



Exercise 2.11.7. Prove that
VxeR (x<0 < Ve>0 x<e¢).

0 o

Exercise 2.11.8. Prove that there is no greatest real number.
Exercise 2.11.9. Let f be a function from R to R defined by:
Vx €R, f(x)=x?+x+1.

Prove that
dx € R, f(x)>2.

Exercise 2.11.10. Let a and b be reals. Define the function f from R to R by:
Vx €R, f(x)=ax?+b.
Assume that Vx € R, f(x) = 0. Prove thata="b = 0. O
Exercise 2.11.11. Let P(x), Q(x), R(x), S(x) be predicates. Assume all of the following:
- Vo, (P(x) v Q(x))
. Vx, (2Q(x) v S(x))
. Vx, (R(x) = —S(x))

S Q

o

d. 3x,P(x).
Prove rigorously that 3x, ~R(x). O
Exercise 2.11.12. Provide rigorous proofs for the following equivalences.

a. Vx,(P(x) A Q(x)) < (Vx,P(x) A Vx,Q(x))

b. Ix,(P(x) v Q(x)) < (Ix,P(x)V Ix,Q(x))

c. Vx,Vy,R(x,y) < Vy,Vx,R(x,y)

d. 3x,3y,R(x,y) < 3Ty, 3x,R(x,y)

e. °Vx,P(x) < 3x,P(x)

f —3x,P(x) < Vx,—~P(x) [
Exercise 2.11.13. Provide rigorous proofs for the following implications.

a. Vx,P(x) VVx,Q(x) = Vx,(P(x)V Q(x))

b. 3x,(P(x) A Q(x)) = 3x, P(x) A 3x, Q(x)

c. Ix,Vy,R(x,y) = Vy,3x,R(x,y)

In each of the cases, give an example of P(x), Q(x), R(x, y) such that the reverse implication fails.
(Prove rigorously that it fails.) ]

Exercise 2.11.14. Let P(x) be an arbitrary predicate. Prove rigorously that:
3x, Yy, (P(x) — P(3)).
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3 Basic Mathematics

3.1 Recursion

Example 3.1.1. The standard example of ordinary recursion is the Fibonacci sequence, which is
defined as the unique sequence (f, : n € IN) of natural numbers such that:

o forallneN, f,.o = foi1 + fu-

Why is this an acceptable definition? In other words, why do these condition describe a unique
sequence of natural numbers? (See also Example 2.10.6.) [

Theorem 3.1.2 (Recursion). Suppose:
1. Eis a set;
2.H:ENSE
Then there is a unique sequence (a, : n € N) € EN such that for alln € N,
a, = H((a; : i <n)).

Proof. Uniqueness. Let a and b be two such sequences. Assume towards contradiction that a # b.
Then there is n € IN such that a, # b,,. Pick the least such n. Then

(g :i<n)=(b : i<n),
whence
a, = H((g : i<n))=H((b; : i<n))=by;

this is a contradiction.
Existence. For every n € IN, we call an n-tuple (¢; : i < n) € E" good iff for all k < n,

e = H((¢ : i <k)).

We denote P(n): “There is a unique good n-tuple” and prove by induction that for alln € N, P(n)
holds.

Induction basis. The property P(0) is true because the empty tuple is indeed the unique good
0-tuple.

Induction step. Let n € IN be such that P(n) holds and let us prove P(n + 1).

Uniqueness. Let (¢ : i <n+1)and (f; : i < n+ 1) be two good (n + 1)-tuples. Then the
n-tuples (¢ : i <n)and (f; : i <n) are also good, whence

(¢ :i<n)=(f;:i<n)

(by P(n)). Finally,
en=H((g : i<n)=H((f; : i<n) = fu,
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whence
(¢ :i<n+1)=(fi:i<n+1).

Existence. By P(n), there is a good n-tuple (¢; : i < n). Lete, := H((g : i < n)). Then the
(n + 1)-tuples (g : i <n+ 1) is also good.
Conclusion. The induction yields that for all n € IN, P(n) holds. For a given n € NN, let

(¢! : i < n) be the unique good n-tuple. Now, for all natural numbers m < n, we have that

(e :i<m)

1

is a good m-tuple, whence
(¢ :i<m)=(g" : i<m).

Lettinga := (e : n€N) € EN we see that for alln € NN,
(g :i<n)= (e :i<n).
We now conclude that a is as required: for alln € N,
a, = el = H((eM! : i< n)).
O

Example 3.1.3. Let us show how to use the recursion theorem to prove that the Fibonacci se-
quence is well-defined. Let E : = IN and let

H: NN N
be defined, for a given tuple (¢ : i < n) € N, as follows:
« ifn=0,then H((¢; : i <n)) :=0;
e ifn=1,then H((¢; : i<n)) :=1;
o ifn>2,then H((g : i <n)) :=¢e,_1 +e€,_a.

Now, for all sequencesa = (4, : n € N) € INN, we have that a satisfies the conditions for the
Fibonacci sequence if and only if for alln € I,

a, = H({(g; : i <n)).
On the other hand, the recursion theorem yields that there is exactly one such sequence. O
Exercise 3.1.4.

a. Prove that there is a unique function f : IN — Nat with the following properties:

- f(0)=o;
« forallneN, f(n+1) = f(n) + “|”.
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b. Prove that f identifies monoids (N, +, 0) and (Nat, +, @) in the following precise sense:*

« f is a bijection from IN to Nat;
« forallmn €N, f(m+n) = f(m) + f(n);
. f(0)=0.

Notation 3.1.5. Let A and B be two sets. We denote by F(A, B) the set of all function from A to
B. [

Exercise 3.1.6. Prove that there is a unique sequence
(0, : n€N)
such that:
« foralln € N, we haveo, : R" - R;
.« 0p(@) = 0;
e foralln € N and all (q; : i <n+ 1) € R™!, we have

on1((g 1 i<n+1)) =0,((q : i <n))+ay,

O]
Notation 3.1.7. Given the sequence (o;, : n € IN) of the previous exercise, for all
(g :i<n)eRN,
we define
> 4 = op((q; - i <n)).
i<n
O]
Exercise 3.1.8. Give a rigorous definition for
Mi<na;,
where (a; : i < n) e RN, O

3.2 Orders

Definition 3.2.1. Let E be a set and let R be a binary relation on E. We say that R is an order
relation on E iff the following conditions are satisfied:

a. Ris reflexive, i.e.
Vx € E, xRx;

*We also say that f is an isomorphism of monoids.
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b. R is anti-symmetric, i.e.

Vx,y € E,(xRy N yRx = x =y);

c. Ris transitive, i.e.
Vx,y,z € E,(xRy A yRz = xRz).

O]

Example 3.2.2. The relation < is an order relation on IN; it is considered the standard order relation
on IN. It satisfies:
VmneN,(im<n < JkeN,n=m+k).

Remark 3.2.3. < is not the only natural order relation on IN. For example, we may consider its
multiplicative analog. O

Exercise 3.2.4. Prove that | is an order relation on IN, where | is defined by:
Vm,n € N,(m|n < 3k € N,n = mk).
Exercise 3.2.5. Let| be the binary relation on Z. such that:
Vm,n € N,(m|n < 3k € Z,n = mk).
Is| an order relation on Z.? O

Exercise 3.2.6. Let E be a set and let R be the binary relation on P(E) such that
VX,Y € P(E),(XRY < X CY).
Prove that R is an order relation on P(E). O

Notation 3.2.7. We denote the relation R from the previous exercise also by C and we say: “C is
an order relation on P(E)”. [

Exercise 3.2.8. Let E be a set and let R be an order relation on it. Let F C E and let RI'F be the
relation on F such that
Vx,y € F, (x(RIF)y < xRy).

Prove that RF is an order relation on F. O
Notation 3.2.9. Very often we write R for R'F and say: “R is an order relation on F”. O

Definition 3.2.10. Let R be an order relation on E. Then we define R™! to be the binary relation
on E such that:
Vx,y€E, (xRly < yRx).

Example 3.2.11.

« On NN, we have < 1=3>.
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« On P(E), we have C =D O

Exercise 3.2.12. Let R be an order relation on E. Prove that R™! is also an order relation on E. [

Definition 3.2.13. Let E be a set and let R be an order relation on it. We say that R is total iff

Vx,y € E,(xRy V yRx).

Example 3.2.14. < is a total order relation on IN.

O oo o

Exercise 3.2.15. Is| a total order relation on N?
Exercise 3.2.16. Let E be a set. Characterize exactly when C is a total order relation on P(E). [J
Exercise 3.2.17. Let E be a set and let R be a total order relation on it. Prove that R~ is also total. [

Exercise 3.2.18. Let E and F be sets and let R and S be total order relations on E and F, respectively.
Denote by T the binary relation on E x F such that®

V(%05 ¥0), (x1, y1) € E x F, (x50, yo)T (1, 1) <= xRx1 A %Sy).
Prove that T is a total order relation on E x F. O

Notation 3.2.19. The strict-order relation associated to an order relation R on E is the binary
relation R° on E such that:

Vx,y€ E, (xR°y < xRy A x #y).

O
Example 3.2.20.
a. On N, we have <*=<.
b. Let E be an arbitrary set. Then on P(E), we have C°=C. O

Terminology 3.2.21. An order is a pair (E, R), where E is a set and R is an order relation on E. A
total order is an order (E, R) such that the order relation R is total. [

Definition 3.2.22. Let (E, R) be an order.

a. A minimal element of (E, R) is any element x € E such that

-dy e E, yR’x.

b. A maximal element of (E, R) is any element x such that

-dy € E, xR°y.

>This is the so-called lexicographic order relation on E x F.
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Example 3.2.23. 0 is the unique minimal element of (IN, <) and there are no maximal elements.
Furthermore, for all non-empty sets X C IN, we have that:

+ (X, <) has a unique minimal element;

+ (X, <) has a maximal element if and only if X is finite. O
Exercise 3.2.24. Identify all minimal and maximal elements of (N, |). ]
Exercise 3.2.25. Identify all minimal and maximal elements of (IN — {0, 1}, |). ]
Exercise 3.2.26. Let E be a set. Identify all minimal and maximal elements of (P(E), C). O
Exercise 3.2.27. Let E be a non-empty set. Identify all minimal and maximal elements (P(E) —
12, E}, ©). O

Exercise 3.2.28. Let (E, R) be a total order. Prove that there is at most one minimal and at most one
maximal element. Il

Exercise 3.2.29. Let (E, R) be an order and let x € E. Prove:

a. x is a minimal element of (E, R) if and only if it is maximal of (E, R™1);

b. x is a maximal element of (E, R) if and only if it is minimal of (E,R™!). O
Definition 3.2.30. Let (E, R) be an order and let x € E. Then:

e x is a minimum of (E, R) iff
Vy € E, xRy;

« x is a maximum of (E, R) iff
Vy € E, yRx.

Exercise 3.2.31. Let (E, R) be an order and let a € E. Prove:
« a is a minimum of (E, R) if and only if it is a maximum of (E,R™!);
« a is a maximum of (E, R) if and only if it is a minimum of (E,R™1). O

Exercise 3.2.32. Let (E, R) be an order. Prove that (E, R) has at most one minimum and at most one
maximum. Il

Terminology 3.2.33. Suppose a is a minimum of (E, R). Then we say that a is the minimum of
(E, R). Similarly for the maximum. [

Exercise 3.2.34. Let (E, R) be an order and let a be its minimum. Prove that a is the unique minimal

element of (E, R). O

Exercise 3.2.35. Let (E, R) be an order. Suppose a € E is a unique minimal element of (E, R). Does
it follow that a is the minimum of (E, R). O
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Exercise 3.2.36. Let (E, R) be a total order and let a € E. Prove that a is a minimal element of (E, R)
if and only if a is the minimum of (E, R). O

Terminology 3.2.37. The minimum of (E, R) is also called its least element; its minimum is called
the greatest element. O

Definition 3.2.38. Let (E, R) be an order.

« We say that (E, R) is well-founded iff for all non-empty subsets A of E, the order (A, R) has
a minimal element.

« We say that (E, R) is ill-founded iff it is not well-founded.

« We say that (E, R) is a well-order iff it is total and well-founded. O

Exercise 3.2.39. Prove that an order (E, R) is a well-order if and only if for every non-empty subset
A of E, the order (A, R) has a minimum. O]

Example 3.2.40. The order (N, <) is a well-order. For all n € N, the order ([n], <) is also well-
order. On the other hand, the order (IN, >) is not a well-order, because it is ill-founded. O

Exercise 3.2.41.
a. Prove that the order (N, |) is well-founded.

b. Let E be a finite set. Prove that the order (P(E), C) is well-founded.
c. Prove that the order (P(IN), C) is ill-founded. H

Exercise 3.2.42. Prove that every finite order is well-founded. O

Exercise 3.2.43. Let (X, R) be a well-founded order and A C X. Prove that (A, R) is a well-founded
order. Il

Exercise 3.2.44. Prove that an order (E, R) is ill-founded if and only if there is a sequence d € EN
such that
Vi e IN, ai+1R°a,-.

]

Comment. If the relation R is denoted by <, then we are asserting in the second part that there
is a sequence
ag > ap > ag > .

]

Exercise 3.2.45 (Xiang Li; induction for well-founded orders). Let (E, R) be a well-founded order
and let P(x) be a property. Assume that for all x € E, the following holds:

(Vy € E)(yR'x = P(y)) = P(x).

Prove:
Vx € E, P(x).
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Exercise 3.2.46 (Xiang Li; recursion for well-founded orders). In this exercise, we are using the
following notation:

« forsets A and B, the set FP(A, B) consists of all partial functions from A to B, i.e. functions f
such that dom(f) € A andran(f) C B;

« for an order (E, R) and an element a of E, we denote by Rla the set{b € E : bR’a}.

Now, suppose:

1. (E,R) is a well-founded order;

2. S is an arbitrary set;

3. H: Ex(FP(E,S)) — S.
Prove that there is a unique function F : E — S such that

Va € E, F(a) = H(a, FI(Rla)).
O

Axiom of Choice. For every set X, there exists a well-order on X. O

Remark 3.2.47. The above formulation of the Axiom of Choice is known as the well-ordering
principle. Usually, one formulates the axiom of choice via the existence of choice functions. The
two formulations are, in fact, equivalent (which is a theorem due to Zermelo). OJ

Definition 3.2.48. A choice function for a set X is a function
P —{0} - X
such that for every A € P(X) — {@}, it holds that f(A) € A.
Exercise 3.2.49. Prove that every set has a choice function.
Exercise 3.2.50. A directed graph is a pair (V, E), where:
o Visa set;
« E is a binary relation on V;

« Eisirreflexive, i.e.
Vv eV, =(vEv).

Let G = (V,E) be a directed graph.

« A pathinG is a sequence p € VN such thatlen(p) < 1 and

Vi <len(p), (p;, pi+1) € E.
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A cycle in G is a sequence p € VN such that len(p) < 2,

Vi< len(p)’ (Pi’ pi-i-l) € E,
and the first and the last element of the sequence p are equal.

o The binary relation E* on'V is defined by: for allu,v € V, it holds uE*v iff there is a path in
G whose first element is u and whose last element is v.

« The graph G is acyclic iff it does not contain a cycle.

a. Let G = (V,E) be a directed graph. Prove that E* is an order relation on 'V if and only if G is
acyclic.

b. Let (V,R) be a finite order. Prove that the set
{ECR : (V,E) is a directed graph and E* = R}
has a minimum, when ordered by C.

Comments. One way this fact can be useful is when we have to give examples of finite ordered
sets. Namely, to do so, one only needs to draw an acyclic directed graph. Furthermore, the
exercise is saying that this is really the only way to give a finite order. [

3.3 Equivalence Relations

Definition 3.3.1. An equivalence relation on a set X is a binary relation E on X which is:

« reflexive:
Vx € X, xEx;

« symmetric:
V(x,y) € X%, (xEy = yEx);

« transitive:
V(x,y,2) € X3, (xEy A yEz = xEz).

Example 3.3.2. Let X be a set. Consider the following binary relation E on X:
V(x,y) € X2, (xEy < x=y).

Then E is an equivalence relation on X. We denote it by =y, or simply =, if there is no risk of
confusion. ]

Exercise 3.3.3. Let X be a set and let R be a binary relation on X. Prove that the following are
equivalent:

R is both an order relation and equivalence relation;
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« Risequal to=x. O]

Definition 3.3.4. Let n € IN—{0}. The congruence modulo n is the binary relation R on Z defined
as follows:
¥(x,y) € Z%, (xRy < nl(x - y)).

]
Notation 3.3.5. We write x = y (mod n) or x =, y for xRy. O
Exercise 3.3.6. Letn € IN — {0}. Prove that =, is an equivalence relation on Z. [

Definition 3.3.7. Let X be a set and let E be an equivalence relation on it. Then | x|y denotes the
equivalence class of x € X, and is defined to be:

[x]g :={y e X : yEx}.

Notation 3.3.8. When E is clear from context, we write | x| instead of [x]g.

Terminology 3.3.9. A set C is an equivalence class of E iff there is x € X such that C = [x]g. In
that case, x is called a representative of C. O]

Remark 3.3.10. For all x,y € X:
x € [x]E;

xEy <= x € [x]g.

N
Example 3.3.11. For all x € X, we have
[x]-, = {x}
O
Exercise 3.3.12. Letn > 0. How many equivalence classes does =,, have? What are they? ]

Exercise 3.3.13. Let X be a set and let E be an equivalence relation on it. Prove that forall x,y € X:

xEy <= [x] =[y]
O

Definition 3.3.14. Let X be a set and let E be an equivalence relation on it. We denote by X /E
the set of all equivalence classes:

X/E :={[x]g : x € X}
This is called the quotient of X by E. [

Definition 3.3.15. Let X be a set and U C P(X). We say that U is a partition of X iff:
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a. every A € U is non-empty;
b. forall A,Be U, we have AN B = @;

c. Ju=Xx. N
Exercise 3.3.16. For any partition U of a set X, we denote by = the binary relation on X given by
Vx,ye X, (x=y < (AU € U)(x,y €U)).

Let us fix a set X, an equivalence relation on E it, and a partition U of X. Prove:
a. X/E is a partition of X and =y /p= E;
b. =y is an equivalence relation on X and X/ == U. [

Notation 3.3.17. Let X be a set and let E be an equivalence relation on it. We denote by 7 the

canonical projection:
g+ X > X/E : x> [x]g.

]
Exercise 3.3.18. For a function f : X — Y, we denote by =y the binary relation on X given by:
Ve, ye X, (x=ry <= f(x)=f(y).
Let us fix a set X, an equivalence relation E on it, and a function f : X — Y. Prove:
a. =, =E;
b. =¢isan equivalence relation on X;
c. the following are equivalent:

i. there is a function f, : X/E — Y such that the diagram

X —L 5y

b

X / E
commautes;

ii. forallE C=y;

d. ifE C =y, then there is a unique function f, : X/E —Y such that the diagram
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commutes;
e. ifE C =f, then:

i. fs is injective if and only if E = =¢

ii. f, issurjective if and only if f is surjective. O
4 Syntax
4.1 Strings

Notation 4.1.1. A “character” is a basic notion in course. We will denote by Char the set of all
characters (that we will use in this course). When there is a risk of confusion, we will delimit a
character by the apostrophes (*°).

Example 4.1.2. Consider the following sentences:
a. x is a natural number.
b. ‘x’ is a natural number.

The first sentence may be true or false depending on the value that the variable x takes. However,
the second sentence is false: ‘x’ is not a natural number, but a character.

Definition 4.1.3. Let n be a natural number. Then a string is of length n is a function
s : [n] = Char.
Notation 4.1.4.
« We denote by Str the set of all strings.

« When there is a risk of confusion, we delimit individual strings by the quotation marks (“

.
« The length of a string s is denoted by len(s).

Remark 4.1.5. Notice that Str = Char™". O

Remark 4.1.6. Note that the domain of a string s is exactly [len(s)]. O

Example 4.1.7. Str is the set of all strings, while “Str” is a string. For example: “Str”(1) = t and
len(“Str”) = 3.

Example 4.1.8. The character ‘p,’ will be one of the building blocks of the formal language that
we will soon describe. From it, we can build the string “p,” of length 1, which will be one of
the (well formed) sentences of that language. Notice that, formally, ‘p,’="p,”. However, we will
often write p, and let the reader decide, based on context, which exact meaning we intend.
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Definition 4.1.9. Let s be a string of length m and let ¢ be a string of length n. Then their con-
catenation is the string s + t of length m + n such that: for alli € [m + n],

@ =@ s

tii—n), i>m.
Notation 4.1.10. We also use the notation st for the concatenation of the string s and ¢.

Example 4.1.11. We will soon discuss propositional formulas. Given a propositional formula ¢,
we can construct another propositional formula: (—¢). In this last notation, we are being a bit
sloppy. What we really mean is:

(O
where + denotes the concatenation.
Notation 4.1.12. Let s be a string and let i < j < len(s). We denote by s[i : j| the string
[j —i] = Char : k— s(i + k).
]
Definition 4.1.13. Let s and t be strings. We say that s is a substring of ¢ iff there are i < j < len(t)
such that s = t[i : j]. [
4.2 Grammars
Definition 4.2.1. Let n € IN. An n-ary grammar rule is a function
R : Str" — Str.

Notation 4.2.2. An n-ary grammar rule R is often denoted by
So St Sp1
R(So, S1seees Sn—l) ’

especially when the value R(sg, sy, ..., S,_1) can be described as an expression depending on s, ..., S,_1
(which is most of the cases).

Example 4.2.3. We will soon encounter the rule:

¢ ¥

(oY)
The intended meaning behind it is: “If ¢ and ¢ are well formed propositional formulas, then
(¢ A ) is also a well formed propositional formula.”

Remark 4.2.4. The arity of a grammar rule can be 0, in which case it is written

3

Here, t is a fixed string, so the rule can be identified with ¢. The intended meaning is: “The string
t is a well-formed sentence of the language under consideration.”
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Definition 4.2.5. A grammar is a set of grammar rules.

Definition 4.2.6. Let G be a grammar and let X be a set of strings. We say that X respects G iff
for every n € N, for all R € G of arity n and for all s, ..., s,_; € X, we have that

R(So, ,Sn_l) € X.

Example 4.2.7. The set Str respects every grammar.

Fact 4.2.8. Let G be a grammar and let X be the set of all sets of strings X that respect G. Then
(X, S) has a minimum.

Proof. Let X5 :=()Xg. We will show that X is the minimum of the set X;. More precisely, we
will prove that:

a. ‘XG S :X:G;
b. for all X € X, we have that X; C X.

Parta. Letn € N, R € G, and s, ..., s,—; € X5. We want to see that R(s,...,s,—1) € Xg. Let
X € X be given, We want to see that R(s, ..., s,_1) € X.

Since sg,...,8,—1 € X5, we have that sg,...,s,_1 € X. Since X respects G, we conclude
R(sg, ..., $p—1) € X.

Part b. This is obvious: since X € X, we have:

X2( )X = Xe.
O

Definition 4.2.9. Let G be a grammar. The language generated by G is the least set of strings that
respects G.

Exercise 4.2.10 (Xiang Li). Let G be a grammar.
a. Prove that there is a unique sequence (Y, : n < ) such that:
< Yy =0;
. Y, =Y, U{R® : ReG,se Py

U,

n<w

b. Prove that the set

is equal to the language generated by G. [
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4.3 Propositional Logic

Terminology 4.3.1. A set of propositional letters is any infinite set of characters that does not

» € » < y ¢ > € y ¢ y &gy €

contain the characters: ‘A’, 'V, ‘=", =" ‘=", ‘1’ (, ). O

Definition 4.3.2. Let P be a set of propositional letters. The vocabulary of propositional logic
with propositional letters P is the set of the following characters:

« the propositional letters of IP;
« the logical connectives: ‘A’, V', ‘=", =", "=, "1,
o the auxiliary characters: ‘(, ).

Terminology 4.3.3.

« Ais called conjunction and read and.

V is called disjunction and read or.

- is called negation and read not.
« = is called implication and read if..., then...

+ < iscalled equivalence and read if and only if.

1 is called contradiction and read bottom.

Definition 4.3.4. Let P be a set of propositional letters. The grammar of propositional logic (over
PP) is the grammar consisting of the following rules:

o forall P: —;
orall p I

T;
¢ .

(=¢)’

-
<

(eny)’

Y2k

LU
=0

L
G=0

Definition 4.3.5. Let P be a set of propositional letters. The set of propositional formulas over P,
denoted Propp, is the language generated by the grammar for propositional logic.

Example 4.3.6. Obviously: for all p € P, p is a propositional formula. Also, L is a propositional
formula. These propositional formulas are called atomic.
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Example 4.3.7. Every propositional formula uses only characters from the vocabulary of propo-
sitional logic. Indeed, this follows from the fact that the set of all strings which are made up
of characters from the vocabulary of propositional logic (with no other restrictions imposed)
respects the grammar of propositional logic.

Notation 4.3.8. Unless said otherwise, we will assume that
P= {pl (I E N},

where p; (i € IN) are fixed characters playing the role of propositional letters. In this case, we
write Prop instead of longer Propp. O

Example 4.3.9. “(p; = py)’€ Prop

Proof. Let X be an arbitrary set of strings that respects the grammar of propositional logic. We
want to see that (p; = py) € X. Since X respects the rule

5

P

we get p; € X. Since it also respects the rule

5

Po
we get py € X. Finally, since it respects the rule

¢ ¥
(¢ = ¥)
we conclude (p; = py) € X. O

Example 4.3.10. “p; = p,"¢& Prop

Proof. Assume towards contradiction that p; = p, € Prop. Let X := Prop—{p; = p}and
let us prove that X respects the grammar of propositional logic.
Leti € IN and let us prove that p; € X. We already observed that p; € Prop. Since len(p;) = 1
and
len(p; = po) =3,

these two string are not equal, so p; € X.

We similarly prove that L € X.

Now, let ¢ € X and let us prove that (—¢) € X. Since X C Prop, we get ¢ € Prop, whence
(=) € Prop. On the other hand, the characters at the position 0 of “(=¢)” and “p; — p,” are
‘C and ‘p;’, respectively. This shows that these two strings are different, so (—¢) € X.

Finally, let ¢, € X and let

Oe{A vV, =, =}

We want to show that (¢[Jy/) € X. Since X C Prop, we get ¢, € Prop, whence (¢L1y)) € Prop.
On the other hand, the strings (¢[J¢¥) and p; = p, begin with ‘(" and ‘p;’, respectively, whence
($0y) € X.

This shows that X respects the grammar of propositional logic, whence Prop € X. This is
obviously a contradiction. O
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Exercise 4.3.11. Prove:
a. “((LV psz) A(=py))” € Prop;
b, “(( — /\”g PrOp,

c. @ ¢ Prop.

4.4 Formation Sequences
Notation 4.4.1. Let R be a grammar rule. We denote by ar(R) its arity, i.e.

ar(R)

R : Str — Str.

Definition 4.4.2. Let G be a grammar. Then a formation sequence according to G is a sequence

(S(), N Sn_l)

of strings (where n € IN) such that: for all k < n, there are R € G and iy, ..., iyy(g)—1 < k such that

sk = R(sj, --- ,s,-ar(R)fl).

Example 4.4.3. Here are two formation sequences in the context of propositional formulas:
a. (L, p2, p3, (LVpa), (2(LV p2)), (5p3))
b. (ps, (7p3)).
We think of both sequence as “ways to form (—p3)”, but the first one contains “unnecessary parts”.

Remark 4.4.4. Every initial segment of every formation sequence is also a formation sequence.
Also, the concatenation of finitely many formation sequences is a formation sequence. [

Terminology 4.4.5. We say that a string s has a formation sequence in a grammar G iff s appears
in some formation sequence according to G. [

Remark 4.4.6. A string s has a formation sequence if and only if it is the last string in some
formation sequence. ]

Fact 4.4.7. Let G be a grammar and let s be a string. Then s belongs to the language generated by G
if and only if s has a formation sequence according to G.

Proof. Let X be the language generated by G and let Y be the set of all strings that have a formation
sequence. We reason by double implication.

Direct implication. We are showing X C Y, for which it suffices to prove that Y respects G.
Let R € G and let sy, ..., Syr(r)—1 € Y. We want to show that s := R(sy, ..., Sar(r)—1) belongs to Y.
For every i < ar(R), since s; € Y, we can pick a formation sequence

(Shs -+ » sini)
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such that sfni = s;. Then the sequence

(38,...,s,?,o,sé,...,s%l,...,sgr(R)_l,..., ,ii(rﬁ?;ll,s)

is a formation sequence ending with s, whence s € Y.

Reverse implication. We will prove by induction that for all n € IN the property P(n): “Every
string s that appears in a formation sequence of length n belongs to X.” holds.

Let n € N and let us assume that for all k < n, P(k) holds. We want to prove that P(n) holds.
Let s be a string that appears in a formation sequence of length n and let us prove that s € X.

Pick one such formation sequence (s; : i < n); so there is k < n such that s = s. Now, there
are R € G and iy, ..., Izr(g)—1 < k such that

s = sk = R(s0, .- Sar(R)=1)-

Let j < ar(R). We have that sj; appears in a formation sequence of length i; + 1, namely:
(Y Sij)- Since i; + 1 < n, we get that P(ij + 1) is true, whence Si; € X.
Therefore, for all s, ..., Sar(R)-1 € X. Since X respects G, we conclude that

s = R(sp, - » Sar(r)-1) € X.

4.5 Structural Induction

Theorem 4.5.1 (Structural induction). Let G be a grammar and let A(s) be a property depending
on the variable s. Suppose that for allR € G and all sy, ..., sy (r)—1 € Str, if for alli < ar(R), A(s;)
holds, then A(R(Sy, .., Sar(r)—1)) holds. Then for every string s in the language generated by G, the
property A(s) holds.

Proof. Let X be the language generated by G and let
X :={se X5 : A(s)}.

We will prove that X respects G.
Let R € G, let 5y, ..., Sar(r)—1 € X, and let t := R(sp, ..., Sar(r)—1)- We want to see thatt € X.
We have that for all i < ar(R),
s; € X5 and A(s;).

Since X respects G, we gett € X. Since for all i < ar(R), the property A(s;) holds, we get that
A(t) holds. Therefore, t € X.

This shows that X respects G. Since X C X; and X;; is the least set of strings that respects G,
it follows that X = X;. O

Corollary 4.5.2 (Induction on complexity of a formula). Let P be a set of propositional letters. Let
A(¢) be a property depending on the variable ¢. Suppose:

1. forall p € P, A(p);
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2. A(L);
3. for all ¢ € Propp, if A(¢) holds, then A((—¢)) holds;

4. forall ¢, € Propp and alllJ € {A,Vv, = , < }, if A(¢) and A(Y) hold, then A((LJy))
holds.

Then for all ¢ € Propp, the property A(¢) holds. ]

Example 4.5.3. Let P be a set of propositional letters. Every propositional formula over P has an
even number of parentheses.

Proof. We prove this by induction on complexity of a formula. More precise, let A(¢): “¢ has an
even number of parentheses” and let us prove, using Corollary 4.5.2, that for all ¢ € Propp, A(¢$)
holds.

1. Let p € P. Then “p” has 0 parentheses, so A(p) holds.
2. The formula “1” also has 0 parentheses, so A(L) holds.

3. Let ¢ € Propp be such that A(¢) holds. Then ¢ has an even number of parentheses, say n.
It follows that (—¢)) has n + 2 parentheses, which is also an even number. Thus: A((—¢)).

4. Let ¢, € Propp be such that A(¢) and A(¥) andlet J € {A,V, =, < }. Let mand n be
the numbers of parentheses of ¢ and i/, respectively. Then m and n are even. Now, (¢[Jy/)
has m + n + 2 parentheses, which is also an even number. Therefore: A((¢(Ji)) holds.

It follows by induction on complexity of a formula that A(¢) holds for all ¢ € Propp. O
Definition 4.5.4. A monoid is an algebraic structure (M, *, ), where:

« * is a binary operation on M;

« e € M (i.e. a 0-ary operation);

« forall x,y,z € M:
(x*y)*z:x*(y*z);

o forall x € M:
X*e=e*x=x.

Example 4.5.5. The algebraic structures (IN, +,0) and (IN, -, 1) are monoids.

Exercise 4.5.6. Let x be the binary operation on IN given by:
Vx,y €N, x*y:xy.

Prove that (N, %, 1) is not a monoid. ]
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Exercise 4.5.7. Recall that + denotes the operation of concatenation of strings. Prove that
(Str,+,2)
is a monoid (where @ denotes the empty string, which is the same thing as the empty set). O]

Definition 4.5.8. A monoid (M, , ) is commutative iff for all x,y € M:

X*y=17)*X.

Il
Example 4.5.9. Monoids (IN, +,0) and (IN, -, 1) are commutative. O]
Example 4.5.10. The monoid (Str, +, @) is not commutative because “A”+“(” = “A(” = “(N” =
“(”+“/\”' D

Exercise 4.5.11. Let C be a set of characters, i.e. C C Char, and let us denote by L the language
generated by the following grammar rules:

.« o
« foreveryc € S, the rule i

Answer the following questions.
a. Prove that @ € L.

b. Prove that for all s,t € L, we haves +t € L.
This means that we may consider the operation
LXL—L:(st)—s+t,
which we will also denote by +.
c. Prove that (L, +, ®) is a monoid.
d. Is this monoid commutative? Give an exact characterization of when it is.

Definition 4.5.12. Continuing the scenario of the previous exercise, consider the case where
C = {{['}. We call the grammar thus obtained the counting grammar and denote by Nat the
language generated by it. O

Exercise 4.5.13. Prove that (Nat, +, @) is a commutative monoid. O]
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4.6 Unique Readability

Definition 4.6.1. Let G be a grammar and let us denote by L the language generated by it. We
say that G has unique readability iff for all t € L, there is a unique pair

(R,s) e Gx LN
such that len(s) = ar(R) and t = R(Sy, .-, Sar(R)-1)- [

Exercise 4.6.2. Let C be a set of characters. We denote by G the grammar consisting of the following
rules:

@ b
« foreveryc € C, the rule i;

and by H the grammar consisting of the following rules:

@ b
« foreveryc € C, the rule —

s t
st

Prove:
a. G has unique readability;
b. H does not have unique readability;
c. the languages generated by G and H coincide.

Remark 4.6.3. The previous exercise shows that the unique readability is really a property of the
grammar, and not of the language generated by it.

Remark 4.6.4. The next goal is to prove that the propositional logic has unique readability.

Exercise 4.6.5. Let P be a set of propositional letters. Prove that no propositional formula over P
begins with . 0]

Exercise 4.6.6. Let P be a set of propositional letters. Prove that every propositional formula over P
has the same number of open and closed parentheses. [

Exercise 4.6.7. Let P be a set of propositional letters. Prove that a strict initial segment of a propo-
sitional formula over P is not a propositional formula.

Exercise 4.6.8. Let P be a set of propositional letters. Prove that the grammar of propositional logic
over P has unique readability.

Hint. This comes down to showing that for a given propositional formula ¢, exactly one of the
following is true:
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<« »

a. there is a unique p € P such that ¢ ="p”;
b_ ¢ :“J_”;
c. there is a unique ¢ € Propp such that ¢ = (=¢));

d. there is a unique triple
(¥,0,0) € Propp x Propp x{A,V, =, <}

such that ¢ = (yJO).

4.7 Formation Sets

Exercise 4.7.1. Let G be a grammar with unique readability and let L be the language generated by
it. For every s € L, denote by ng the least n € IN for which there is a formation sequence of length n
that contains s. Is it always true that for all s € L, there is a unique formation sequence of length n;
that contains s? [

Definition 4.7.2. Let G be a grammar. A formation set (with respect to G) is a set S of strings
such that
¥t€S, FREG, (s : i <ar(R) € S¥W, t = R(sp, ..., Sar(r)-1)-

O
Exercise 4.7.3. Let G be a grammar. Prove:
a. for every formation sequence (s; : i < n), the set
{s; i< n}
is a formation set;
b. for every finite formation set S, there is a formation sequence (s; : i < n) such that
S={s; :i<n}

O

Exercise 4.7.4. Let G be a grammar and let S be a formation set according to it. Prove that for all
s € S, there is a finite formation set S” such thats € S’ C S. O

Exercise 4.7.5. Let G be a grammar and let L be the language generated by it. For everys € L, we
denote by J; the set of all formation sets that contain s. Consider the following propositions.

a. G has unique readability.

b. Foreverys € L, the order (F;,C) has a minimum.
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c. Everys € L, the order (J, C) has a unique minimal element.
Prove that a=b and bec. Show that, in general, the implication b= a does not hold. O

Exercise 4.7.6 (Xiang Li). Let G be a grammar and let L be the language generated by G. Fors € L,
we denote by T the set of all formation sets that contain s and by N the set of minimal elements

of (F5, ©).
a. Prove: Vs e L, M, # @.
b. Prove that for all s € L and all F € My, the set F is finite.

c. Prove that for all s € L, we have
(1M =M = Ml =1.

d. Prove that if G has unique readability, then

vseL [ M= M,

Denote by R the following binary relation on L:
Vs,t €L, (sRt < s€ UMS)'
e. Prove that if G has unique readability, then (L, R) is a well-founded order.

f- Give an example of G which does not have unique readability, but for which (L, R) is still a
well-founded order.

g. Give an example of G for which (L, R) is not an order.
h. Give an example of G for which (L, R) is an ill-founded order. O

Comment. One might call the strings occurring in [\ M “necessary for formation” of s because
they appear in all minimal formation sets containing s. Similarly, one could think of the strings
in | M as “possible in formation” of s because they appear in some minimal formation set con-
taining s. ]
4.8 Structural Recursion

Definition 4.8.1. Let G be a grammar and let s be a string from the language generated by G.
Then the formation rank of s (with respect to G), denote by ps(s), is the least natural number n
such that there is a formation sequence (according to G) of length n + 1 ending with s. O

Exercise 4.8.2. Let G be a grammar with unique readability, let L be the language generated by G,
and lett € L. Prove:

a. pg(t) = 0 if and only if there is a rule of the form — in G;

b. ift = R(s) for some R € G such that ar(R) = 1 and some s € L, then pg(t) = ps(s) + 1;
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c. ift = R(sp, ..., Sar(r)—1) for some R € G and some sy, ..., Sar(r)—1 € L, then

max{p;(so). - p6(Sar(R-1)} < P < Y. psls) +ar(R).
i<ar(R)

Exercise 4.8.3. Let G be a grammar and let L be the language generated by G. For everyn € N, let
P, :={s€ L : pg(s) = n}. Prove:

a. for all distinct m,n € N, we haveP,, NP, = @;

b. L =,en P [
Exercise 4.8.4. Suppose:

1. G is a grammar;

2. E is a set;

3 H: GxStr<]NxE<]N—>E;

4. L is the language generated by G.

Then there is at most one function
F:L—->E

such that for allR € G and all sy, ..., s3r(r)-1 € L:
F(R(Sps -+ Sar(R)=1)) = H(R, (5; = i <n),(F(s;) : i <n)).

Hint. Let F, and F; be two such functions and let A(s): “Fy(s) = Fi(s)”. Prove by structural
induction that for all s € L, A(s) holds. O

Theorem 4.8.5 (Structural recursion). Suppose:
1. G is a grammar with unique readability;
2. E is a set;
3. H: GxStr<]N><E<]N—>E;
4. L is the language generated by G.

Then there is a unique function
F:L—>E

such that for all R € G and all sy, ..., Syr(r)—1 € L:

F(R(sg, -+ > Sar(r)-1)) = HR, (5; = i <n),(F(s;) : i <n)).
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Proof.
Uniqueness. This is Exercise 4.8.4.
Existence. For a given n € IN, we denote

P, :={s€L: pg(s) =nj.
By (ordinary) recursion on n € IN, we will define a function
F, : P, = E,

and then set
F:L—oE:s— F, s

Let n € N be such that the sequence (F; : i < n) has been defined and let t € P,. We want to
define F,(t). By the unique readability, there is a unique pair

(R,s) e Gx LN
such that len(s) = ar(R) and t = R(sy, ..., Syr(r)—1)- We define
F(@) := HR, (s = i < 1), (Fpy(s)(50): > Fp(s,uiryn) Sar(R)-1))-
Notice that for all i < ar(R), we have that
pc(si) < pc(t) =n,

so the value F,, (;)(s;) € E is well-defined at this point in the recursion.
This finishes the recursive definition of the sequence (F, : n € IN). Now define:

F:L—->E: s|—>Fp(s)(s)_

Let us prove that F is as required.
LetR € Gandsy, ..., Syr(r)—1 € L. Lettingn := pg(R(sp, .. , Sar(r)-1))» We have R(sy, ..., Sar(r)-1) €
P, and:

F(R(SO, cees sar(R)—l)) = Fn(R(SO, cees Sar(R)—l)) = H(R, (Si i< ar(R)), (F,OG(SO)(SO)’ cens FpG(sar(R)—l)(sar(R)_l))) =

= H(R (s + i < ar(R)), (F(5p). .., Flsar(r-1))-
O]

Exercise 4.8.6. In the previous proof, explain exactly how the (ordinary) recursion theorem is used
to define the sequence (F,, : n € IN).

Example 4.8.7.

a. Prove there is a unique binary operation
% : Nat x Nat — Nat

such that:
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« for all s € Nat, we have s * @ = @;

« for all s,t € Nat, we have
s*(t+“]")=(s*t)+s.
b. Prove:
i. foralls,t € Nat,sxt =1t *s;
ii. foralls,t,u € Nat,(s*t)*u =s+* (¢ *u);
iii. foralls,t,u € Nat, s+ (t+u) = (s*t)+ (s*u).

c. Prove there is a function f : Nat — IN which identifies the monoids (Nat,-,“|”) and
(N, -, 1), in the following precise sense:

« f is a bijection from Nat to IN;
« for all s, € Nat, we have f(s«t) = f(s)- f(t);
. f(“ | ’,) — 1‘ D

Exercise 4.8.8. Let C be a non-empty set of characters and let G be the grammar consisting of the
following rules:

@ 3
« foreveryc € S, the rule —

s t
st

We denote by L the language generated by G. Let E := G x StrN and let

H:GxStr N« gN_ g

be defined by:
H(R,3,1) :=(R,Y).

Prove that there is no function F : L — E such that for all R € G and all s, ..., Syr(r)-1 € L,
F(R(sg, -+ > Sar(r)—1)) = H(R, (5; : i < ar(R)),(F(s;) : i < ar(R))).

Remark 4.8.9. The previous exercise shows that the structural recursion can fail if there is no
unique readability. The next exercise shows that the structural recursion, in fact, implies unique
readability.

Exercise 4.8.10. Let G be a grammar and let L be the language generated by it. Suppose that for all
sets E and all
H:GxENE,

there is F : L — E such that for all R € G and all (s;); € (R,

F(R(Sp, - Sax(ry-1)) = H(R, (F(5) : i < ar(R))).

Prove that G has unique readability.
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Corollary 4.8.11 (Recursion on complexity of a formula). Suppose:

1. P is a set of propositional letters;

2. E is an arbitrary set;

3. forall p € P, we are givene, € E;

4 e €E;

5. H, : Propp xE — E;

6. foralld e {A,v, =, <}, H : Propp x Propp x ExE — E.
Then there is a unique function F : Propp — E such that:

a. for all p € P, it holds that F(p) = e);

b. F(L)=e,;

c. for all § € Propp, F((~$)) = H.(¢, F($));

d. forallg,y € Propp andallJ € {A,Vv, =, =},

F((¢L)) = Hoyg. ¢, F(¢), F(¥)).
]

Definition 4.8.12. Let P be a set of propositional letters. The function Sub : Propp — P(Propp)
is defined by recursion on complexity of a formula as follows:

a. Sub(1) :={1}
b. for all p € P, Sub(p) := {p};

c. for all ¢ € Propp,
Sub((=¢)) := Sub(¢) U{(=¢)};

d. forall ¢,y € Propp andall D € {A,V, =, <},
Sub((¢LHy)) == Sub(¢) U Sub(y) U {(¢L1y)}.
U]

Exercise 4.8.13. Explain how exactly the recursion on complexity of a formula is being used to define
the function Sub. ]

Terminology 4.8.14. Let P be a set of propositional letters. For ¢ € Propp, the set Sub(¢) is the
set of its subformulas; a formula i € Propp is a subformula of ¢ iff € Sub(¢). ]
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Exercise 4.8.15. Compute the set of subformulas of the propositional formula

((=(p7 v (=(p1 = p1s))) A(py = (=(=1)))).
O

Exercise 4.8.16. Let ¢ and  be propositional formulas over P. Prove that ¢ is a subformula of ¥/ if
and only if ¢ is a substring of . [

Exercise 4.8.17. Since the grammar for propositional logic over P has unique readability, it follows
that for every formula ¢, there exists the least formation set Fy that contains ¢ (see Exercise 4.7.5).
Prove that for all ¢ € Propp, we have

Fy = Sub(¢).
]
Exercise 4.8.18. Let ¢ be a propositional formula over P and let
n:=[{i<len(¢) : g e{ AV, =, =}
Prove that |Sub(¢$)| < 2n + 1. ]

Exercise 4.8.19. Let < denote the following relation on Str:
s Xt < (sisasubstring oft) Vs =t.
a. Prove that < is a well-founded order relation on Str.

b. Let G be a grammar and L the language generated by it. Then (L, <) is also a well-founded
order (Exercise 3.2.43). This means that we can use Exercise 3.2.46 to do recursive definitions.
However, Exercise 4.8.10 tells us that the possibility of recursion implies unique readability.
Would this not mean that every grammar has unique readability? Explain. [

Exercise 4.8.20. Let P be a set of propositional letters.
a. Prove that there is a unique function
r : Propp = IN
such that:

o forallp e P, r(p) =0;

e r(L)=0;

« for all ¢ € Propp, it holds that r((—¢)) = 1 + r();

« forall ¢, € Propp and allJ € {A,v, =, <}, it holds that

r((¢0y)) = 1 + maxir(¢), r(¥)}.
b. Prove that for all ¢ € Propp,
r(@) <lfi<len(g) : g e{~ AV, =, =}
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c. Show by examples that both < and = can occur.
d. Lety € Propp and ¢ € Sub(y) — {¢/}. Prove that r(¢) < r(y).
e. Let A(¢p) be a property. Suppose that for all ¢ € Propp, it holds that
(V§ € Propp)(r(¥) <r(¢) = A@Y)) = A(9).
Prove that V¢ € Propp, A(9).

Comments. The value r(¢) corresponds to the largest “depth of connectives” in the formula ¢. [

5 Propositional Logic

5.1 Omitting Parentheses

We abbreviate our writing of formulas by omitting some parentheses, according to the following
rules.

« We omit the outermost parentheses.
« We the parentheses associated to the negation.

» We assume that — binds more strongly than A and Vv, which in turn bind more strongly
than = and <=, and we omit the unnecessary parentheses accordingly. ]

Some examples follow.

Abbreviation Full formula
AR (=) v ¢)
(g A L) ((((=(=(N) A L)) O
vy = ¢ (PpVy) = ¢)
¢ = vy = x) | (¢ = vy = x)

Remark 5.1.1. These abbreviations, seen as simple strings, are not themselves propositional for-
mulas. .

5.2 Semantics for Propositional Logic

Definition 5.2.1. Let P be a set of propositional letters. A valuation for PP is just a function

u P —{0,1}

Exercise 5.2.2. Let u be a valuation for P. Prove that there is a unique function

[+ Propp —{0,1} : ¢ = 4],

with the properties:
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« f(L)=0;
o forevery p € P, f(p) := u(p);

« for every ¢ € Propp,
F(=¢)) :=1- f(9);

« forall g,y € Propp,
f((@ AY)) :=min{f(), fF()};

 forall g,y € Propp,
f(@ V) :=max{f($), fF(Y)};

« forall g,y € Propp,
f((¢ = ¥)) :=max{l - f(¢), f(¥)};

« forall g,y € Propp,
f(@ = ¥) :=1f($) - fW)l.

Remark 5.2.3. We can now define, for a given valuation y, the function

Propp — {0,1} : ¢ — |4,

to be the unique function f : Propp — {0, 1} with the properties listed above. However, it is
customary to write such a definition in the following “more explicit” form. O

Definition 5.2.4. Let p be a valuation for P. The function
Propp — {0,1} : ¢~ [l
is defined by recursion on complexity of a formula as follows:
il =0

- forevery p € P, |pl, := p(p);

for every ¢ € Propp,

1=y =1 =1l
- for all ¢,y € Propp,
1@ AN, == minfl],.. V1,3
« for all ¢,y € Propp,
1@ v )l := max{lipl,. [V,

for all ¢, € Propp,
I(¢ = Pl 2= max{l = 4], [¥,3
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« for all ¢, € Propp,
16 = Wl =11l — ¥l
]
Example 5.2.5. Let ¢ and ¢ be propositional formulas over P and let y be a valuation for P.

Then [|(¢ = )l is completely determined by the values @], and [/[, in a way that can be
represented by the following truth table:

Ipl, | 141, | I<¢ = ¥,
1 1 1
1 0 0
0 1 1
0 0 1
]
Exercise 5.2.6. Prove that for all ¢, € Propp:
a. g Al =1l -1l
b gyl =18l + Wl =18l - 11,
c. l¢ = ¥l =1ifand only if|pl, < ¥,
d. ¢ = Yl =1ifandonly if |$], = 1Yl N
Definition 5.2.7. A propositional letter p € P is said to occur in a propositional formula ¢ iff
there is k < len(¢) such that ¢(k) = p. O

Exercise 5.2.8. Prove that a propositional letter occurs in a propositional formula if and only if it is
its subformula. [

Exercise 5.2.9. Let ¢ be a propositional formula and let u and v be two valuations. Suppose 1 and v
agree on the set of propositional letters that occur in ¢. Prove that ], = |¢], O

Example 5.2.10. Consider the propositional formula

(p2 = —p)V p7,

which we will denote by ¢. The set of propositional letters occurring in ¢ is the set

{p2, P1. P7}-

This means that, for a given valuation y, the value |¢], is entirely determined by

P2, p1, p7}-

There are exactly 8 possible values for

P2, p1> P7}-

For each of those values, we can compute exactly [¢||,,. The result is represented by the following
truth table:
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p(p1) | 1(p2) | p(p7) | Impily | lpe = —pally | I(pe = —p) vV pilly
1 1 1 0 0 1

1 1 0 0 0 0

1 0 1 0 1 1

1 0 0 0 1 1

0 1 1 1 1 1

0 1 0 1 1 1

0 0 1 1 1 1

0 0 0 1 1 1

In the table, we included all subformulas of ¢ to make it clear how to compute ||, “step-by-
step”. O

Exercise 5.2.11. Let P be a set of propositional letters and let V be the set of all valuations for P, i.e.
V = F(P,[2]). For a propositional formula ¢, we denote by ¢ the function

V(2] pe |l

In this way, we obtain the following function:

~

F : Propp = F(V.[2]) : ¢ > ¢.
Prove that the following are equivalent for every f : V — [2]:
« there is ¢ € Propp such that f = gﬁ;

« there is a finite set X C P such that for all valuation p and v:

P =P = f(u) = f).

5.3 Models and Theories

Notation 5.3.1. Let ¢ be a propositional formula over P and let u be a valuation for P. We say
that /1 is a model of ¢, and write 11 F ¢, iff |¢],, = 1. ]

Definition 5.3.2. We say that a propositional formula ¢ is a tautology, written also k ¢, iff every
valuation y is a model for ¢. ]

Exercise 5.3.3. Check which of the following formulas are tautologies.
a. poV p1) = (p1 = po)
b.pp = ((pr = p2) = (po = p1) = (po = p2)))
c. (pp = —po) = ~po

d. —=(pp = —po)
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e (pp = (p1 = p)) = (poAp1 = p2)
J- po vV po
g L = (poA—po)
h. L = p,
Definition 5.3.4. Let p € P and 0 € Propp. The substitution map
Propp — Propp : ¢ = ¢[p := 0]
is defined by recursion on complexity of the formulas as follows:
- plp :=0]=06;
« forallg € P —ip} qlp := 0] = g;
o L[p :=0] =1
for all ¢ € Propp, (-¢)[p := 0] = (= ¢[p :=6]);
for all ¢,y € Propp andall J € {A, Vv, =, =},

@Llp == 0] = (plp := 0] T ylp :=0]).

Exercise 5.3.5. Let
p=p1App = (po = p3)
Compute
¢lpo :=—pp = p3l.

Exercise 5.3.6. Let
¢p=(p3s = po)V(pa = —po).

Compute
$lpo :=—py = psl.

Exercise 5.3.7. Let ¢ be a tautology, p € P and 6 € Propp. Prove that [ p := 0] is a tautology.

Example 5.3.8. We can easily verify that the formula

PoV ~Po
is a tautology. In follows from the previous exercise that for every formula 6, the formula
0v -0

is also a tautology.
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Definition 5.3.9. A propositional theory over P is a set of propositional formulas over P. O

Definition 5.3.10. Let T be a propositional theory and let u be a valuation. We say that y is a
model of T, and write p k T, iff u is a model for every formula in T. ]

Exercise 5.3.11. Describe the set of all models of the propositional theory
P = Pz 1ENL
O

Definition 5.3.12. Let T be a propositional theory and let ¢ be a propositional formula. We say
that ¢ is a semantical consequence of T, and write T F ¢, iff every model of T is also a model of

¢ O
Exercise 5.3.13. Let ¢ be a propositional formula. Prove: @ k ¢ if and only if  ¢. O

Notation 5.3.14. We write ¢, ¢¢, ..., ¢, 1 F 1/ to mean

90, P15 Pn13 F Y.

]

Exercise 5.3.15. Let ¢, 1/, 0 be propositional formulas. Prove:

akd = ¢

b. k¢ = ¢

C. EQVY = YV

d. gy FPNY

e b=y r ¥

o=ty ¢

g ¢FP

h. if¢p ey andy £ 0, then  0;

i. k¢ = Yifandonlyife k. U
Exercise 5.3.16 (Xiang Li). Let T be a propositional theory and let ¢ and{ be propositional formulas.
Prove that T U{¢} k¢ if and only if T £ (¢ = V). O

Definition 5.3.17. A propositional theory T is satisfiable iff there is a valuation p which is a model
forT. O

Exercise 5.3.18. Let T be a propositional theory. Prove that the following statements are equivalent:

a. T is satisfiable;
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b. T¥L;
c. there is a formula ¢ € Prop such that T£Q. U

Definition 5.3.19. A theory T is said to be semantically complete iff it is satisfiable and for every
formula ¢,

TEgorT k —¢.

I
Exercise 5.3.20. Give an example of a theory which is not semantically complete. O
Definition 5.3.21. Let p be a valuation. The full theory of y is the set Th(y) defined as follows:

Th(p) :={¢ € Propp : p ¢}.

]
Exercise 5.3.22. Prove that the full theory of every valuation is semantically complete. ]
Exercise 5.3.23. Let T be a semantically complete theory. Prove that T has a unique model. ]

Exercise 5.3.24. Let T be a theory and let ¢ be a formula. Prove that TEQ if and only if T U {~¢} is
satisfiable. ]

Exercise 5.3.25. Let § denote the set of all satisfiable propositional theories over P. Prove that the
following are equivalent for every theory T:

a. T is a maximal element of (8, C);

b. T is satisfiable and
Vo eProp, (T < ¢eT)

c. there is a valuation p such that T = Th(p). O

Comment. The first part is commonly read: “T is a maximal satisfiable theory”. The exercise is
saying (among other things) that maximal satisfiable theories essentially correspond to valua-
tions. O

5.4 Semantic Equivalence

Definition 5.4.1. We say that propositional formulas ¢ and i are semantically equivalent, written
b=, iff
Fp = .
]

Definition 5.4.2. Let T be a propositional theory. We say that propositional formulas ¢ and ¢ are
semantically equivalent modulo T, written ¢ =7 ¢/, iff

TeEd < .

53



Remark 5.4.3. The relations = and = are the same. O
Exercise 5.4.4. Let T be a propositional theory. Prove that =t is an equivalence relation on Prop. [

Notation 5.4.5. We write T, ¢, ..., ¢, | F 1/ to mean

TU0s s Pn1} F Y.

Exercise 5.4.6. Let T be a propositional theory and ¢, € Prop. Then ¢ = ¢ if and only if

T,pr¢ and T,y k @.
]

Exercise 5.4.7. Let ¢, 1,0 be formulas and let p € P. Prove that if ¢ =, then0[p := @] =0[p :=
vl O

Example 5.4.8. The formula
(po = p1) = (=poV p1)
is a tautology. By Exercise 5.3.7, we have that, for all ¢, € Prop, the formula
(¢ = ¥) = (V)
is a tautology, whence
(¢ = V)=(p V)
Now, consider the formula
Po NP1
By the previous exercise, we have
(¢ = PDApr=(CPVY)A-p.
Applying again the same exercise to 6 = 0, we get
(¢ = Y)A-0=(—¢Vi)A 0.
]

Exercise 5.4.9. Let P be a set of propositional letters and let V be the set of all valuations, i.e. V =
F(P, [2]). For a propositional formula §, we denote by ¢ the function

V2] g gl
In this way, we obtain the following function:
F: Propp > F(V.[2]) : ¢~ §.

Prove that for all ¢, € Propy,
b=y — §=9.
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Definition 5.4.10. Propositional theories T; and T, are said to be semantically equivalent iff
V¢ € Propp, (T1 k¢ <= T, k).
I

Exercise 5.4.11. Let ¢ andy be propositional formulas. Prove the formulas ¢ andy are semantically
equivalent if and only if the theories {$} and {{} are semantically equivalent. O

Definition 5.4.12. A theory T is finitely axiomatizable iff it is semantically equivalent to a finite
theory. [

Exercise 5.4.13. Prove that a theory is finitely axiomatizable if and only if it is semantically equiv-
alent to the theory {¢}, for some formula ¢. O

Exercise 5.4.14. Prove that the propositional theory
P = Pirz s i€NL
is not finitely axiomatizable. O

Definition 5.4.15. A theory T is semantically independent iff it is not semantically equivalent
any of its proper subsets. [

Exercise 5.4.16 (Xiang Li).

a. Prove that every finite theory contains a subset which is both independent and semantically
equivalent to it.

b. Give an example of an (infinite) theory for which the above conclusion fails.

c. Prove that every theory is semantically equivalent to some independent theory. ]

6 First-order Logic

6.1 First-order Logic

Definition 6.1.1. A first-order language is a 4-tuple £ = (Fg, Cp, R, arg), where:

« I, Cr,and R are three disjoint sets of characters, which do not contain 1, -, A, V, =,
=,V 3

earg : FoUR, > N—{0}. O

Terminology 6.1.2. Elements of J; are referred to as function symbols or operation symbols,
elements of C; are constant symbols, and elements of R are relation symbols. For a symbol
o € Fp URg, the number arg (o) is its arity. O

Example 6.1.3.
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+ The language of orders is the language (F, €, R, ar) given by:

- F=0;

- C=0;

- R={<k
- ar() = 2.

« The language of graphs is the language (F, €, R, ar) given by:

- =09

- C=0g;

- R={E}
- ar(E) = 2.

« The language of monoids is the language (&, C, R, ar) given by:

- F={k
- C={1}
- R=0;
— ar(x) = 2.

Definition 6.1.4. Let £ be a first-order language. A structure for £ (or, an L-structure) is a pair
M = (IM], M), where:

o |[M]is a set;
« M is a function with domain £;

. for all 0 € F, the object M (o) is an operation on |M] of arity ar;(o);

. forall 0 € R, the object M (o) is a relation on |M] of arity ar (o). O

Example 6.1.5. Let £ be the language of orders. An example of an £-structure is the structure
M = (N, IM), where IM(<) = |. Another example is the structure N = (R, INY, where IV(K) is
the relation on R given by:

(Vx,yeRx Ny = x—y=n).
Notice that the pair (| M|, 7M(<)) is an order, while ([N ], IN(K)) is not. H

Notation 6.1.6. We can (and will from now on) understand orders as structures in the language

of orders: if (E, R) is an order, then it is naturally understood as the structure M = (E, gM ), where
IM is defined so that IM(L) = R. O
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Example 6.1.7. Let £ be the language of graphs. An example of an £-structure is the structure
M = (N,IM), where TM(E) = |. Another example is the structure N = (R, V), where IN(E) is
the relation on R given by:

(Vx,yeR(xIN(E)y = x—y=n).
Notice that the pair ([N, IN(E)) is a directed graph, while (|M|, 7M(E)) is not. O

Notation 6.1.8. We can (and will from now on) understand directed graphs as structures in the
language of graphs: if (V, E) is a directed graph, then it is naturally understood as the structure
M = (v, IM), where M is defined so that TM(‘E’) = E. O

Notation 6.1.9. Let £ be a language and M an L-structure. Then foro € F;UC UR ¢, we write
o™ to mean TM (o). [

Terminology 6.1.10. Let £ be a language and M an L-structure.
o The set |M] is referred to as the domain or the universe of the structure M.
« The function JM is referred the interpretation (of the language, given by the structure).
. Foro € ¥ UCg URy, the object o™ is the interpretation of the symbol o. O

Exercise 6.1.11. Let £ be the language of monoids. Consider the £-structure M whose universe in
IN and whose interpretation is given by:

e forallx,yeN,x+My :=x®+y+1;
M =7
Prove that the triple (M), *M, 1M) is not a monoid. O

Notation 6.1.12. We can (and will from now on) understand monoids as structures in the language
of monoids: if (E, *, e) is a monoid, then it is naturally understood as the structure M = (E, gM ),
where IM is defined so that +™ = « and 1M =e. ]

Notation 6.1.13. We will fix a set V of variables for the first-order logic: {"v;’: i € N}. 0

Definition 6.1.14. Let £ be a first-order language. The grammar of L-terms consists of the fol-
lowing rules:

« foralli € N, the rule —;

1

« forall c € C, the rule -

o forall f € Cg, the rule
to t .. toq

Ftostysntyy)

where n = arg(f).

57



The set of L-terms is the language generated by this grammar, and £-terms are elements of this
set. [

Example 6.1.15. An example of a term in the language of monoids is:
«((1,v7), v3);

which is to be understood as (1 * v) % v3. On the other hand, the only terms in the language of
orders are the variables. ]

Notation 6.1.16. Let £ be a language, t; and t; two L-terms, and f a binary function symbol of
L. When there is no risk of confusion, we write #, f ¢; to be an abbreviation for f(t,,t;). [

Exercise 6.1.17. Let £ be a first-order language. Prove that the grammar of L-terms has unique
readability. [

Corollary 6.1.18 (Recursion on complexity of terms). Suppose:
1. £ is a language;
2. T is the set of L-terms;
3. E is a set;
4. Hy : V > E;
5 He : Cp = E;
6. forall f € T, Hp : T x pare(f) S F,
Then there is a unique function F from the set of L-terms to the set E such that:
o foralli e N, F(v;) = Hy(v);
o forallc e Cg, F(c) = He(c);
o forall f € Fp, letting n = arg(f), it holds that for all L-termsty, by, ..., t,_1,
F(f(tg, . tn—1)) = Hp((t; : i <n),(F(%) = i <n)).
O

Definition 6.1.19. Let £ be a first-order language and let M be an £ structure. An M-valuation
isamapp :V—> M. ]

Remark 6.1.20. We will often write M to mean both a structure and the underlying set, | M| (if
there is no risk of confusion). So, for example, we may speak of a function p : N - M when we
really mean y : N — [M]. [

Definition 6.1.21. Suppose:

1. £ is alanguage;
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2. tis an L-term;
3. M is an L-structure;
4. pis an M-valuation.
Then we define the value ¢"/[ ;1] by recursion on complexity of ¢:
. ift = v; for some i € N, then tM[ ] = p(w);
M

. if t = ¢ for some ¢ € €, then tM[ ] = cM;

« ift = f(ty,...,t,_1) for some f € F; and some L-terms t, ..., t,_q, then

Ml = M@ gl 2 D).

Exercise 6.1.22. Let £ be the language of monoids and let M be the L-structure given by:

e forallx,ye N, x+My=x?+y+1;
1M =7

Let y1 be the M-valuation given by:
Vie N, u(v) = 2i

and lett = +(x(1,w),3). Compute tM[p]. O
Definition 6.1.23. Let £ be a language. The set of variables of an £-term t is the set
fweV : (Ji<len®))(t = w)l

Exercise 6.1.24. Lett be an L-term, let M be an L-structure and let i and v be M-valuations that
agree on the set of variables oft. Prove that tM[y] = tM[v]. ]

Definition 6.1.25. Let £ be a first-order language. The atomic L-formulas are the following
formulas:

 ty =t;, where t; and t; are L-terms;

e R(ty,...,t,—1), where R € R, n = ar;(R), and ty, ..., t,_; are L-terms;

. L. [
Definition 6.1.26. Suppose:

1. £ is alanguage;

2. ¢ is an atomic L-formula;
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3. M is an L-structure;
4. pis an M-valuation.
We define the value |¢| y as follows:

« if ¢ is of the form t, = t;, for some terms ty, ¢, then

”¢"M _ L, t(j)w[lu] :t{w[,u]
oo, "] # e u;

« if ¢ is of the form R(t, ...,t,_), for some relation symbol R, for n = ar;(R), and for some
terms ty, ..., t,_1, then

ot = 1 @'l L) € R,
Polo @l € RY,

Y m

Definition 6.1.27. Let £ be a first-order language. We define the grammar of the first-order logic
for £ to consist of the following rules:

for every atomic £-formula ¢, the rule 7;

the rule i;

(=¢)

¢ V.
for all (I E{/\,V, -, 4=>}, the rule G0y’

, _¢
for all Q € {V,3} and all v; € V, the rule @D

The set of first-order formulas in the language £, denoted Form, is the language generated by
the grammar for the first-order logic. A first-order formula (in £) is any element of this set. [

Exercise 6.1.28. Let £ be a first-order language. Prove that the grammar of the first-order logic for
L has the unique readability. O

Corollary 6.1.29 (Recursion on complexity of a formula). Suppose:
1. L is a first-order language;
2. E is a set;
3. Hy is a function from the set of atomic L-formulas to E;
4. H, : Formg xE — E;

5 forallODe{A, Vv, =, < }, H: Formisz — E;
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6. forallQ € {3,V}, Hy : V x Formg x E — E.
Then there is a unique function F : Formg — E such that:
« for every atomic L-formula ¢, we have F(¢) = Hy(¢);
+ for every L-formula g, we have F(~¢) = H.(¢, F(9));
« forall L-formulas ¢,y and all( € {A, v, = , < }, we have F(¢[y)) = H(p, ¢, F(p), F(Y));

« forall L-formulas $, allQ € {3, ¥}, and all variables v;, we have F(((Qv)$)) = Hp(v;, §, F(¢)).
]

Exercise 6.1.30. Prove that the boolean algebra 2is a complete lattice. Furthermore, for all (x;);c; €
2! we have

\/ X; = max Xxj,
i€l

i€l
é\l X = rlne1[n X;.
[
Definition 6.1.31. Suppose:
1. £ is alanguage;
2. M is an L-structure;
3. pis an M valuation;
4. v, €V,
5. a€ M.
Then we define the M-valuation p[v; : = a] as follows:
(Ul = al)(v)) = ”(f) ; o
[

Definition 6.1.32. Suppose:
1. £ is alanguage;
2. M is an L-structure.

We define the function
Formg x F(V,M) - 2 : (¢, 1) — ||¢||ﬁ4

by recursion on complexity of a formula:
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« if ¢ is atomic, then ||¢||‘LA,/I is already defined;

« if ¢ is of the form (—/), then
Igl" = =l

« if ¢ is of the form (¥ A 0), then

gl = It A lony's
« if ¢ is of the form (¢ v 0), then

L A THlA e T
« if ¢ is of the form (y = @), then

gl = =yl v 6l
« if ¢ is of the form (y < 0), then

Igl" = Al A oL v Gyl A =6l

« if ¢ is of the form ((Vv;)y'), then

B = A\ W,

aeM
« if ¢ is of the form ((Iv;)¥), then
I = \/ WY,

aeM

]

Definition 6.1.33. Let £ be a language. The set of free variables of an L-formula ¢, denoted
fvar(¢), is defined by recursion on complexity as follows:

« if ¢ is the formula 1, then fvar(¢) = @;

« if ¢ is of the form t; = t; (fy,t; terms), then fvar(¢) is the union of the sets of variables of f,
and t;;

o if ¢ is of the form R(Z, ..., t,_1) (R a relation symbol, f, ..., t,_; terms), then fvar(¢) is the
union of the sets of variables of ty,1;,...,t,_1;

« if ¢ is of the form =/ ( a formula), then fvar(¢) = fvar(y));
o if @ is of the form /(10 (¥, 0 formulas, [] binary connective), then fvar(¢) = fvar(y)ufvar(6);

o if ¢ is of the form ((Qv;)¥) (¢ a formula, Q a quantifier, i € IN), then fvar(¢) = fvar(y/) —
it O
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Exercise 6.1.34. Suppose:

1. £ is a language;

2. M is an L-structure;

3. ¢ is an L-formula;

4. p andv are M-valuations;

5. pttvar(¢) = vitvar(¢p).
Prove that | ¢l = lgly". H
Definition 6.1.35. Let £ be a language.

« An L-formula ¢ is a sentence iff fvar(¢) = @.

« For an £-sentence ¢ and an L-structure M, we say that M satisfies ¢, written M & ¢, iff the
common value of ||¢||ﬁ4 , for all M-valuations g, is 1.

+ An L-theory is any set of £-sentences.

« An L-structure M satisfies and £-theory T, written M k T, iff it satisfies every sentence
that belongs to T. O

Notation 6.1.36. We omit the outermost parentheses associated to quantifiers. For example, the
abbreviation

(V) (3w )
stands for ((Vvp)((Vv;)¢)). [

Notation 6.1.37. If R is a binary relation symbol and #; and ¢; are terms, then we write t, R t; to
be an abbreviation for R(t, t;). O

Example 6.1.38.

 Let £ be the language of graphs. Then an L-structure is a directed graph if and only if it
satisfies the sentence

(V)= (v Evp).

« Let £ be the language of orders. An L-structure is an order if and only if it satisfies the
theory:

{ (Yvp)(v < W),
(V)Y S v AV Sy = vy = W),
(V)(Vv)(Yv)(vp < v Ay < vy = <) L

« An order is total if and only if it satisfies the sentence

(Vv)(Vv) (v < v Vv < ).
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+ Let £ be the language of monoids. An £-structure is a monoid if and only if it satisfies the
theory of monoids:

{ ()(PvD(Y)((v % vi) * v = vy * (v % wy),
(V) * 1= A 1xv =1p) }.

+ A monoid is commutative if and only if it satisfies the sentence

(V) (Vv (v * v = v * wp).

O
Exercise 6.1.39. Let ¢ be an L-sentence and let M be an L-structure. Prove that
M¥Ep < M E —¢.
]
Exercise 6.1.40. Prove that a directed graph M is acyclic if and only if it satisfies the theory:
{0V o (Y ))(WEVE A mEv, A A vEvpyp = —(vqEw)) @ nENL
]

Definition 6.1.41. Let £ and £’ be two languages. We say that £ is a reduction of £’, or that £’
is an expansion of £, and write £ C L/, iff:

o Cp CCps
« I C T
e Rp CRevs
. forevery o € F U R, we have ar; (o) = arg/(0). O
Definition 6.1.42. Suppose:
1. £ and £’ are two languages;
2. L is areduction of £’;
3. M is an L-structure;
4. M’ is an L’-structure.
We say that M is a reduction of M’, or that M’ is an expansion of M, and write M = M’ L, iff:
o [M] = [M'];

M _ M 0

« for every symbol o of £, we have o o

Definition 6.1.43. The language of groups is the language (&, C, R, ar) given by:

64



« F={xi}
- C={1}
e R=q;

« ar(*) = 2 and ar(i) = 1.

I
Remark 6.1.44. The language of groups is an expansion of the language of monoids. [
Definition 6.1.45. The theory of groups is the following theory in the language of groups:
U (V)(Yv)(V) (v # v1) % vy = v (vy % va),
(Vw)(wp * 1 =vy A 15y =),
(Vv)(vp *i(vp) =1 A i(vy) x vy = 1) 3
O

Definition 6.1.46. A group is a structure in the language of groups that satisfies the theory of
groups. U

Exercise 6.1.47. Let N be a group and let £ be the language of monoids. Prove that NI is a
monoid. O

Exercise 6.1.48. Let M be a monoid.
a. Prove that if there is at most one expansion of M (to the language of groups) which is a group.

b. Prove that there is an expansion of M (to the language of groups) which is a group if and only

if
M E (Vvo)(Elvl)(vo *yp =1 A v *yy = 1)

]

Definition 6.1.49. Let £ be a language, let ¢ be an £ formula, and let M be an £-structure. Let p
be a partial function from V to M. Then the relation M ¢ ¢[ | holds iff fvar(¢) C dom(y) and the
common value of ||} is 1, for all M-valuations v extending p. O

Notation 6.1.50. Let £ be a language, let ¢ be an £ formula, and let M be an L-structure. Let
W, Wi, ..., Wy_1 be distinct variables and let qg,ay,...,a,_1 € M. Then M £ ¢[w, = ag,w; =
ap, ..., Wy, = a, 1| holds iff, letting

p={w,a) : i<n},
it holds that M & ¢[p]. O

Notation 6.1.51. Let £ be a language, let ¢ be an £ formula, and let M be an L-structure. Let
ay, ay, ..., ap—1 € M. Then M k ¢lay,ay,...,a,_;| holds iff M E ¢[vy = ag,v; = ay,..., V1 = a1
holds. O
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Exercise 6.1.52. Let M be a monoid. Consider the formula
d=Gv)wxv =1 A vy *xyy=1).

The set X is defined to be
faeM : Mk ¢la]}.

a. Prove that X is closed in M.
Let N be the unique substructure of M whose universe in X.

b. Prove that there is a unique expansion (to the language of groups) of N which is a group. This
unique expansion is denoted M”. ]

Exercise 6.1.53. Let E be an arbitrary set. We denote by IMg the following structure in the language
of monoids:

« |[Mg] = F(E, E);
- forall f,g € IMg|, f +M g = fog;
o 1Me =14
Exercises:
a. Prove that Mg is a monoid.
We denote by S, the group M.

b. Prove that Sy, is the set of all bijections from E to E.

c. Prove that for all f € Sg, i°5(f) = f~L. O

6.2 Morphisms of Structures

Definition 6.2.1. Let £ be a language. A morphism of £-structure M and N is a function ¢ :
|M] — | N| satisfying:

« for every function symbol f of £, of arity n, and all a, ...,a,_1; € M, it holds that
$(fM(ag, ... an-1)) = fN(P(ap), ... $(ap—1));
« for every constant symbol ¢ of £, it holds that ¢(cM) = ¢V;

« for every relation symbol R, of arity n, and all q, ...,a,_; € M, it holds that
RM(a(): ooy an—l) - RN(¢(a0)a ceey ¢(an—1))-

The morphism ¢ : M — N is said to be full iff for every relation symbol R, of arity n, and all
g, ..., ay_1 € M, it holds that

RM(ag, ..., a5_1) = RN($(ap),..., p(@n_1))-
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Exercise 6.2.2. Let M be the structure in the language of orders given by:
o [M] = NR;
« foralls,t € N<N

s<Mt — dom(s) C dom(t) A t'dom(s) =s.

Let N be the structure in the language of orders given by:
. [NJ =IN;
o <N is the usual order < on IN.

Let ¢ : NN s N be given by: an element s of NN is mapped to the unique n € N such that
dom(s) = [n]. Prove that ¢ : M — N is a morphism, but not a full morphism. O

Terminology 6.2.3. A morphism between orders is also called “increasing function”. [

Definition 6.2.4. Let M and N be L-structures and let ¢ be a morphism between them. We say
that ¢ is an isomorphism iff there is morphism

YV :N->M
such that y o ¢ =1Idy; and ¢ y = Idy. [
Notation 6.2.5. We write N
¢p: M— N
to mean that ¢ is an isomorphism. ]

Exercise 6.2.6. Let M and N be L-structures and letp : |M| — |N]. Prove that ¢ is an isomorphism
from M to N if and only if ¢ is a full morphism and a bijection. 0]

Exercise 6.2.7. Give an example of a language L, two L-structures M and N, and a morphism
¢ : M — N which is bijective, but not an isomorphism. [

Exercise 6.2.8. Let M, N, P be L-structures. Prove:
a. Idyy : M — M is an isomorphism;
b. if¢p : M — N is an isomorphism, then sois¢™ ' : N — M;
c. if¢p : M — N andify : N — P are isomorphisms, then so is
Yoop: M—P.
]

Terminology 6.2.9. We say that £-structures M and B are isomorphic, and write M = N, iff there
is an isomorphism from M to N. O
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Exercise 6.2.10. Let M, B, and P be (-structures. Prove:
a. M= M;
b. if M = N, then N = M;
c. ifM =N andN = P, then M = P. O

Exercise 6.2.11. Let £ be a language and let T be an L-theory. Let M and N be isomorphic L-
structures. Prove that M £ T if and only if N £ T. [

Definition 6.2.12. Let M be an £-structure. An automorphism of M is any isomorphism from M
to M. U

Exercise 6.2.13. Let M be an L-structure. Let A be the set of all automorphisms of M. Prove that A
is closed in $y;. We denote by Aut(M) the unique substructure of S); whose universe is A. [

Exercise 6.2.14. Let M be a monoid. For a € M, we denote
m, : M—>M:x—axx.

Prove that the map
M—->My :a-m,

is an injective morphism of monoids. ]

Exercise 6.2.15. Let M be a group. Fora € M, we denote
mg: M—>M:x—axx.
a. Prove that for alla € M, the map m, is an automorphism of M.

b. Prove that the map
M — Aut(M) : a+ m,

is an injective morphism of groups. [

6.3 Substructures

Remark 6.3.1. Every morphism of monoids is full; every morphism of groups also. This because
the fullness refers to relation symbols, of which there are none in the case of the language of
monoids/groups. [

Exercise 6.3.2. Let M, N and P be (-structures. Prove:
a. Iy : M — M is a full morphism;
b. if¢p : M — N is a bijective full morphism, then ¢~' : N — M is also a full morphism;
c. ifp : M — Nandy : N — P are morphisms, then so is
Yop: M—P;
furthermore, if ¢ and { are full, then so is i » ¢. O
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Definition 6.3.3. Let M and N be L-structures. Then M is a substructure of N iff:
« [M]C[NJ;
« themapiy y : M - N : x = xis a morphism.
The structure M is a full substructure of N iff iy y is a full morphism. [

Exercise 6.3.4. Let M and M’ be full substructures of N such that |M| = |M’|. Prove that M =
M. ]

Exercise 6.3.5.

a. Show by example that a substructure of an order need not be an order.

b. Prove that full substructure of an order is itself an order. O
Terminology 6.3.6. A full substructure of an order is called its suborder. ]

Exercise 6.3.7. Let L be an order. Prove that there is a total order L’ with the same universe as L
such that L is a substructure of L’. Is L a full substructure of L ? [

Exercise 6.3.8. Let Gy and Gy be two directed graphs. Prove that G, is a substructure of G; if and
only if |G| € |G, | and ES C EC1. [

Exercise 6.3.9. Prove that every substructure of a directed graph is itself a directed graph.
Terminology 6.3.10. A substructure of a directed graph is called its subgraph.
Exercise 6.3.11. Prove that a substructure of a monoid is itself a monoid.

Terminology 6.3.12. A substructure of a monoid is called its submonoid.

Exercise 6.3.13. Prove that a substructure of a group is itself a group.

O o o o o o

Terminology 6.3.14. A substructure of a group is called its subgroup.

Remark 6.3.15. It is important here that we have the symbol i in the language of groups. We
could think of groups as monoids which satisfy

(V)@Ev) (v + v =1 A vy xvp = 1),
but then it would not be true that a substructure of a group is necessarily a group (why?). [

Definition 6.3.16. Let M be an £-structure and let X be a subset of | M|. We say that X is closed
in M iff:

« for all function symbols f, of arity n, we have that for all a € X",
fM(ao, ceey an_l) S X;
. for every constant symbol ¢, we have that ¢V € X. O
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Exercise 6.3.17. Let N be an L-structure and let M be its substructure. Prove that | M| is closed in
N. ]

Exercise 6.3.18. Let M and N be L-structures and let¢ : M — N be a morphism. Prove that ran(¢)
is closed in N. O

Exercise 6.3.19. Let N be an L-structure and let X be a closed subset of its universe. Prove that
there is a unique full substructure M of N such that | M| = X. ]

Exercise 6.3.20. Prove every monoid is isomorphic to a submonoid of Mg, for some set E. [
Exercise 6.3.21. Prove every group is isomorphic to a subgroup of Sg, for some set E. ]
U

Exercise 6.3.22. Prove that every group is isomorphic to a subgroup of its automorphism group.

6.4 Products

Terminology 6.4.1. Some reminders follow.

A family indexed by a set I is just a function whose domain is the set I.
« If x is a family indexed by I and i € I, then we write x; to mean the same as x(i).

« To make it clear that an object x is a family, we write X. This arrow has no particular
meaning - its role is to improve readability.

« If X is a family indexed by I, then we use the notation

x=(x:i€l).

« If (X; : i €1)is afamily of sets, then we define its product, denoted

[1x

iel
to be the set of all families (x; : i € I) such that

Viel, x; € X,.

. IfXisa family of sets indexed by I, then for i € I, we denote by 7 the canonical projection

ﬁiX:HXj—>Xi:(xj:jeI)+—>xi.
el

If X is clear from the context, then we omit it from the superscript.

« The product of the family (X : i € I) is equal to F(I, X), and it is also denoted by xI. O
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Exercise 6.4.2. Let (X; : i € I) be a family of non-empty sets. Prove that
H X = Q.

Hint. You will have to use the Axiom of Choice. O

Definition 6.4.3. Let (M; : i € I) be a family of £-structures. Then we define | [,.; M; to be the
structure N given by:

o [IN| =TT Mil;

« for every operation symbol f, of arity n, and all a°,a’,...,a""! € [N, it holds that
N@a, ..., a ) = (M@, ..., d" VD)ier:
« for every constant symbol c, it holds that
N = (CMi)ieI;
« for every operation symbol R, of arity n, and all a,al,... a7 le [N,
RN, al,....a"™ D)

holds if and only if
(Vie I) RM(d),...,a" ).

i
Exercise 6.4.4. Let (M; : i € I) be a family of monoids. Prove that its product is a monoid.
Exercise 6.4.5. Let (M; : i € I) be a family of groups. Prove that its product is a group.

Exercise 6.4.6. Let (M; : i € I) be a family of L-structures. Prove that for all iy € I, the map

mi s [ [ M- M,

iel
is a morphism. [
Exercise 6.4.7. Suppose:
1. (M; : i €1)is a family of L-structures;
2. N is an L-structure;
3. (¢ : i €1) is a family of morphisms
¢ N—=>M,
(allieI).
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Prove that there is a unique morphism

Y : N> H M,
i€l
such that for alli € I, the diagram
4
N — Ijer M
M;
commutes. U

Definition 6.4.8. In the previous exercise, the morphism ¢/ is called the tupling of the family g;,
and is denoted by

(P)ier-
]
Exercise 6.4.9. Suppose:
1. (M; : i € 1) is a family of L-structures;
2. N is an L-structure;
3. (¢ : i€ 1) is a family of morphisms
¢+ N— M
(allieI).
Prove that for allz € N, we have
(Pi)ie1(z) = ($i(2))ier-
Notation 6.4.10. The product of a family (M; : i € I) of L-structures is denoted by M. [

6.5 Algebraic Structures and Theories

Definition 6.5.1. We use terms “operational language” and “algebraic language” interchangeably
and to mean “the language with no relation symbols”. O

Remark 6.5.2. In other words, algebraic langauge is one where R = @. Notice that we always
have the equality symbol. O

Terminology 6.5.3. An algebraic structure is a structure for an algebraic language. 0]

Definition 6.5.4. A relation language is one that has neither function nor constant symbols. L[]
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Example 6.5.5. The language of monoids and the language of groups are algebraic languages,
while the languages of orders and graphs are relational. The only language which is both al-
gebraic and relational is the language with no symbols, also called the empty language. In the
empty language, every atomic formula is of the form L or v; = v;. [

Example 6.5.6. Monoids and groups are both examples of algebraic structures. O

Definition 6.5.7. Let £ be a language and let ¢ be an £-formula. Its universal closure is defined
to be the sentence

(Vv (V) - (Vv ),
where iy < iy < - <i,_q are the natural numbers such that
tvar(¢) = {ix : k <n}.

]

Definition 6.5.8. An algebraic identity (of a given language) is any formula of the form s = ¢,
where s and ¢ are terms. ]

Remark 6.5.9. Algebraic identities are not necessarily sentences. When we need to work with
sentences, we replace them by their universal closure. ]

Definition 6.5.10. Let T be a theory and let ¢ be an algebraic identity. Then T + ¢ holds iff T & ¢’
holds, where ¢’ is the universal closure of ¢. ]

Exercise 6.5.11. Let T be a theory and let s = t be an algebraic identity. Prove thatT k (s = t) iff
for every model M of T and every M-valuation yi, we have s™[p] = tM[p]. O

Definition 6.5.12. An algebraic theory is a theory in an algebraic language consisting only of
universal closures of algebraic identities. O]

Example 6.5.13. The theory of monoids and the theory of groups are examples of algebraic the-
ories. [l

Exercise 6.5.14. Let £ be an algebraic language and let T be an L-theory. Prove:
a. if N is an L-structure that satisfies T and if M is a substructure of N, then N satisfies T;
b. the product of an arbitrary family of models of T is a model of T. O]

Remark 6.5.15. From the previous exercise we immediately get that a substructure of a monoid
is a monoid and that a substrcutre of a group is a group, but also much more. ]

Exercise 6.5.16. Let £ be an algebraic language and let T be an algebraic L-theory. Suppose M is
an arbitrary L-structure, N is a model of T, and ¢ : M — N is a morphism. Prove that M is also a
model of T. ]
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6.6 Congruences

Definition 6.6.1. Let £ be an algebraic language. A congruence on an £-structure M is an equiv-
alence relation = on its universe such that for every function symbol f, of arity n, we have

(VX € [M|")(¥Y € [M]")(x = Yo A Aoy = Y1 = @) = M)

O

Exercise 6.6.2. The language of rings the algebraic language given by:

« Fo=itk

carg(+) =arg() =2;

« Cg =1{0,1}.
The ring of integers Z is the structure in the language of rings given by:

- 2] =Z;

« +Z is the usual addition of integers;

« 2 is the usual multiplication of integers;

«02=0and1? = 1.

Letn € N — {0} be given. Prove that =, is a congruence on Z. U

Exercise 6.6.3. Let G be a group and let H be its subgroup. Recall that H is a normal subgroup iff
(Vg € G)(gH = Hg).
Now, define the binary relation = on G as follows:
(Vx,y € G)(x =g y < (Gh € H)(x = hy)).
a. Prove that =g is an equivalence relation on G.
b. Prove that =y is a congruence on G if and only if H is a normal subgroup of G. ]
Remark 6.6.4. Let £ be an algebraic language. Notice:
« every morphism of £-structures is full;
« every substructure of an L-structure is a full substructure. [

Exercise 6.6.5. Let £ be an algebraic language, let M be an L-structure, and let E be an equivalence
relation on | M].

a. Prove that there exists an L-structure N such that |[N| = |M|/E and np : M — N isa
morphism if and only if E is a congruence on M.
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b. Suppose now that E is a congruence on M. Prove that there exists a unique L-structure N
such that [N| = |M]/E and ng : M — N is a morphism. [

Definition 6.6.6. Let £ be an algebraic language, let M be an L-structure, and let E be a congru-
ence on it. The quotient of M by E, denoted also M /E, is the structure is the unique £-structure

N such that [N| = [M]/E and ng : M — N is a morphism. ]
Exercise 6.6.7. Let £ be an algebraic language and let T be an algebraic theory. Let M be a model
of T and let E be a congruence relation on M. Prove that M/E ¢ T. 0]
Remark 6.6.8. Thus, a quotient of a group by congruence is a group. [

Exercise 6.6.9. Let L be an algebraic language, let M and N be algebraic structures, and let ¢ be a
morphism between them.

a. Prove that =4 is a congruence on M.
b. Prove that there is a unique morphism
¢+ M/ =~ N

such that the diagram

M—L N
s
M/ =f
commautes.
c. Prove that ¢, is injective. 0]

Exercise 6.6.10. Let £ be an algebraic language, let M and N be algebraic structures, let ¢ be a
morphism between them, and let E be a congruence on M.

a. Prove that there is a morphism
¢ : M/E—> N

such that the diagram

commutes if and only if E C =.
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b. Suppose E C =y. Prove that there is a unique morphism
¢. : M/E—> N

such that the diagram

M&N

”E%

M/E

commutes.
c. Prove that ¢, is injective if and only if E = =.
d. Prove that ran(¢,) = ran(¢). O

Exercise 6.6.11. Let £ be an algebraic language, let M and N be L-structures, and let ¢ be a mor-
phism between them.

a. Prove that ran(¢) is closed N.
We denote by Im(¢) the unique substructure of N whose domain is ran(¢).

b. Prove that B
¢+ M/ Sp— Im(¢)
(cf. Exercise 6.6.10). [

7 Boolean Algebras

7.1 Boolean Algebras
Definition 7.1.1. The language of boolean algebras is the language (&, C, R, ar) given by:

e F={AV, "}

« C={0,1}

e R=0;

o ar(A) = ar(V) = 2 and ar(—) = 1. O

Definition 7.1.2. The theory of boolean algebras is the theory in the language of boolean algebras
consisting of the universal closures of the following algebraic identities:

« Yy AV =V Ay (commutativity of the meet);

« Yy Vv =V Vv (commutativity of the join);
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o (g Av1) Ay = A (v A wp) (associativity of the meet);

o« (VW) V=1 V(v V) (associativity of the join);

« g A(v V) = (v Avy) V (v A w) (distributivity of the meet towards the join);

e« V(v Aw) = (v V) A (v V) (distributivity of the join towards the meet);

« Yo A (v V v;) = v (the absorption law for the meet);

« v V (v A v;) = v (the absorption law for the join);

« Yy A My = 0 (the complementation law for the meet);

e vy V7 = 1 (the complementation law for the join). [

Terminology 7.1.3. In a boolean algebra B, the operation AP is called the meet, the operation AP
is called the join, and the operation =5 is called the complementation. [

Definition 7.1.4. A boolean algebra is a model of the theory of boolean algebras. [
Fact 7.1.5.

a. The language of boolean algebras is an algebraic language.

b. The theory of boolean algebras is an algebraic theory. [
Corollary 7.1.6.

a. A substructure of a boolean algebra is a boolean algebra.

b. The product of a family of boolean algebras is a boolean algebra.

c. The quotient of a boolean algebra by a congruence is a boolean algebra. ]

Exercise 7.1.7. Let E be a set. The structure M for the language of booleal algebras is given as
follows:

. [M] =DP(E);

e forallX,Y e M), X \MY =XnY;
.« forall X,Y € M), X VMY =XUY;
. forallX € M|, -Mx = X%

e M =@ and 1M = E.

Prove that M is a boolean algbra. When there is no danger of confustion, we denote this boolean
algebra simply by P(E). O

Exercise 7.1.8. The structure 2 in the language of boolean algebras is given by:
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. [2] ={0,1};
o forallx,y € {0,1}, x A2 y = min{x, y};
o forallx,y €{0,1}, x v?2 y = max{x, y};
. forall x € {0, 1}, -2x=1-—x;
« 0°=0and1% =1.
Prove that 2 is a boolean algebra. ]

Exercise 7.1.9. Let E be an infinite set and let ~ the binary relation on P(E) given by:
VX, Y EPENX ~Y = (X-Y)U (Y — X) is finite).

Prove that ~ is a congruence on the boolean algebra P(E). The quotient algebra P(E)/Fin for the
quotient boolean algebra. [

Definition 7.1.10. Let Bbe a boolean algebra. The structure B in the language of boolean algebras
is defined as follows:

- |B] = |BJ;

. AB = vB.

. VB = AB.

. 2B = B,

- 0B =1Band 18 = 08, m
Exercise 7.1.11. Let B be a boolean algebra. Prove that B is also a boolean algebra. ]
Terminology 7.1.12. Let Bbe a boolean algebra. The structure Bis called the dual boolean algebra
of B. ]
Exercise 7.1.13. Let B be a boolean algebra. Prove that B = B. ]

Definition 7.1.14. Let £ be the lanugage of boolean algebras. The function ¢ > i from the set of
L-terms ot itself is defined by recursion on complexity of a term t as follows:

. if t is a varialbe, then f = ¢;

e ift =0,theni=1;

. ift =1, thent = 0;

« if t is of the form t; A t;, then f is the term £ V t;

. if't is of the form t; V t;, then  is the term ¢, A £;
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« if t is of the form —s, then f is the term —s. O

Exercise 7.1.15. Lett be a term in the language of boolean algebras. Prove that the term i is equal
to the term t. ]

Exercise 7.1.16. Let B be a boolean algebra and let i : V — B. Prove that for every termt, we have
tBlul = EP[pl. O

Fact 7.1.17. Let T be the theory of boolean algebras and let s = t be an algebraic identity. IfT £ (s =
t), thenT £ (§ =1).

Proof. Let Bbe an arbitrary boolean algebra and let 1 : V — B. We want to see that §5[ ] = B[]
(see Exercise 6.5.11). We compute:
$90) = 5" = sPlu) = £P{u] = #90) = PP

here are the justifications of the equalities (in order):

1. Exercise 7.1.16;

2. Exercise 7.1.15;

3. because BET and T k (s = ¢);

4. Exercise 7.1.16;

5. Exercise 7.1.13.

O

Fact 7.1.18 (Identity laws). Let B be a boolean algebra and let x € B. Thenx A1 = x andxV 0 = x.

Proof. Let T be the theory of boolean algebras. We are actually claiming that T £ (vy A 1 = v)
and T k (vy vV 0 = vy). Let us prove the first relation.

Let B be a boolean algebra and let x € B. We want to prove that x A 1 = x. We use the
complementation law for the meet, followed by the absorption law for the meet:

xA1=xA(xV-x)=x.
Thus, T £ (vg A 1 = vy). By Fact 7.1.17, we immediately get that T £ (v, V 0 = ). O

Remark 7.1.19. We will normally shorten the argument of the above kind as follows: we prove
that x A 1 = x, and then we say: “The second part follows by duality” O

Fact 7.1.20 (Uniqueness of complements). Let B be a boolean algebra and letx,y € B. IfxVy =1
and x Ay = 0, then x = —y.
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Proof. We use the identity, complement, distributivity laws, then the assumption, then the com-
mutativity law:

x=xA1l=xAVy)=xAYVEAY)=0V(xA-Y)=xAY) V0=

then we use the complement, commutativity, distributivity laws, then the assumption, then the
identity law:

=@XAPYVYA Y =CYAX)V(EYAY) =y AxVy) =y Al=y.
O

Corollary 7.1.21 (Double-complement law). Let B be a boolean algebra and let x € B. Then
X = X

Proof. By the complement laws:
xV-x=1and x A-x =0.

By the uniqueness of complement;
X = X,

Corollary 7.1.22. Let B be a boolean algebra. Then =0 = 1 and =1 = 0.

Proof. We show the first equality, whereas the second one follows by duality. We have that
1V 0 = 1 by the identity law for v and that 1 A 0 = 0 by the identity law for A. It follows by
uniqueness of complement that 1 = —0. O]

Fact 7.1.23 (Domination laws). Let B be a boolean algebra and let x € B. Thenx VvV 1 = 1 and
xNAN0=0.

Proof. We prove the first equality — the second follows by duality. We compute:
1=1A(AVvx)=1QVX)A1l=1Vx=xVI;
by the absorption, commutativity, identity, commutativity laws. 0]
Fact 7.1.24 (De Morgan laws). Let B be a boolean algebra and let x,y € B. Then
“(x Ay)=-x VY,
—(xVy)="xA"y.

Proof. We prove the first equality - the second follows by duality. By the uniqueness of comple-
ments, it suffices to prove:
(x V) V(xAy) =1

(xV-y)A(xAy)=0.
We prove the first equality - the second is an exercise. We compute:
(xvay)Vxay)=-xv(EyvxAy) =xv((yVv)ACyVvy) =
=xV((yvx)AlD)=-xV(yvx)=-xV(xV-y)=(CxVx)Vaoy=1v-y=1
O
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Exercise 7.1.25. Let B be a boolean algebra. Prove that the map
B—B:xw x

is an isomorphism of boolean algebras. O

Exercise 7.1.26 (Idempotence laws). Let B be a boolean algebra and x € B. Prove that x V x = x
and x A\ x = x. O

Exercise 7.1.27. Let B be a boolean algebra such that 08 = 1B. Prove that B has exactly one element.
Comment. Another way to express this is to say
T, 0=1F (Yvy)(vy = 0).
]
Definition 7.1.28. A boolean algebra B is proper iff 08 = 15, [

Remark 7.1.29. We care mostly about proper boolean algebras. The reason why we did not
include the sentence “~(0 = 1)” in the theory of boolean algebras is because this sentence is not
an algebraic identity (indeed, it is the negation of one). O

Exercise 7.1.30. Let B be a boolean algebra.

a. Prove that B is proper if and only if there is an injective morphism f : 2 — B.

b. Prove that if B is proper, then there is a unique injective morphsim f : 2 — B. O
Exercise 7.1.31. Let E be an arbitrary set. Prove that the boolean algebra 2% is isomorphic to the

boolean algebra P(E). O

7.2 Lindenbaum Algebras

Definition 7.2.1. On the set Propp, we define binary operations A and V, a unary operation -,
and constants 0 and 1 as follows:

Vo, § € Propp, gAY = (¢ AY);
Yo,y € Propp, ¢V = (§V ¥);
V¢ € Propp, ¢ = (—¢);

o 1=(-1). N

Notation 7.2.2. When there is no risk of confusion, we will denote by Propp the structure M for
the language of boolean algebras given by:

« |M]| = Propp;
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o« A=A

N N

« =M= -y

e M =0and 1M = 1. O
Exercise 7.2.3. Prove that the structure Propp is not a boolean algebra. ]

Remark 7.2.4. Notice that a propositional letter p can be understood as either the character ‘p’
or the string “p”. Even though these objects are formally distinct, we will, nevertheless, identify
them. In this sense, P is both a subset of Propp and the domain of every valuation. [

Notation 7.2.5. Let i : P — 2 be a valuation. We denote by /: the function

Propp — 2 : ¢ = |l
N
Exercise 7.2.6. Let i1 : P — 2 be a valuation. Prove ji : Propp — 2 is a morphism. ]

Notation 7.2.7. Let T be a propositional theory. We denote by Mod(T) the set of all models of T,
Le.
Mod(T) ={p € F(P,2) : pk T}

If T = @, then we write Mod for Mod(T). O

Exercise 7.2.8. Let T be a propositional theory. Consider the morphism:

() ueMod(ry © Propp — 2MOUD) - 4 s (I, = p € Mod(T)).

Prove that
E<ﬁ>pEMod(T) = =T -

Conclude that the structure Propp /=7 is a boolean algebra, isomorphic to a subalgebra of P(Mod(T)).
O

Definition 7.2.9. Let T be a propositional theory. We define the Lindenbaum algebra of T, denoted
IL7, to be the boolean algebra Propp/=r. If T = @, then we write L for L. [

Exercise 7.2.10. Let T and S be propositional theories.

a. Prove if T C S, then there is a unique morphism of boolean algebras f : Lt — Lg such that
the diagram

=
Propp — Lg

For

Lt
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commutes.

b. Show by example that the converse may fail in general. O

Exercise 7.2.11. We define the closure for semantic consequences to be the function
scl : P(Propp) = P(Propp) : T — {¢p € Propp : T F ¢}.

Prove that for all theories T and S:

a. T C scl(T);

b. if T C S, then scl(T) C scl(S);

c. scl(cl(T)) = scl(T);

d. T and S are semantically equivalent if and only if scl(T) = scl(S);

e. the following are equivalent:

i. T Ccl(S);

ii. there is a unique morphism of boolean algebras f : Ly — Lg such that the diagram

=
Propp — Ls

L7

Lt
commutes.
O

Remark 7.2.12. Notice that propositional formulas ¢ and ¢ are semantically equivalent if and
only if their equivalence classes are equal in LL (i.e. [¢]= = [¢/]=2). So:

« to show ¢ = ¢/, it suffices to exhibit a computation in L showing [¢] = [¢/];
« to show that ¢ is a tautology, it suffices to exhibit a computation in L showing [¢] = 1.
The following exercise is helpful to translate away = and <. O

Exercise 7.2.13. Prove that in L:
[¢ = vI=-[g]VIy];
[¢p = y]=UgI A YDV (=[g] A=l¥D.

Exercise 7.2.14. Through a computation in L, prove:

(g = W) = PV
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Exercise 7.2.15.

a. Prove that in every boolean algebra B, one has, for all a,b € B,

=(a Vv (—a A b)) = —a A —b.

b. Conclude that for all ¢, € Propp,

@V (EoAY)) = gAY

[
Exercise 7.2.16.
a. Prove that in every boolean algebra B, one has, for all a,b € B,
anb<aVvb.
b. Conclude that for all ¢, € Propp, the formula
PNy = $VY
is a tautology. [

7.3 Boolean Algebras as Orders

Definition 7.3.1. Let B be a boolean algebra. Then its canonical order relation is the binary
relation g given by:
Vx,y€B, (x<gy < xAy=x).

Exercise 7.3.2. Let B be a boolean algebra. Prove:

a. <g is an order relation;

b. forallx,y € B,
XY <= xVy=y,

X<py < xA-y=0,
X<py & xVy=1
c. forallx,y,z € B,
X<pY = XVzZ<yVz
X<py = xNzZ<gYyAz

X<y = YK X;
d forallx e B,0<gx<g1;
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e. forall x € B,
0<px<pl = x<£gx and ~x<px.

f- (B,<p) is total if and only if B = 2. O
Exercise 7.3.3. Prove:
a. the canonical order relation of P(E) is equal to C;

b. the canonical order relation of 2 is equal to the order relation inherited from the real numbers.

]

Exercise 7.3.4. Let E be an infinite set. Prove that the canonical order relation < on P(E)/Fin satisfies
that for all X,Y € P(E), the relation [ X| < [Y] holds if and only if the set X —Y is finite. H

Exercise 7.3.5. Prove that in Ly, the canonical order relation satisfies that for all ¢, € Propp

[Plr <[Y]lr = T,¢k¥.
O]

Exercise 7.3.6. Prove that the order (1L, <) is not total and not well-founded. Furthermore, prove that
there is an infinite subset A C IL such that every two elements of A are incomparable. O

Exercise 7.3.7. Let B be a boolean algebra and let < be the canonical order relation on it. Prove that
the canonical order relation on the dual algebra of B is exactly the order relation >. O

Remark 7.3.8. We started from boolean algebras as algebraic structures and derived a canonical
order relation on them. We could have also proceeded in reverse, i.e. start from an order with
right properties and derive from it the algebraic structure of a boolean algebra. The orders with
the “right properties” are so-called distributive-complementing lattices. We elaborate on this
below. [

Definition 7.3.9. Suppose:

1. (E,<) is an order;

2. Ais a subset of E;

3. nis an element of E.
We say that:

« nisan upper bound for A, written A <, iff Vae A, a<n;

« nisan lower bound for A, writtenn < A, iff Vae A, n<a. O
Definition 7.3.10. Suppose:

1. (E, <) is an order;

2. Ais asubset of E;
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3. £ is an element of E.
We say that:
« ¢is a supremum of A iff it is the minimum of the set of all upper bounds of A;
« ¢ isan infimum of A iff it is the maximum of the set of all lower bounds of A. U

Exercise 7.3.11. Prove that a set can have at most one infimum and at most one supremum. Give
an example of an order and its subset which has neither. O]

Notation 7.3.12. If A has a supremum, then this supremum is unique, and we denote it by sup A.
If we need to make explicit the order (E, <) in which we are computing the supremum, we write

sup A.
(ES)

Similarly, in the case of an infimum, we use the notation inf A. O]
Exercise 7.3.13. Let A={q € Qs : ¢* <2}

a. Prove that A has no supremum in (Q, <).

b. Prove that sup A = /2 in (R, <). O
Exercise 7.3.14. Suppose:

1. (E,<) is an order;

2. A'is a subset of E;

3. & is an element of E.

Prove that £ = sup A if and only if

VneE, (A<n < £<n).

]
Exercise 7.3.15. Suppose:
1. (E,<) is an order;
2. Ais a subset of E which has a maximum.
Prove that A has a supremum and sup A = max A. [

Definition 7.3.16. An order (E, <) is a lattice iff for all a, b € E, the set {a, b} has a supremum and
an infimum. O
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Exercise 7.3.17. Let B be a boolean algebra. Prove that (B, <p) is a lattice. Furthermore, prove that
for all x, y € B, one has

x Ay = inf{x, y},
XV y = supix, y}.

Exercise 7.3.18 (Xiang Li). Let (E, <) be an order.

a. Prove that (E,<) is a lattice if and only if there are binary operations A and V on E which
satisfy the commutativity, associativity, and absorption laws, and and such that

(Va,be E)(a<b < aAb=a).

b. Prove that if (E,<) is a lattice, then there are unique binary operations A and vV on E which
satisfy the commutativity, associativity, and absorption laws, and and such that
(Va,be E)a<b < anb=a).
]
Notation 7.3.19. In an arbitrary lattice (E, <), we write a Ab for inf{a, b} and a v b for supfa, b}. [J
Exercise 7.3.20. Prove that every total order is a lattice. O

Exercise 7.3.21. We denote by P the set of prime natural numbers. Forn € N — {0} and p € P, we
define v,(n) to be the greatest k € N such that Pkin.

a. Prove that for alln € N — {0}, the set{p € P : v,(n) > 0} is finite.
b. Prove that for all finite sets F C P such that
{peP:vy(n)>0}CF,
the product I ] ,ep 2™ has the same value.

This means that forn € IN — {0}, we can make sense of the product

H pvp(n)

pEP

by defining it to be the common value of all these finite products.

n= H pvp(”).

peEP

c. Prove that for alln € N — {0},

d. Let F*(P,IN) consist of all f € F(P,IN) with the property that the set{p € P : f(p) > 0} is
finite. Prove that the function

N —{0} > F*(P,IN) : n> (vy(n) : pE€ P)

is a bijection.
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e. Prove that (IN,|) is a lattice. Prove also that for alla,b € N — {0} and all p € P, we have
vp(a A b) = minfv,(a), v,(b)},

vp(a v b) = max{vy(a), v,(b)}-

N
Exercise 7.3.22. Let G be a group and let G be the set of all of its subgroups. Prove that (G,C) is a
lattice. [
Exercise 7.3.23. Prove that every finite subset of a lattice has a supremum and an infimum. ]

Notation 7.3.24. Let (E, <) be a lattice, let X be a subset of E, and let (x; : i € I) be a family of
elements of E.

a. If X has a supremum, then we may denote it by \/ X.
b. Similarly, its infimum, when it exists, may be denoted by /\ X.
c. We write /\;c; x; and \/;-; x; to mean
Nz :ieBand \/{x : i€},
respectively.

d. If I = [n], for some n € N, then we also write /\;,_,x and \/;_, x; to mean /\;c; x; and
Vier %, respectively. O

Exercise 7.3.25. Let B be a boolean algebra and let (a; : i <n) € B<N. Prove:

/\ai =dy /\(11 VANRIRIVAN an_1,
i<n

\a=aVvav-va,,.

i<n
I
Definition 7.3.26. A lattice is called bounded iff it has a maximum and a minimum. [
Exercise 7.3.27.
a. Prove that every boolean algebra is a bounded lattice.
b. Prove that every complete lattice is bounded.
c. Give an example of a lattice which is not bounded and not a totally ordered. O

Exercise 7.3.28. Let (E, <) be a lattice and let a,b,c € E. Prove that
(anb)vanc)<an@ve).

Show by example that the reverse inequality may fail in general.
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Hint. You may want to use Exercise 3.2.50. O
Definition 7.3.29. A lattice (E, <) is said to be distributive iff for all a, b, c € E, one has
an(bve)=(anb)v(anc),

avV(bance)=(aVvb)A(aVeo).
L]

Exercise 7.3.30. Let B be a boolean algebra. Prove that (B, <p) is a distributive lattice. [

Exercise 7.3.31. Give an example of a lattice (E, <) which has a minimum and a maximum, but in
which the following condition fails:

Vx€E, 3y € E, (x ANy =minE and x V y = max E).

O]
Definition 7.3.32. A bounded lattice (E, <) is said to be complementing iff for every x € E, there
is y € E such that x A y = min E and x V y = max E. ]
Exercise 7.3.33. Let B be a boolean algebra. Prove that (B, <g) is a complementing lattice. O

Exercise 7.3.34. Let (E, <) be a lattice which is bounded, distributive, and complementing.

a. Prove that for every x € E, there is a uniquey € E suchthatxA\y = min E and xVy = max E.
For x € E, we denote by —x the unique y € E such that x A y = min E and x V y = max E.

b. Prove that (E, A,V,—,0,1) is a boolean algebra.

c. Prove that the canonical order relation associated to this boolean algebra equal to the starting
order relation <. [

Exercise 7.3.35 (Xiang Li). A lattice (H,<) is a Heyting algebra iff it is bounded and there is a
binary operation — on it such that

(Va,b,ce H)(anb<c < a<(b—0)).

a. Prove that if (H, <) is a Heyting algebra, then there is a unique binary operation — on it such
that
(Va,b,ce H)(anb<c < a< (b—0)).

b. Prove that every boolean algebra is a Heyting algebra.

c. Prove that every finite distributive algebra is a Heyting algebra. [
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7.4 Filters
Definition 7.4.1. Let B be a boolean algebra and let F C B. We say that F is a filter iff

a. 1 e F;
b. foralla,b € F, it holds thata Ab € F;
c. foralla € F and all b > a, it holds that b € F. O

Remark 7.4.2. In every boolean algebra, its universe is a filter. We will see that this filter cor-
responds to the improper boolean algebras, so very often we will want to exclude it from the

consideration. O
Terminology 7.4.3. A filter F in a boolean algebra B is proper iff F # B. O
Exercise 7.4.4. Prove that a filter F is proper if and only if 0 & F. ]
Exercise 7.4.5. In an arbitrary boolean algebra, the set {1} is a filter. ]

Exercise 7.4.6. Let E be an infinite set and let F be the collection of all co-finite subsets of E, i.e. all
A C E with the property that E — A is finite. Prove that F is a filter in P(E). O

Exercise 7.4.7. Let T be a propositional theory.

a. Prove that the set
Fri={lpleL: T+ g}
is a filter in L.

b. Prove that Fr is proper if and only if T is satisfiable. ]
Exercise 7.4.8. Let B be a boolean algebra.
a. Let E be a congruence on B. Prove that [1g]g is a filter in B.
b. Let F be a filter in B. The binary relation =y is defined as follows:
Va,beB, (a=pb < (Ice F)(anc=DbAc)).
Prove that =p is a congruence on B.

c. Prove that if E is a congruence on B, then
=[1Ble= E.

d. Prove that if F is a filter in B, then
[18]=, = F.
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Exercise 7.4.9. Let E be an infinite set and let F be the filter of all co-finite subsets of E. Prove that
forall X,Y € P(E),
X=rY & (X-Y)U( —X) is finite.

(Thus, P(E)/F = P(E)/Fin.) O

Exercise 7.4.10. Let ¢ : B — C be a morphism of boolean algebras. Prove that the set

¢~'(1c) :={b B : ¢(b) = 1¢}

is a filter in B. ]
Notation 7.4.11. Let F be a filter in a boolean algebra B. We denote by 3/ F and 7y the objects
B/ =p and n_, (respectively). O
Remark 7.4.12. So, nx : B — B/F is a morphism. OJ

Exercise 7.4.13. Let B be a boolean algebra and let F be a filter in it. Prove thatngl(l]B/F) =F [

Exercise 7.4.14. Let B be a boolean algebra, let F be a filter in it, and let ¢ : B — C be a morphism
of boolean algebras.

a. Prove that there is a morphism ¢, : B — C such that the diagram

commutes if and only if F C ¢ 1(1¢).

b. Prove that if F C ¢ 1(1¢), then there is a unique morphism ¢, such that the diagram

commautes.
c. Prove that Im(¢,.) = Im(¢).

d. Prove that ¢, is injective if and only if F = ¢~ 1(1¢).

e. Conclude that ¢, : B/¢ ™ (1¢) — Im(). O

Exercise 7.4.15. Let T be a propositional theory and let
Fr 2:{[¢]€]L : T|=¢}

Prove that L/Fr = L. O
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Exercise 7.4.16. Let B be a boolean algebra and let F and G be two filters in it.

a. There is a morphism ¢ such that the diagram

B—C3% B/G

b

B/F

commutes if and only if F C G.
b. IfF C G, then:

i. there is a unique morphism ¢ such that the diagram

B—C3% B/G
e
B/F
commutes;
ii. ¢ is surjective;
iii. ¢ is injective if and only if F = G.
iv. Conclude that ¢ : B/F —> B/G if and only if F = G. O

Definition 7.4.17. Let B be a boolean algebra and let X C B. We say that X has the finite meet
property iff for all finite Y C X, it holds that /\ Y > 0. U

Exercise 7.4.18. LetB be a boolean algebra and let X C B be finite. Prove that X has the finite meet
property if and only if \ X > 0. O

Exercise 7.4.19. Prove that X has the finite meet property if and only if every finite subset of X has
the finite meet property. ]

Exercise 7.4.20. Let B be a boolean algebra.
a. Let F be a filter in B. Then F is proper if and only if F has the finite meet property.
b. If X is a subset of B, then the set
Fy i={y€B : Q@i € X™(/\ % <)
i<n
is a filter in B.

c. If X is a subset of B with finite meet property, then the filter Fy is proper.
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d. Fx is the least element of the order (Jx, C), where J is the collection of all filters of B that

extend X.
e. Prove that if X is a filter, then X = Fx. ]
Terminology 7.4.21. The set Fy is called the filter generated by X. [

Exercise 7.4.22. Let B={IN — [n] : n € N} C P(IN). Prove that B has the finite meet property in
P(N). What is the (proper) filter generated by it? ]

7.5 Ultrafilters

Definition 7.5.1. Let B be a boolean algebra and let us denote by J the set of all proper filters in
B. A subset of B is a called an ultrafilter iff it is a maximal element of (&, C). O

Exercise 7.5.2. Let E be an arbitrary set. For a € E, we define
U, :={ACE:a€E}
a. Prove that for all a € E, the set U, is an ultrafilter in P(E).
These ultrafilters are called principal.

b. Prove that if E is finite, then every ultrafilter in P(E) is principal.

c. Suppose that E is infinite. Prove that an ultrafilter U in P(E) is non-principal if and only if it
extends the filter of co-finite sets. O

Fact 7.5.3. Let B be a boolean algebra and let F be a filter in it. Then F is an ultrafilter if and only
if there is a morphism h : B — 2 such that F = h™1(1).

Proof.
Direct implication. We want to see that B/F = {[0Og], [1g]}. Assume towards contradiction
that there is x € B such that

[0g] < [x] < [1g].
We claim that F U {x} has the finite meet property.
Assume otherwise. Then there is a finite set Y C F U {x} such that /\ Y = 0. Since F does

have the finite meet property, it must be the case that x € Y. Since Y — {x} is a finite subset of the
filter F, it holds that

N\ - eF.
We now have:
A N\Y-&h=/\Y=05=05r/\—{x}),

whence x = 0g. In other words [x] = [0g], which is a contradiction.
Thus, the set F U {x} has the finite meet property. It follows that it generates a filter, say F’.
Since F is a maximal filter (=ultrafilter), we get F = F’, i.e. x € F. But this now means:

XAx=x=1 A X,
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so x = 1g. In other words, [x] = [1g] - contradiction.
Thus, B/F = {[0g],[1g]}. In now easily follows that the function f : B/F — 2 given by
f([0g]) = 0 and f([1]g) = 1 is an isomorphism of boolean algebras. This means that the map

h:=fomp:B—>2
is a morphism of boolean algebras with the property that

h'(1) = nz'([1g]) = F.

Reverse implication. Since & is a morphism of boolean algebras, the set F = h™1(1) is a filter.
Assume towards contradiction that there is a filter G in B with the property G O F. Pick
x € G — F. Then h(x) = 0 (because x & h™'(1) and ran(h) = {0, 1}). It follows that

1 = -0 = -h(x) = h(—x),

whence —=x € h™}(1) = F € G. We now have that both x and —x belong to G, which contradicts
the assumption that G is a filter.
Therefore, F is a maximal filter, c-a-d. an ultrafilter. OJ

Exercise 7.5.4. LetB be a boolean algebra and let F be a filter in it. Then the following are equivalent:
a. F is an ultrafilter;

b. F is a maximal element of (M, C), where M is the set of all subsets of B with the finite meet
property;

c. foralla € B, eithera € F or ~a € F (and not both);
d. F is proper and for alla,b € B, ifav b € F, thena€ F orb € F. ]

Exercise 7.5.5. Let X be an arbitrary set and let « € X. Prove that there is a well-order R on X such
that
min X = *.

R
Exercise 7.5.6. Suppose:
1. B is a boolean algebra;
2. (I,<y) is a total order;
3. (X; : i €1) is a family of susbsets of B;
4. foralli € I, the set X; has the finite meet property;

5. foralli,j € I such thati <; j, we have X; C X;.
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Prove that

X

i€l
has the finite meet property. O

Exercise 7.5.7. Let B be a boolean algebra, let X be its subset that has the finite meet property, and
let b € B. Suppose there is a finite Z C X such that /\ Z < b. Prove that the set X U {b} also has the
finite meet property. O

Theorem 7.5.8 (Ultrafilter Theorem). Let B be a boolean algebra and let X C B. Then X has the
finite meet property if and only if it is contained in an ultrafilter.

Proof. The reverse implication follows by Exercise 7.4.20, so let us prove the direct one. Let * be
an object that does not belong to B. By Exercise 7.5.5, there is a well-order < on B U {*} whose
least element is *. We define by recursion for the well-order (B U {*}, X) (see Exercise 3.2.46) a

sequence
(Yp : be BU{x})

of subsets of B.
Suppose b € B U {*} and the sequence (Y, : a < b) has been defined. We want to define Y}, If
b = x, then we set Y, := X. Suppose now that b > *. Let

Yo o= e

a<b

If the set Y.;, U {b} has the finite meet property, then we define
Yy :=Y U{bh
otherwise, we define
This finishes the recursion.

Claim 7.5.9. For alla,b € B U {*} such that a < b, we have
Y, CY,.

Proof. If a = b, then the conclusion is obvious; so, let us assume that a < b. In particular, b > »,
so Yy is defined and contained in Y. We have: Y, C Y_;, C Y},; as required. [

Claim 7.5.10. For allb € B U {*}, the set Y}, has the finite meet property.

Proof. The proof is by induction for the well-order (B U {*}, X) (see Exercise 3.2.45).

Suppose b € B U {*} and for all a < b, the set Y, has the finite meet property. If b = *, then
Y, = X, which has the finite meet property by assumption. So, let us assume that b > =.

If the set Y_;, U {b} has the finite meet property, then Y}, is equal to this set and consequently,
has the finite meet property. So, let us assume that Y_; U{b} does not have the finite meet property.
Then Y, =Y, U {—lb}.
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Assume towards contradiction that Y}, does not have the finite meet property. Then there is a
finite subset Z of it such that () Z = 0. By Exercise 7.5.6 and Claim 7.5.9, the set Y., has the finite
meet property, whence it cannot be that Z C Y_;; in other words, =b € Z. This means

N\Z =) n=b =0,

whence
N\Z —{=bp <b.

By Exercise 7.5.7, the set Y,;, U {b} has the finite meet property — contradiction.
Therefore, Y}, has the finite meet property.
This concludes the induction. [

By Exercise 7.5.6 and Claim 7.5.9, the set

Y := U Y,

beBU{*}

has the finite meet property. Let us prove it is maximal with respect to this property.

Assume towards contradiction that there is W O Y which has the finite meet property. Pick
b€ W —Y. Then Y, U {b} C W has the finite meet property, whence Y, = Y., U {b}. Hence,
b €Y, CY - contradiction.

Therefore, Y is maximal among sets with the finite meet property, so it is an ultrafilter by
Exercise 7.5.4. Since X =Y, C Y, we are done. O]

Corollary 7.5.11. Every filter of every boolean algebra can be extended to an ultrafilter of that
algebra. [

Exercise 7.5.12. Let E be an infinite set and let A be an infinite subset of it. Prove that there is a
non-principal ultrafilter in P(E) that contains A. O

7.6 Stone’s Representation Theorem

Exercise 7.6.1. Let ¢ be a function from a boolean algebra B to a boolean algebra C. Then ¢ is
a morphism of boolean algebras B and C if and only if for all x,y € B, it holds that ¢(x A y) =

$(x) A ¢(y) and p(=x) = =P(x). O
Exercise 7.6.2. Let B be a boolean algebra, a,b its elements, and F its filter. Prove thata AN b € F if
and only ifa € F andb € F. ]

Exercise 7.6.3. Let ¢ : B — C be a morphism of boolean algebras. Prove that ¢ is injective if and

only if §1(1) = {1}, 0
Exercise 7.6.4. Let U be the set of all ultrafilters of a boolean algebra U. Prove that( U = {1g}. [

Exercise 7.6.5. Let ¢ : B — C be a morphism of boolean algebras. Prove that ¢ is injective if and
only if ¢71(1) = {1B}, 0

Corollary 7.6.6 (Stone’s Representation Theorem). Let B be an arbitrary boolean algebra and let
U be the set of all ultrafilters of B. Then B is isomorphic to a subalgebra of P(UL).
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Proof. We define
p:B->PU) :b—>{FeU:beF}

We want to see that ¢ is a morphism of boolean algebras. By Exercise 7.6.1, it suffices to prove
that for all a,b € B, we have

$(a Ab) = $(a) N $(b),
$(-a) = gp(a)°.
By Exercise 7.6.2, we have

planb)={FeU :anbeF}={FeU :acFandbe F}=
={FeU:aeFIn{FelU : be F}=d¢(a)n PD).

On the other hand, for every ultrafilter F, we have that either a € F or ~a € F (see Exercise 7.5.4),
whence:
a¢F < —-a€eF.

We get:
p(a)={FeU:-acF}={FeU:ag¢F}={FelU :ac F =¢@)"

Therefore, ¢ is a morphism. Let us compute ¢_1(lg>(u)).
Let b € B be such that ¢(b) = 1p(). This means:

{FeU :beU}=1U;
i.e. b belongs to every ultrafilter. By Exercise 7.6.4, b = 1P,
Thus, gzﬁ_l(lga(u)) = {1B}, which, by Exercise 7.6.5, gives that ¢ is injective. It now follows that

¢ : B — Im(¢) is an isomorphism and that Im(¢) is a subalgebra of P(U), as required. H

Remark 7.6.7. Exercises 6.3.20 and 6.3.21 are results which are, in their form, analogous to Stone’s
Representation Theorem. O

Exercise 7.6.8. Let B be a boolean algebra and let a,b € B. Prove that a # b if and only if there is
an ultrafilter U such that |{a,b} N U| = 1. O

Notation 7.6.9. Let £ be a first-order language, let s = ¢ be an algebraic identity, and let M be an
L-structure. We write M E (s = t) to mean M k ¢, where ¢ is the universal closure of s =¢. [

Exercise 7.6.10. Let B be a proper boolean algebra and let s =t be an algebraic identity. Prove that
Be(s=t) & 2k(s=1).
O

Hint. The direct implication follows from the fact that 2 can be seen as a subalgebra of any
proper boolean algebra. For the reverse inclusion, assume otherwise. Then there is a valuation
i =V — B such that sB[ ] # tB[4]. Use Exercise 7.6.8 to get a morphism h : B — 2 such that

h(sB[u]) = h(tB[p)).
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7.7 Compactness of Propositional Logic

Theorem 7.7.1 (Compactness of Propositional Logic). A propositional theory T is satisfiable if and
only if every finite subset of T is satisfiable.

Proof. The direct implication is trivial because any model of T is also a model of every subset of
T. Thus, we focus on the reverse implication.
We are assuming that every finite subset of T has a model. This means that the set

Ylel :y T}

has the finite meet property in LL (explain). Therefore, it is contained in an ultrafilter U.
For all p € P, we have that either [p] € U or =[p] € U (and not both), so we can define:

1, [plelU

p(p) == {0’ e
In this way, we obtain a valuation u : P — {0, 1}. We want to show that y F T.

Recall that /U is a two-element boolean algebra. Thus, there is a unique isomorphism A :
L/U — 2. So, we have, for all ¥ € Propp, that

V1, [¥l=eU
h(y1o) = go’ Ul et
Claim 7.7.2. For ally € Propp,
1, = h([¥1=).

Proof. This is proved by induction on complexity of a formula. If = p, for some p € P, then

1, = u(p) = h([pD) = h([y])
(by definition of ). If / = L, then
Y1, = 0= h(op) = A([LD.
If y = 0, for some 6 € Propp, then
Y1, = -6l = —h([6]) = h(=[6]) = h([-0]),

where in the second equality we are applying the inductive hypothesis. If y = (0 = ), for
some 0, y € Propp, then

1, = =000, v Ixll, = =h(6D) v A([x]D) = h(=[0] v [x]) = h([0 = x]) = h([¥D.
The remaining cases are left as an exercise. [

Now, for every € T, we have [{/] € U, whence ||, = h([¢]) = 1. Thus, p k¥ T, s0 T is
satisfiable. ]
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Exercise 7.7.3 (Xiang Li).
a. Give an example of a theory which is not satisfiable, but all of its members are.

b. Give an example of a theory which is not satisfiable, but all of its subsets with at most two
members are.

c. Give an example of a theory which is not satisfiable, but all of its subsets with at most three
members are. ]

Exercise 7.7.4.

a. Let F be a filter in L. Prove that
Ty :={¢ € Propp : [§] € F}
is a satisfiable theory.
b. LetT be a satisfiable propositional theory and let
Fr:={[§] : T+ g}
You already proved that Fr is a filter in L. Now prove that

Tg, = scl(T).

c. Let T be a satisfiable propositional theory and let U be an ultrafilter of L that contains Fr.
Prove that Ty is a maximal satisfiable theory that containsT.

d. Prove that every satisfiable theory is contained in a maximal satisfiable theory. ]

Exercise 7.7.5. Let T be a propositional theory and let ¢ be a propositional formula. If T ¥ ¢, then

there is a finite subset Ty of T such that Ty k ¢. 0]
Exercise 7.7.6. Prove that a theory T is finitely axiomatizable if and only if there is a finite theory
To € T such that Ty and T are semantically equivalent. O
Remark 7.7.7. For the remainder of this section, we do not admit the Axiom of Choice. O]

Definition 7.7.8. The Ultrafilter Principle is the statement: “In every boolean algebra, every sub-
set with the finite meet property is contained in an ultrafilter” O

Definition 7.7.9. The Compactness of Propositional Logic is the statement: “Over an arbitrary
set of propositional letters, if every finite subset of a given theory has a model, then the theory
has a model” ]

Remark 7.7.10. Assuming the Axiom of Choice, we proved both the Ultrafilter Principle and the
Compactness of Propositional Logic. However, if we do not admit the Axiom of Choice, neither
statement is provable. [
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Exercise 7.7.11 (Xiang Li). Prove that the Ultrafilter Principle is equivalent to the Compactness of
Propostional logic.

Hint. Verify that the direct implication follows by the proof of Theorem 7.7.1. For the reverse
inclusion, you may reason as follows.

Let B be a boolean algebra and let X be its subset with the finite meet property. Consider the
set P = {p, : a € B} of propositional letters and the theory T over P consisting of the following
formulas:

* P1y N "Pogs

« for all a,b € B such that a <g b, the formula p, = py;
o for all a,b € B, the formula p, A p, = parps

« for all a € B, the formula p, V p_;

« for all x € X, the formula p,.

Prove that every finite subset of T has a model. Use the Compactness principle to get a model p
of T. Prove that

{aeB : pk p}
is an ultrafilter of B that contains X. O

Definition 7.7.12. Let X be a set. A tree on X is a subset T of X< that satisfies
(Vs,t e XNt eT AsCt = seT).
O

Remark 7.7.13. Recall that if s, € X<N, then there are m,n € N such that dom(s) = [m] and
dom(t) = [n]. Then s C t if and only if m < n and tf[m] = s. H

Exercise 7.7.14. Let X be a set and let T be a tree on X. Prove that (T,C) is a well-founded order.
Prove that @ is the minimumm of this order. O

Definition 7.7.15. Let T be a tree on X and let n € N. The n' level of T is the set
{seT : dom(s) = [n]}.
O]

Exercise 7.7.16 (Xiang Li). Assume the Compactness of Propositional Logic. Let T be a tree on X.
Suppose that every level of T is non-empty and finite. Prove that there is f : IN — X such that

(Vn € N)(fT[n] € T).

Hint. The function f is called a branch through T.

For s,t € XN we say that t is an immediate successor of s if s C t and for some n € IN; it
holds that dom(s) = [n] and dom(t) = [n + 1].

Let P be the set {p; : s € T} of propositional letters and let T be the theory over P consisting
of the following formulas:
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* Dps

« foralls,t € T such that s C ¢, the formula p, = pg;

. for every s € T, every k € N, and every bijection f from the set [k] to the set of all

Prove that every finite subset of T has a model. Apply the Compactness of Propositional Logic

immediate successors of s, the formula

ps = \/ Pf(i)/\/\_‘f’f(/‘) :
i<k j<k
J#i

to get a model p of T. Put together elements of

{sET : pEps

to get a branch through T.

7.8

Remark 7.8.1. We could have defined valuations to take values in arbitrary boolean algebra in-
stead of the boolean algebra 2. We explore this possibility in the current section. Exercise 7.8.13

Boolean-valued Valuations

suggests that not much would be gained in this way.

Definition 7.8.2. Let B be a boolean algebra. A B-valuation is any function

u:P— B.

Remark 7.8.3. A 2-valuation is just a valuation in the old sense.

Definition 7.8.4. Let B be a boolean algebra and let ;1 be a B-valuation. We define the value |¢],

for all ¢ € Propp, by recursion on complexity:

a.

b.

for all p € P, it holds | pll, = u(p);

I, =

for all ¢ € Propp, it holds [-4], = —l¢l;

for all ¢,y € Propp, it holds |¢ Ayl = 6], Al

for all ¢,y € Propp, it holds |¢ v ¢/, = 4], v [l :

for all ¢,y € Propp, it holds [¢ = v/, = =, v [V,

for all ¢,y € Propp, itholds |¢ < [, = (Igl, A 11D v Clgl, A=yl L.

101



Exercise 7.8.5. If u is 2-valuation, prove that this new meaning of |$|, coheres with the old one. [

Exercise 7.8.6. Let T be a propositional theory and let u be the Lr-valuation given by:

(Vp € P)(u(p) = [plr).

Prove that for all ¢ € Propp, it holds that ||¢||ﬂ = [¢l7.
Exercise 7.8.7. Let u be a B-valuation. Prove:

a. ¢ = Yl,=1ifand only if |¢l, < I,

b. ¢ = vl =1ifand only if ||, = ¥,

Exercise 7.8.8. Let B be a boolean algebra, let 1 be a B-valuation, and let
fi = Propp > B : ¢ |4,

a. Prove that i : Propp — B is a morphism.
b. Prove that= C =,

c. Conclude that there is a unique morphism
g, L—>B

such that the diagram

commutes.

phisms of B and C.

Exercise 7.8.10. Prove that the function
Hom(L,B) —» F(P,B) : f + (f o n)IP

is a bijection.
Comment. In other words, the set of all B-valuations can be identified with the set Hom(IL, B).

Exercise 7.8.11. Let u be a B-valuation, let
Th(p) :={¢ € Propp : |¢], = 1},

and let
C :={l¢l, : ¢ € Propp}.
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a. Prove that C is a sub-algebra of B.
b. Prove that Ly, = C.
c. Prove that the theory Th(y) is maximal satisfiable if and only if C = {0, 1}. O
Exercise 7.8.12. Let B and C be boolean algebras and leth : B — C be a morphism. We denote
h, : FP,B) - F(P,C) : p—> hop.

Prove that for all ¢ € Propp,
I¢lr, 0 = A(ll,0)-

Exercise 7.8.13. Let B be a boolean algebra and let ¢ and  be propositional formulas. Then

p=y = (VpeIF® Bl =¥l

Hint. The direct implication follows from Exercise 7.8.8. In the reverse implication, reason by
contradiction. You would have a B-valuation y such that |¢|, # [],. Use Exercises 7.6.8
and 7.8.12 to obtain a 2-valuation v such that |@|, # [[[,- O

Remark 7.8.14. Notice that the equivalence of the previous exercise is true by definition of = in
the case B = 2. The exercise can be understood as saying that if we tried to get a different notion
of semantic equivalence by looking at B-valuations, for a B more complicated than 2, we would
still end up with the same notion of semantic equivalence as in the case 2. [

7.9 Complete Lattices

Definition 7.9.1. A complete lattice is an order whose every subset has a supremum and an
infimum. u

Remark 7.9.2. In other words, a complete lattice is an order where /\ X and \/ X exist for every
subset X. Notice that /\ E is the minimum and \/ X is the maximum of a complete lattice E. []

Example 7.9.3.
a. Q is not a complete lattice because the set {g € Qs : ¢* < 2} does not have a supremum.

b. R is not a complete lattice because the subset R C R does not have a supremum. The sets
that have suprema are exactly the sets which are non-empty and which have upper bounds.

¢. R = R U {—c0, +00} is a complete lattice. Notice that
inf@ = +oco, sup@ = —oo.

d. [0,1] is also a complete lattice. O

Exercise 7.9.4. Let (E,<) be an order with at least two elements. Suppose A C E has both an
infimum and a supremum. Prove that inf A < sup A if and only if A # @. O
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Exercise 7.9.5. Let (E,<) be an order. Assume only that every subset of E has a supremum. Verify
that this suffices for the conclusion that (E, <) is a complete lattice. O

Exercise 7.9.6. Prove that (N, |) is a complete lattice. [

Exercise 7.9.7. Let X be an arbitrary set. Prove that (P(X), C) is a complete lattice. Prove moreover
that for allU C P(X), we have

supU = JU, infU=(")U
O

Exercise 7.9.8. Let G be a group and let G; be the set of all of its subgroups. Prove that (G,C) is a
complete lattice. ]

Exercise 7.9.9 (Lattice Isomorphism Theorem for groups). For a group G, we denote by G the set
of all its subgroups. Now, fix a group G and a normal subgroup N. Prove that

{HeSGs : NCH}—> Gy : H~ H/N
is an order ismorphism, where the order relation on both sets is given by C. O

Exercise 7.9.10 (Tarski’s Fixed-point Theorem). Let (E, <) be a complete lattice and let f : E — E
be increasing. Prove that there is a € E such that f(a) = a.

Hint. Consider
a=sup{x € E : x < f(x)}.

]

Corollary 7.9.11. Every increasing function f : [0,1] — [0,1] has a fixed point, i.e. there is
x € [0, 1] such that f(x) = x. O

Exercise 7.9.12. Let X andY be arbitrary sets.

« We say that X has lesser cardinality than'Y, and write X <Y, iff there is an injection from X
toY.

« We say that X has the same cardinality asY, and write X =Y, iff there is a bijection from X
toY.

Prove that for all sets X,Y, Z:

a X = X;

b. if X =Y, thanY = X;

c. ifX=YandY =Z,thenX = Z;
d X <X;

e. XXYandY <X ifandonly if X =Y;
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fifX<YandY <XZ thenX < Z.

Hint. The only hard part is the direct implication of e, which is known as Cantor-Bernstein the-
orem. It is proved as follows. Fix injections

f:X>Y, g:Y-X

We have to define a bijection h : X — Y. We do so by putting f and g together. Consider the

function
P(X) - P(X) : A X — g[Y - flA]]

Prove that this function is increasing, and apply Tarski’s fixed point theorem. Let Z be a fixed
point. Define h to be equal to f on Z and to the inverse of g on X — Z. Fill in the details. [
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conjunction, 33

constant symbols, 55

contradiction, 5, 33

counting grammar, 38

cycle, 27

directed graph, 26
discharge, 8
disjunction, 33
distributive, 89

domain, 57

dual boolean algebra, 78

empty language, 73
equivalence, 33
equivalence relation, 27
existential quantifier, 5
expansion, 64

Fibonacci sequence, 17, 19
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filter, 90

filter generated by, 93
finite, 15

finite meet property, 92
finitely axiomatizable, 55
first-order formula, 60
first-order language, 55
formation rank, 41
formation sequence, 35
formation set, 40

free variables, 62

full, 66

full substructure, 69
full theory, 53

function symbols, 55

grammar, 32
grammar of L-terms, 57

grammar of propositional logic, 33
grammar of the first-order logic, 60

grammar rule, 31
greatest element, 25
group, 65

has a formation sequence, 35

Heyting algebra, 89

ill-founded, 25
implication, 33
increasing, 67
infimum, 86
interpretation, 57
irreflexive, 26
isomorphic, 67
isomorphism, 67

isomorphism of monoids, 21

join, 77

language generated, 32

language of boolean algebras, 76

language of graphs, 56
language of groups, 64
language of monoids, 56
language of orders, 56
language of rings, 74



lattice, 86
least element, 25
lesser cardinality, 104

lexicographic order relation, 23

Lindenbaum algebra, 82
logical connectives, 33
lower bound, 85

maximum, 24
meet, 77
minimum, 24
monoid, 37
morphism, 66

negation, 33
normal subgroup, 74

occur, 49

operation symbols, 55
operational language, 72
order, 23

order relation, 21

path, 26

predicate, 5

principal, 93

proper, 81, 90

property, 5

proposition, 4
propositional formulas, 33
propositional letters, 33
propositional theory, 52

quantifiers, 5
quotient, 28, 75

reduction, 64

reflexive, 27

relation language, 72
relation symbols, 55
representative, 28
respects, 32

Riemann’s Hypothesis, 16
ring of integers, 74

rules of inference, 6

same cardinality, 104
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satisfiable, 52

satisfies, 63

semantically complete, 53
semantically equivalent, 53, 55
semantically equivalent modulo T, 53
semantically independent, 55
sentence, 63

set of L-terms, 58

set of first-order formulas, 60
set of its subformulas, 45

set of propositional letters, 33
set of variables, 59
strict-order relation, 23
string, 30

structure for £, 56
subformula, 45

subgraph, 69

subgroup, 69

submonoid, 69

suborder, 69

substitution, 51

substring, 31

substructure, 69

supremum, 86

symmetric, 27

tautology, 5, 50

their concatenation, 31
theory of boolean algebras, 76
theory of groups, 65
theory of monoids, 64
total, 23, 25

total order, 23
transitive, 27

tree on X, 100

truth table, 49

tupling, 72

ultrafilter, 93

Ultrafilter Principle, 99
unique readability, 39
uniqueness quantifier, 5
universal closure, 73
universal quantifier, 5
universe, 57



upper bound, 85 well-founded, 25
well-order, 25

valuation, 47 well-ordering principle, 26

variables, 57
vocabulary of propositional logic, 33
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